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Minimum residual methods for Az = b

We consider a nonsingular linear system
Az = b, AeRNXN pcRN.
Krylov subspace methods: initial guess xg, compute {z»} such that
zn €xo+XK, = rn=b-—Axg € rg+ AK,,

K, = span(rg, Aro, ..., A" 1rg) is the n-th Krylov subspace generated by A and 7¢.
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Minimum residual methods for Az = b

We consider a nonsingular linear system
Az = b, AeRNXN pcRN.
Krylov subspace methods: initial guess xg, compute {z»} such that
zn €xo+XK, = rn=b-—Axg € rg+ AK,,

K, = span(rg, Aro, ..., A" 1rg) is the n-th Krylov subspace generated by A and 7¢.
Minimum residual approach: minimizing the residual 7, = b — Axy, =19 — dp,

lrn]l = min |lro —d|| < 7 L AK,.
de AKX

n
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Minimum residual methods for Az = b

GMRES by Saad and Schultz [1986]:
> Arnoldi process: AQn = Qn+1Hn+1,n,
> 2 = 20 + QnyYn, Where y, solves miny ||goe1 — Hn+1,nY|l, 00 = ||70]|-

Numerical stability of GMRES: Drko¥ova, Greenbaum, R, and Strako$ [1995], Arioli and Fassino
[1996], Greenbaum, R, and Strakos [1997], Paige, R, and Strakos [2006].

Miro RozloZnik (Prague) A stable variant of Simpler GMRES and GCR ALA10



Minimum residual methods for Az = b

GMRES by Saad and Schultz [1986]:
> Arnoldi process: AQn = Qn+1Hn+1,n,
> 2 = 20 + QnyYn, Where y, solves miny ||goe1 — Hn+1,nY|l, 00 = ||70]|-

Numerical stability of GMRES: Drko¥ova, Greenbaum, R, and Strako$ [1995], Arioli and Fassino
[1996], Greenbaum, R, and Strakos [1997], Paige, R, and Strakos [2006].

Other implementations:
» Simpler GMRES: Walker and Zhou [1994],

» ORTHODIR, ORTHOMIN(co)= GCR: Young and Jea [1980], Vinsome [1976], Eisenstat,
Elman, and Schultz [1983].
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Simpler GMRES and GCR

Sketch of Simpler GMRES and GCR

> Zn =|z1,...,2n] a (normalized) basis of K,,.
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Simpler GMRES and GCR

Sketch of Simpler GMRES and GCR

> Zn =|z1,...,2n] a (normalized) basis of K,,.

> Vi, = [v1,...,vn] an orthonormal basis of AK,,:

AZp = VpUp, Uy, is upper triangular.
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Simpler GMRES and GCR

Sketch of Simpler GMRES and GCR

> Zn =|z1,...,2n] a (normalized) basis of K,,.
> Vi, = [v1,...,vn] an orthonormal basis of AK,,:
AZy, = VpUy, U, is upper triangular.

> Residual 7, € rg + AKXy, =710 + R(V), rn L R(Vn) satisfies
rp = (I — Van)ro =- vnvZ;)rn,1 =Tp_1— QpUn, Qp= vz;rnfl,
whereas xp, € o + Kpn = o + R(Zy) satisfes

Tn = xo + Zntn, Untn :VTTTOZ [Otl,..,,an}T.
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Simpler GMRES and GCR

Sketch of Simpler GMRES and GCR

> Zn =|z1,...,2n] a (normalized) basis of K,,.

> Vi, = [v1,...,vn] an orthonormal basis of AK,,:

AZp = VpUp, Uy, is upper triangular.

> Residual 7, € rg + AKXy, =710 + R(V), rn L R(Vn) satisfies
rp = (I — Van)ro =- vnvZ;)rn,1 =Tp_1— QpUn, Qp= vz;rnfl,
whereas xp, € o + Kpn = o + R(Zy) satisfes
Tn = T0 + Zntn, Untn =V§r0= [al,..,,an}T.
> Approximate solution can be updated at each step
Po=[p1,...,on] = A" W0,  Zn=PyUn

= Tp = Tn—1+ AnpPn.
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Simpler GMRES and GCR

Backward and forward errors

Assume stable computation of U, (e.g., using modified Gram-Schmidt orthogonalization or
Householder reflections), cex(A)k(Z,) < 1, and 7, — 0.
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Simpler GMRES and GCR

Backward and forward errors

Assume stable computation of U, (e.g., using modified Gram-Schmidt orthogonalization or
Householder reflections), cex(A)k(Z,) < 1, and 7, — 0.

Solution of a triangular system

—A
o=l oz (14 ol

ANzl + (1ol — [zl
Iz —2nll o cer(A)r(Zn) <1+ ||fvo||>.
(E2 1 —cer(A)r(Zn) llznl
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Simpler GMRES and GCR

Backward and forward errors

Assume stable computation of U, (e.g., using modified Gram-Schmidt orthogonalization or
Householder reflections), cex(A)k(Z,) < 1, and 7, — 0.

Solution of a triangular system

—A
o=l oz (14 ol

ANzl + (1ol — [zl
Iz —2nll o cer(A)r(Zn) <1+ ||fvo||>.
(E2 1 —cer(A)r(Zn) llznl

Updated approximate solutions

[[b— Azn | llzoll
————— < cer(A)k(Zn) [ 1+ ,
lAllzn 1l + flol llznll

Iz —@nll o cen(A)r(Zn) (1 n ||$0||> ‘

[zl 1 —cer(A)r(Zn) |zl
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Adaptive basis

Choice of Z,

1. Zn = [ro/|I7oll, V1] (Simpler GMRES, ORTHODIR)
Robust, but numerically less stable (Liesen, R, and Strakos [2002]):

lIoll
-1l

0

0
Iroll__ o
ol

rn—1ll —

Vn—l]) S 2
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Adaptive basis

Choice of Z,

1. Zn = [ro/|I7oll, V1] (Simpler GMRES, ORTHODIR)
Robust, but numerically less stable (Liesen, R, and Strakos [2002]):

Irol_— om0y <o ol
fra—ill = irol =T
2. Zn = Rn, Rn = [ro/|lroll;---,rn—1/|lrn=1]|]] (ORTHOMIN(c0), GCR)

Residuals are linearly independent iff the residual norms decrease, but Ry, is well conditioned:

. 1
2 2\ 2 n-1 2 2 2
ax <||"'k71|| + |7l > < h(B) < (n4 1) (1 D lr—1lI” + [Irsl )

it 1|2 = a2 2 12— [
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Adaptive basis

Choice of Z,

1. Zn = [ro/|I7oll, V1] (Simpler GMRES, ORTHODIR)
Robust, but numerically less stable (Liesen, R, and Strakos [2002]):

Irol_— om0y <o ol
fra—ill = irol =T
2. Zn = Rn, Rn = [ro/|lroll;---,rn—1/|lrn=1]|]] (ORTHOMIN(c0), GCR)

Residuals are linearly independent iff the residual norms decrease, but Ry, is well conditioned:

. 1
2 2\ 2 n-1 2 2 2
ax <||"'k71|| + |7l > < h(B) < (n4 1) (1 D lr—1lI” + [Irsl )

it 1|2 = a2 2 12— [

3. Can we benefit from advantages of both bases without suffering from disadvantages?
Adaptive choice of the direction zy: introduce v € [0,1) and compute z, as

ro/||rol| ifn=1,
Zn = rn—1/llrn-1ll ifn>1& rn_a1| < vlrp—zll,
Un—1 otherwise.

PCR algorithm of Ramage and Wathen [1994]: “hybridization of the fast ORTHOMIN and
robust ORTHODIR”
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Adaptive basis

Conditioning of the adaptive Z,

Assume a near stagnation in the initial phase and a fast convergence in the subsequent steps:
> |lrg—1]] > v||re—2]| for k =2,...,q (Simpler GMRES basis),
> ||re—1l] < v|rg—z| for k=q+1,...,n (residual basis).
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Adaptive basis

Conditioning of the adaptive Z,

Assume a near stagnation in the initial phase and a fast convergence in the subsequent steps:
> |lrg—1]] > v||re—2]| for k =2,...,q (Simpler GMRES basis),
> ||re—1l] < v|rg—z| for k=q+1,...,n (residual basis).

Then
1 llrg—1ll ——1 liroll } — ol
1, Y <k(Zn) <27 s
{ 127 il T g | " lrg—1ll
where
S 1
Hrk—1”2+”rk”2>§ _ 1 k-1l + llrs|I®
yooo= max —_—— Vo =(Mn—q+1)2 | 1+ —_——
—n,q k=gq,...,n—1 ( Hrk,1||2 — ||Tk||2 T Z ITk 1H2 - Hrk:”Q

Similar estimates for general case (for multiple “switches” between bases).
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Adaptive basis

Conditioning of the adaptive Z,

Assume a near stagnation in the initial phase and a fast convergence in the subsequent steps:
> |lrg—1]] > v||re—2]| for k =2,...,q (Simpler GMRES basis),
> ||re—1l] < v|rg—z| for k=q+1,...,n (residual basis).

Then
L lrg=all —1 _llroll } — ol

Loy gl < k(Zn) <27 ;

{ 27 lroll T Irg—all " lrg-all
where

1

v, = max (”’“”2*”’”’6”32 5, .= (n—qt1)3 sz ’
Sa T k=q,on—1 \ ||rp_1]|2 = ||rell2/) T ™7 k=102 = lIrell?

Similar estimates for general case (for multiple “switches” between bases).

Moreover,
2v2 1+4v

vai—11—yp’

#(Zn) <

Quasi-optimal choice vopy = (V1 4+ n? — 1)/n leads to

H(Zn)|l/:1/0pt - O(’I’L)
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Numerical experiments

FS1836, b = A(1,...,1)T: Simpler GMRES fails, adaptive wins

backward errors er(basis) ex(A - basis) cr(A)

backward error and condition numbers
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iteration number n
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Numerical experiments

FS1836, b = umin: GCR fails, adaptive wins

Miro RozloZnil

backward error and condition numbers
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Numerical experiments

FS1836, b = umin: GCR fails, adaptive wins
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Numerical experiments

Dependence of x(Z,) on v
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Conclusions

Conclusions and references

» Simpler GMRES and ORTHODIR do not break down, but are potentially unstable in the
case of the fast convergence.

> Simpler GMRES with residuals and ORTHOMIN(o0)/GCR can break down, but already
moderate convergence implies good conditioning of the basis.

> “Interpolation” between both bases by adaptive selection of the new direction vector can
benefit from advantages of both approaches and provides the stable variant of Simpler
GMRES or GCR.
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Conclusions and references

» Simpler GMRES and ORTHODIR do not break down, but are potentially unstable in the
case of the fast convergence.

> Simpler GMRES with residuals and ORTHOMIN(o0)/GCR can break down, but already
moderate convergence implies good conditioning of the basis.

> “Interpolation” between both bases by adaptive selection of the new direction vector can
benefit from advantages of both approaches and provides the stable variant of Simpler
GMRES or GCR.

References:

» P. Jirdnek, R, M. H. Gutknecht, How to make Simpler GMRES and GCR more stable, SIAM
J. Matrix Anal. Appl., 30 (2008), pp. 1483-1499.

» P. Jirdnek, R, Adaptive version of Simpler GMRES, Numerical Algorithms, 53 (2010), pp.
93-112.
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» Simpler GMRES and ORTHODIR do not break down, but are potentially unstable in the
case of the fast convergence.

> Simpler GMRES with residuals and ORTHOMIN(o0)/GCR can break down, but already
moderate convergence implies good conditioning of the basis.

> “Interpolation” between both bases by adaptive selection of the new direction vector can
benefit from advantages of both approaches and provides the stable variant of Simpler
GMRES or GCR.

References:

» P. Jirdnek, R, M. H. Gutknecht, How to make Simpler GMRES and GCR more stable, SIAM
J. Matrix Anal. Appl., 30 (2008), pp. 1483-1499.

» P. Jirdnek, R, Adaptive version of Simpler GMRES, Numerical Algorithms, 53 (2010), pp.
93-112.

Thank you for your attention!
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