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MOTIVATIONS

» Di Nola, Lettieri (1994)
» G an /-group

» A an MV-algebra s.t.

A ~T(Z xix G, (1,0))
» then A is a perfect MV-algebra
» Di Nola, Lettieri (1996)
» R’ asubgroup of R
» G an {-group

» A an MV-algebra s.t.

A~T(R x4 G, (1,0))
» A alocal MV-algebra with retractive radical
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LEXICOGRAPHIC PRODUCT OF /-GROUPS

» A.M.W. Glass, W. Charles Holland - Lattice-Ordered Groups (1989)
H Xy G is an ¢-group

iff

H is an o-group and G is an ¢-group
» It is easy to see:

(H Xjex G, (u,0)) is an fu-group
iff

(H,u) is an ou-group and G is an /-group



OUR GOAL 1

» (H,u) an ou-group
» G an /-group

» A an MV-algebra s.t.

A~T(H x G, (1,0))



OUR GOAL 1

» (H,u) an ou-group
» G an /-group

» A an MV-algebra s.t.

A ~T(H Xy G, (u,0))
» What kind of MV-algebra is A?
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Proposition.

If A is an MV-algebra and I is a proper ideal of A, then t.f.a.e.:
1. L'is a prime ideal,

2. A/lis an MV-chain.




IDEALS OF MV-ALGEBRAS

We recall:

Definition.

Anideal I of an MV-algebra A is called retractive if there exists a
morphism &; : A/I — A such that

7TIO5I = idA/I.



IDEALS OF MV-ALGEBRAS

We recall:

Definition.
Anideal I of an MV-algebra A is called retractive if there exists a
morphism &; : A/I — A such that

Remark.

7TIO5I = idA/I.

If I is retractive, then A/I is isomorphic with a subalgebra of A.
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IDEALS OF MV-ALGEBRAS

Definition.

Anideal I of an MV-algebra A is called strict if

mr(a) < m(b) impliesa < b,
for anya, b € A.
Remark.

m1(a) < m(b) means thata ©@ b* € [and b ©a* ¢ I.

we require thata © b* = 0and b © a* # 0.
Example.

In any local MV-algebra, the radical is strict.
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A FIRST REMARK

Proposition.
Let A be an MV-algebra such that

A ~T(H xjex G, (u,0)),

where (H, u) is an ou-group and G is a nontrivial {-group.

There exists an ideal I of A such that the following are satisfied:

1. 1+ {0}

2. 1l is strict

3. 1 is retractive

4. Iis prime

5. 7<a<t* foranyt € landanya € A\ (I).

Sketch of the proof.
The desired idealis I = { (0,k) | k € G }.
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Definition.
Anideal I of an MV-algebra A is called lexicographic if:

1. 1+ {0}

. I1is strict

2
3. Iis retractive
4. Iis prime

5

.7<a<7* forany 7 € landanya € A\ (I).

We denote by LexId(A) the set of all lexicographic ideals of A.
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LEXICOGRAPHIC IDEALS OF MV-ALGEBRAS

Definition.
Anideal I of an MV-algebra A is called lexicographic if:

1. 1+ {0}

. I1is strict

2
3. Iis retractive
4. Iis prime

5

.7<a<7* forany 7 € landanya € A\ (I).
We denote by LexId(A) the set of all lexicographic ideals of A.

Lemma.
If Iis a lexicographic ideal of an MV-algebra A, then I C Rad(A).
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A “NEW” CLASS OF MV-ALGEBRAS

Definition.

An MV-algebra A is called lexicographic if LexId(A) # 0
Remark.

For any I € LexId(A), we consider

St = o0r(A/I).
St is an MV-subalgebra of A and it is isomorphic with A/I
Example.

Any perfect MV-algebra is lexicographic.
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A “NEW” CLASS OF MV-ALGEBRAS
Example.

consider an infinitesimal ¢ € *[0, 1] such thatc # 0
- take the MV-algebra

CZ = <{07 17 C, C2}>*[O,1]
- lexicographic ideals of CZ:

» I, = {mc® | meZ, U{0}}

c c—c2
@ o -
0

» I, = {nc+mc* | n,m e Z, U{0}} = Rad(CZ)
CZ is a lexicographic MV-algebra
2

c+c?
@ o
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PROPERTIES OF LEXICOGRAPHIC MV-ALGEBRAS

Proposition.
Sketch of the proof.

The class of lexicographic MV-algebras does not form a variety.

- Chang MV-algebra C is a lexicographic MV-algebra
C x Cis not a lexicographic MV-algebra



CHARACTERIZATION THEOREM

Theorem.
Let A be an MV-algebra. Tf.a.e.:
1. Ais a lexicographic MV-algebra,

2. there exist an ou-group (H,u) and a nontrivial {-group G s.t.

A ~T(H Xjoy G, (u,0)).
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CHARACTERIZATION THEOREM

Sketch of the proof.
- let] € LexId(A)
- take the ou-group (H,u) ~ T~ (A/I)
- take the nontrivial /-group G ~ A~'((I))
- there exists a morphism ¢y : A/I — A such that ;0 0y = id
- foranya € A, we set
s, = 01(mi(a)) €@=a0s; T, =a"®s,
- we have s, € S;and 7,4, ¢, € I such that

1=(507)0ea=(2De&) O




CHARACTERIZATION THEOREM

Sketch of the proof (cont).

we have the following isomorphisms:
¢r:Sr—T'(H,u) il — Gy
- We define
fi i A= T(H xpex G, (u,0))

fi(a) = (Gi(sa), mi(€a) = mi(7a))
f1 is an isomorphism of MV-algebras
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CONSEQUENCES

A lexicographic MV-algebra can have several representations as a

lexicographic product.
Example.
E - o+
@ oo @ - R e ®*------- ®--------
0 c 2c 1-2¢ 1-c
lexicographic ideals of CZ:

» I ={mc®* | meZ,U{0}}

» I, = {nc+mc*|n,m e Z, U{0}} = Rad(CZ)



CONSEQUENCES

A lexicographic MV-algebra can have several representations as a
lexicographic product.

Example.
We obtain two different representations:

|
|
| | | | | :
| | I | | 2c!
I I I I I !
I I I I I ‘
| | | | | c !
| | | | | |
° ¢ ¢ °
0o ! 2cf 1-2; 1! 0 T
| | | | | |
I I I I I t
I I I I I . 1-c
I I I I I |
T 1-2c
|
Representation from I; Representation from I,
o < =) «E2» T 9AX



CONSEQUENCES

Corollary.

Let A be a lexicographic MV-algebra. T.f.a.e.:

1. there exist a subgroup of the reals (R’, 1) and a nontrivial {-group G
such that

A ~T(R Xy G, (1,0)),
2. Rad(A) € LexId(A).



CONSEQUENCES

Corollary.

Let A be a lexicographic MV-algebra. T.f.a.e.:

1. there exist a subgroup of the reals (R, 1) and a nontrivial £-group G
such that

2. Rad(A) € LexId(A).

A ~T(R" Xy G, (1,0)),
Remark.

» Di Nola, Lettieri (1996)
» R’ asubgroup of R and G an ¢-group such that

A~T(R' x4 G, (1,0))
» A alocal MV-algebra with retractive radical
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WHERE ARE LEXICOGRAPHIC MV-ALGEBRAS?

Theorem.

If A is a lexicographic M\V-algebra, then A is a local MV-algebra.
Let A be a lexicographic MV-algebra. We have two cases:
» Rad(A) is retractive
» local MV-algebras with retractive ideals

» Di Nola, Lettieri (1996)
» Rad(A) is not retractive?




OUTLINE

GOAL 2:

What other MV-algebras are equivalent with /-groups?
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D1 NOLA-LETTIERI FUNCTOR A

» the category of /-groups AG
» the category of perfect MV-algebras MV,

» Di Nola, Lettieri (1994) defined the functor

A AG — Mvperf
> A(G) = F(Z Xlex G7 <110>)
> A(g) = (idz,g)

Theorem. (Di Nola, Lettieri)

The categories AG and MYV ¢ are equivalent.
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A GENERALIZATION OF DI NOLA-LETTIERI FUNCTOR

» we fix an MV-chain L

» we define the category Lex MV,
> objects:

lexicographic MV-algebras A for which there exists I € LexId(A) s.t.
AJI~L
> arrows:

MV-algebras morphisms
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A GENERALIZATION OF DI NOLA-LETTIERI FUNCTOR

» (H,u)=T"Y(L) is an ou-group

» we define the functor

A AG — LexMVp
> AL(G) = F(H Xlex G7 <u70>)

> AL(g) = (idn, g)
Theorem.

For any MV-chain L, the categories AG and Lex MV are equivalent
Remark.

Di Nola-Lettieri functor A is exactly the functor A, when L = L.
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GOAL 3:

Are there “states” on MV-algebra which save infinitesimals?
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STATES ON NON-SEMISIMPLE MV-ALGEBRAS

» states on MV-algebras do not preserve positive infinitesimals
» each perfect MV-algebra admits only one trivial state

» Chang MV-algebra C has only one state s which is trivial

(x) = 0, ifx e Rad(C)
W= 1, ifx € Rad(C)
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> Let
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THE CODOMAIN FOR LEXICOGRAPHIC STATES

Example.
» Consider an infinitesimal € € *[0,1] such thate # 0

> Let

Z[R)=(0,1]U{re | r e R}),
» An element of .Z(R) has the form r + r’¢, for r € [0,1] and ¥ € R
» Rad(Z(R)) ={re|re Ry}
» Rad(Z(R)) is the unique lexicographic ideal of .Z'(R)
» We obtain that

*[0,1]

Z(R) ~T(R xp R, (1,0))
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[-LEXICOGRAPHIC STATES

Definition.
Let A be a lexicographic MV-algebra and let I € LexId(A)
An I-lexicographic state of A is a map
(sil) si(1) =1

S[IA—).JZ(R)

(s12) foralla,b e Ast.a®b=0,s;(a®b) =si(a)+si(b)
(s13) si [g, is a state of S;.



[-LEXICOGRAPHIC STATES

Definition.
Let A be a lexicographic MV-algebra and let I € LexId(A)
An I-lexicographic state of A is a map
Sy : A — D‘Z(R)
(sil) si(1) =1

(s12) foralla,b e Ast.a®b=0,s;(a®b) =si(a)+si(b)
(s13) si [g, is a state of S;.

A I-lexicographic state s; is faithful if s;(a) = 0 implies a = 0.
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LEXICOGRAPHIC STATES

Definition.
Let A be a lexicographic MV-algebra. A map
s:A— Z[R)
is a lexicographic state of A if

s is an I-lexicographic state,
for every I € LexId(A).

A lexicographic state s is faithful if s(a) = 0 impliesa = 0

We denote by Lex.”(A) the set of all lexicographic states of A




CHARACTERIZATION THEOREM

Theorem.

Let A be a lexicographic MV-algebra and s : A — Z(R) be a map.
Tfae.:

1. s is a lexicographic state of A,
2. for every ou-group (H,u) and every nontrivial £-group G s.t.

A ~T(H Xy G, (1,0)),
there exist an unique fu-state h : (H,u) — (R, 1) and an unique
l-state v : G — Rs.t.

s({x,y)) = h(x) + (),
for every (x,y) € A.



CONSEQUENCES

Proposition.

Let A be a countable lexicographic MV-algebra.
If Rad(A) € LexId(A), then t.fa.e.:

1. A admits a faithful Rad(A)-lexicographic state,
2. (Rad(A)) has a faithful (-state.



CONSEQUENCES

Proposition.

Let A be a countable lexicographic MV-algebra.
If Rad(A) € LexId(A), then t.fa.e.:

1. A admits a faithful Rad(A)-lexicographic state,

2. (Rad(A)) has a faithful (-state.
Corollary.

Chang MV-algebra C admits a faithful lexicographic state



Thank you!



