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THE TOTAL LEAST SQUARES PROBLEM IN AX ~ B:
A NEW CLASSIFICATION WITH THE RELATIONSHIP
TO THE CLASSICAL WORKS’
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ZDENEK STRAKOS!, axp SABINE VAN HUFFELS

Abstract. This paper revisits the analysis of the total least squares (TLS) problem AX ~ B with multi-
ple right-hand sides given by Van Huffel and Vandewalle in the monograph, The Total Least Squares Problem:
Computational Aspects and Analysis, STAM, Philadelphia, 1991. The newly proposed classification is based on
properties of the singular value decomposition of the extended matrix [B|A]. It aims at identifying the cases
when a TLS solution does or does not exist and when the output computed by the classical TLS algorithm,
given by Van Huffel and Vandewalle, is actually a TLS solution. The presented results on existence and un-
iqueness of the TLS solution reveal subtleties that were not captured in the known literature.
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1. Introduction. This paper focuses on the total least squares (TLS) formulation
of the linear approximation problem with multiple right-hand sides

(1.1) AX~B, AcR™" XcR™, BecR™ ATB#0,
or, equivalently,

(1.2) (B|A] [%d} ~0,

We concentrate on the incompatible problem (1.1), i.e., R(B) ¢ R(A). The compatible
case reduces to finding a solution of a system of linear algebraic equations. In TLS, con-
trary to the ordinary least squares, the correction is allowed to compensate for errors in
the system (data) matriz A as well as in the right-hand side (observation) matriz B, and
the matrices F and G are sought to minimize the Frobenius norm in
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THE TOTAL LEAST SQUARES PROBLEM IN AX ~ B 749

(1.3) min[[[GIE]|; subject to (4+ E)X = B+ G.

Throughout the paper, any matrix X which solves the corrected system in (1.3) is called
a TLS solution. Similar to the ordinary least squares, we are often interested in TLS
solutions minimal in the 2-norm and/or in the Frobenius norm.

Mathematically equivalent problems have been independently investigated in sev-
eral areas as orthogonal regression and errors-in-variables modeling; see [18], [19]. It is
worth noting that norms other than the Frobenius norm in (1.3) can also be relevant in
practice; see, e.g., [20].

The TLS problem (1.1)—(1.3) has been investigated in its algebraic setting for dec-
ades; see the early works [6], [4, section 6], [14]. In [7] it is shown that even with d =1
(which gives Az~ b, where b is an m-vector) the TLS problem may not have a solution
and, when the solution exists, it may not be unique; see also [5, pp. 324-326]. The clas-
sical book [17] introduces the generic-nongeneric terminology representing the basic
classification of TLS problems. If d = 1, then the generic problems simply represent pro-
blems that have a (possibly nonunique) solution, whereas nongeneric problems do not
have a solution in the sense of (1.3). This is no longer true for multiple right-hand sides,
where d > 1. The monograph [17] analyzes only two particular cases characterized by
the special distribution of singular values of the extended matrix [B|A]. The so-called
classical TLS algorithm presented in [17], however, for any A, B, computes some output
X. The relationship of this output to the original problem is not always clear.

For d = 1, the TLS problem does not have a solution when the collinearities among
columns of A are stronger than the collinearities between R(A) and b; see [9], [10], [11] for
a recent description. An analogous situation may occur for d > 1, but here the difficulty
can be caused for different columns of B by different subsets of columns of A. Therefore,
it is no longer possible to stay with the generic-nongeneric classification of TLS pro-
blems. This is also the reason why the question remained open in [17]. In this paper
we try to fill this gap and investigate existence and uniqueness of the TLS solution with
d > 1 in full generality.

The organization of this paper is as follows. Section 2 recalls some basic results.
Section 3 introduces problems of what we call the 1st class. After recalling known results
for two special distributions of singular values in sections 3.1 and 3.2, we turn to the
general case in section 3.3. The new classification is introduced in section 4. Section 5
introduces problems of the 2nd class. Section 6 links the new classification with the clas-
sical TLS algorithm from [17], and section 7 concludes the paper.

2. Preliminaries. As usual, o;(M) denotes the jth largest singular value, R(M)
and N (M) denote the range and the null space, | M| and ||M|| denote the Frobenius
norm and the 2-norm of the given matrix M, respectively, and M denotes the Moore—
Penrose pseudoinverse of M. Further, ||v|| denotes the 2-norm of the given vector v; I, €
RF** denotes the k-by-k identity matrix.

In order to simplify the notation we assume, with no loss of generality, m > n + d

(otherwise, we can simply add zero rows). Consider the SVD of A, r=rank(A4),
(2.1) A= U/Z/( V/) T,
where (U) 1 = (U)T, (V') "} = (V)7 &' = diag(o}. ... 0%.0) € R, and

(2.2) oy >--->0.>0 0.

2
1 == Og
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750 HNETYNKOVA, PLESINGER, SIMA, STRAKOS, VAN HUFFEL

Similarly, consider the SVD of [B|A4], s =rank([B|A]),

(2.3) [B|A] = USVT,

where U~ = UT, V-1 = VT, £ = diag(oy, ...,0,,0) € R™("*+d) and
(2.4) 01> >20,>0,,==0,,4=0.

If s = n+ d (which implies r = n), then ¥’ and X have no zero singular values. Among
the singular values, a key role is played by o, 1, where n represents the number of col-
umns of A. In order to handle possible higher multiplicity of o,,;, we introduce the
notation

(25) Op=0p_g> 0 g1 = =0, =0, = =0p1¢> Opieils

q €

where ¢ singular values to the left and e — 1 singular values to the right are equal to
On+1, and hence ¢ >0, e>1. For convenience we denote n— g=p. (Clearly
0, =0,_, is not defined if and only if ¢ = n; similarly, 0, . is not defined if and only
ife=4d.)

For an integer A (not necessarily nonnegative) it will be useful to consider the
partitioning

n—A d+ A
—— n—A d+ A
VI(IA) V1(2A) } d
(2.6) = | 2 |28 L m, V=1 oo b
Vo Voo n

where ZEA) c Rmx(n—A)’ ZgA) c Rmx(d-&-A)’ and V(ﬁ) c Rdx(n—A)’ Vgé) c Rdx(d-&-A)’ V(Q?) c
Rrx(n=4) {8 ¢ Rnx(d+A) When A = 0, the partitioning conforms to the fact that [B|A]
is created by A appended by the matrix B with d columns, and in this case the upper
index is omitted, ) =X}, etc.

The classical analysis of the TLS problem with a single right-hand side (d = 1) pre-
sented in [7] and the theory developed in [17] were based on relationships between the
singular values of A and [B|A]. For d = 1, in particular, o], > 0, represents a sufficient
(but not necessary) condition for the existence and uniqueness of the solution. In order to
extend this condition to the case d > 1, the following generalization of [7, Theorem 4.1] is
useful.

THEOREM 2.1. Let (2.1) be the SVD of A and (2.3) the SVD of [B|A] with the parti-
tioning given by (2.6), m > n+d, A > 0. If

(27) G%—A > Un,—A+17

then 0, A > 0, _a,1. Moreover, V@ is of full row rank equal to d, and Vé?) is of full
column rank equal to (n — A).
The first part follows immediately from the interlacing theorem for singular

values [17, Theorem 2.4, p. 32| (see also [13]). For the proof of the second part, see
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[21, Lemma 2.1] or [17, Lemma 3.1, pp. 64-65]. (Please note the different ordering of the
partitioning of V in [21], [17].)

We start our analysis with the following definition.

DEermNiTION 2.2 (problems of the 1st class and of the 2nd class). Consider a TLS
problem (1.1)~(1.3), m > n + d. Let (2.3) be the SVD of [ B| A] with the partitioning given
by (2.6). Take A= q, where q is the “left multiplicity” of 0,1 given by (2.5).

o If V(lg) is of full row rank d, then we call (1.1)~(1.3) a TLS problem of the
1st class.
o If V%g) is rank deficient (i.e., has linearly dependent rows), then we call (1.1)-
(1.3) a TLS problem of the 2nd class.
The set of all problems of the 1st class will be denoted by F. The set of all problems of the
2nd class will be denoted by S.

3. Problems of the 1st class. For d = 1, the right singular vector subspace cor-
responding to the smallest singular value o, of [b|A] contains for a TLS problem of the
1st class a singular vector with a nonzero first component. Consequently, the TLS pro-
blem has a (possibly nonunique) solution. As we will see, for d > 1 an analogous prop-
erty does not hold. The TLS problem of the 1st class with d > 1 may not have a solution.
First we recall known results for two special cases of problems of the 1st class.

3.1. Problems of the 1st class with unique TLS solution. Consider a TLS
problem of the 1st class. Assume that o, > 0,1, i.e., ¢=0 (p = n). Setting A=¢g =
0in (2.6), Vgg) = V1, is a square (and nonsingular) matrix. Define the correction matriz

(3.1) [GIE] = —UO[Z,] VT = —UZ,[VH| V3.

Clearly, |[[G|E]|lp = (321, 02)!/%, and the corrected matriz [B+ G|A + E] repre-
sents, by the Eckart—Young—Mirsky theorem [1], [8], the unique rank n approximation
of [B|A] with minimal [G|E] in the Frobenius norm.

The columns of the matrix [VL|V45]T represent a basis for the null space of the
corrected matrix [B + G|A + E] = UL, [V]|V1]. Since V, is square and nonsingular,

-1
B+GA+EP—;Lﬁ=&
| | ] —VpViy

which gives the uniquely determined TLS solution
(32) XTLS = X(O) = — VQQ VIQI.

We summarize these observations in the following theorem; see [17, Theorem 3.1,
pp. 52-53].
TuaeoreM 3.1. Consider a TLS problem of the 1st class. If

(33) Op > 0Opyt,

then with the partitioning of the SVD of [B|A] given by (2.6), A=q=0, Vi, € R4 js
square and nonsingular, and (3.2) represents the unique TLS solution of the problem
(1.1)~(1.3) with the corresponding correction [G|E] given by (3.1).

Theorem 2.1 gives the following corollary.

CoroLLARY 3.2. Let (2.1) be the SVD of A and (2.3) the SVD of [ B|A] with the par-
titioning given by (2.6), m > n+d, A=0. If
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752 HNETYNKOVA, PLESINGER, SIMA, STRAKOS, VAN HUFFEL
(34) U"n > Opt1s

then (1.1)—(1.3) is a problem of the 1st class, 6,, > 0,1, and (3.2) represents the unique
TLS solution of the problem (1.1)—(1.3) with the corresponding correction matriz |G| E]
given by (3.1).

We see that (3.4) represents a sufficient condition for the existence and uniqueness
of the TLS solution of the problem (1.1)—(1.3). This condition is, however, intricate. It
may look like the key to the analysis of the TLS problem, in particular, when one con-
siders the following corollary of the interlacing theorem for singular values and
Theorem 2.1; see [17, Corollary 3.4, p. 65].

CoroLLARY 3.3. Let (2.1) be the SVD of A and (2.3) the SVD of [B|A] with the
partitioning given by (2.6), m > n+d, A=q>0. Then the following conditions are
equivalent:

(1) O—'/n—q > O0p—gt1 = "= Optdy
(i) 04y >0y i1 =-=0,44 and Vg? is of (full row) rank d.

In the following discussion we restrict ourselves to the single right-hand side case.
The condition (i) implies that the TLS problem is of the 1st class. If d =1 and ¢ =0,
then (i) reduces to (3.4) and the statement of Corollary 3.3 says that o7, > 0,,,; if and
onlyifo, > 0,,; and [1,0, ...,0]7v,,; # 0. In order to show the difficulty and motivate
the classification in what follows, we now consider all remaining possibilities for the case
d = 1. It should be, however, understood that they go beyond the problems of the 1st
class and the unique TLS solution. If o), = 0,,;, then it may happen that either o, >
0,1 and [1,0, ...,0]Tv,,; =0, which means that the TLS problem is not of the 1st
class and it does not have a solution, or o, = 0,,;. In the latter case, depending on
the relationship between o},_, and o, _,4 =---= 0, for some ¢> 0 (see Corol-
lary 3.3), the TLS problem may have a nonunique solution if the TLS problem is of
the 1st class (see the next section), or the solution may not exist. We see that an attempt
to base the analysis on the relationship between ¢/, and ¢, ; becomes very involved.

The situation becomes more transparent with the use of the core problem concept
from [11]. For any linear approximation problem Az = b (we still consider d = 1), there
are orthogonal matrices P, R such that

(3.5) PT“”‘”[; % 2{]:[01 '% Aou % AO]

where the following hold:

(i) Ay is of minimal dimensions and A, is of maximal dimensions ( Ay, may also
have zero number of rows and/or columns) over all orthogonal transforma-
tions of [b| A] yielding the structure (3.5) of zero and nonzero blocks. Suppose
b / R(A) has nonzero projections on exactly ¢ left singular vector subspaces
of A corresponding to distinct (nonzero) singular values. Then among all
decompositions of the form (3.5) the minimally dimensioned A; is £ x ¢
if Az~ b is compatible and (£ + 1) x ¢ if Az~ b is incompatible (see [11,
Theorem 2.2]).

(ii) All singular values of A;; are simple and nonzero; all singular values of
[b1]A11] are simple and, since b ¢ R(A), nonzero (recall that we consider only
the incompatible problems).

(iii) The first components of all right singular vectors of [b;]|A;;] are nonzero.

(iv) Omin(A11) > Omin([b1]A11]). Moreover, singular values of Ay, strictly interlace
singular values of [b;]|A41,].
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(See [11, section 3].) The minimally dimensioned subproblem A;;z; ~ b; is then called
the core problem within Az ~ b. The SVD of the block structured matrix on the right-
hand side in (3.5) can be obtained as a direct sum of the SVD decompositions of the
blocks [b1]|A;1] and Ay, just by extending the singular vectors corresponding to the first
block by zeros on the bottom and by extending the singular vectors corresponding to the
second block by zeros on the top. Consequently, considering the special structure of the
orthogonal transformation diag(1, R) in (3.5), which does not change the first compo-
nents of the right singular vectors, all right singular vectors of [b|A] with nonzero first
components correspond to the block [b,|A;;], and all right singular vectors of [b| 4] with
zero first component correspond to Ass. Moreover,

a;l = amin(A) = min{arrlin(All)’ 0111111(A22)}’

0n+1 = Umill([b|A]) = rnin{amin([bl|All])7 Umin(AZZ)}'

We will review all possible situations.
Case 1. O—gl > Opyl- This happens if and Only if Ulnin(AQQ) > 0111111([b1|A11]) = Op4t1s
which is equivalent to the existence of the unique TLS solution.
Case 2. opin(Ag) =07, = 0,,,. Here we have to distinguish two cases:
Case2a. 0,(A) = 0pin([0]A]) = 0min([b1]A411]). This guarantees the existence
of the (minimum norm) TLS solution. All singular values of A equal to
Omin(4) are the singular values of the block Ayy. Consequently, the multi-
plicity of o, ([b|A]) is larger by one than the multiplicity of o, (A).
Case 2b. 0pin(A) = opin([0]4]) < omin([b1]411]). Then the multiplicities of
Omin(A) and o, ([b|A4]) are equal, all right singular vectors of [b|A] corre-
sponding to o,,;,([b|A]) have zero first components, and the TLS solution
does not exist.
Summarizing, the TLS solution exists if and only if either o, (4) > o ([b|A]), or
Omin(A4) = 0 min([b]4]) with different multiplicities for o, (A) and o, ([b|A]). In terms
of the singular values of subblocks in the core reduction (3.5),

Omin(Ag) > onin([b1]A11]) < TLS solution exists and is unique,
Omin(Ag) = 0in ([b1]A411]) < TLS solution exists and is not unique,

Omin(Ag) < 0pin([b1]411]) & TLS solution does not exist.

If the TLS solution exists, then the minimum norm TLS solution can always be com-
puted, and it is automatically given by the core problem formulation. If the TLS solution
does not exist, then the core problem formulation gives the solution equivalent to the
minimum norm nongeneric solution constructed in [17].

We will see that in the multiple right-hand sides case the situation is much more
complicated.

3.2. Problems of the 1st class with nonunique TLS solutions—a special
case. Consider a TLS problem of the 1st class. Assume that e =d in (2.5); i.e., let
all the singular values starting from o,_,., =0,,; be equal:

(36) Ol2"'20p>0p+1:"':07l+1:"'207l+d20‘
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The case ¢ = 0 (p = n) reduces to the problem with unique TLS solution discussed in
section3.1.If g = n (p = 0),1.e., 01 == 0,44, then the columns of [ B|A] are mutually
orthogonal and [B|A]?[B|A] = 0?1, 4. Then it seems meaningless to approximate B by
the columns of 4, and we will get (consistently with [17]) the trivial solution Xtrg =0
(this case does not satisfy the nontriviality assumption AT B # 0 in (1.1)). Therefore, in
this section the interesting case is represented by n > ¢ > 0 (0 < p < n).

We first construct the solution minimal in norm. Since V% € R%(#+4) ig of full row
rank, there exists an orthogonal matrix @ € R(¢t9*(e+d) guch that

Vi

(3.7)
Vi

B B 0 r
R L e |

where T" € R™? is square and nonsingular. Such an orthogonal matrix () can be
obtained, e.g., using the LQ decomposition of Vg?. Consider the partitioning
Q = [Q1]Q,], where @, € R4+9%? hag ¢ columns. Then the columns of @, form an
orthonormal basis of the subspace spanned by the columns of V§§>T, Q, € Rletd)xa g
an orthonormal basis of its orthogonal complement, and

(9)

'l (Vi (9) _ T

(38) |:§:| - [V<q>:| QQ’ V12 - FQ? .
22

Define the correction matrix

6181 = 15141 5]

(9) (@] T
Vv 1%
_ _ 7| V12 7| V12
= -V % @@, el
22 22
(3.9) =~ [Upr1s - Ungd] @2 QQT[UpHs e U] T

where u; and v; represent left and right singular vectors of the matrix [B|A], respec-
tively. If 0,41 =---=0,17,=0, then the correction matrix is a zero matrix
(0,41 = 0), and the problem is compatible; thus we consider 0, =---= 0,4 > 0.
Note that with the choice of any other matrix @ = [@Q;| Q5] giving a decomposition
of the form (3.7?, (2, represents an orthonormal basis of the subspace spanned by the
columns of V% T "and therefore Q) = Q¥ for some orthogonal matrix ¥ € R%*4.
Consequently, (3.9) is uniquely determined independently of the choice of @ in (3.7).

Clearly, ||[GE]||lp = 0,41 1Q2QF || » = 0,1V d, and the corrected matrix
rjrir
w+Gm+mwm(umbHA)

represents the rank n approximation of [B|A] such that the Frobenius norm of the
correction matrix [G|E] is minimal, by the Eckart—Young—Mirsky theorem.

The columns of the matrix [[7|Z7]T represent a basis for the null space of the
corrected matrix [B + G|A + E]. Since I is square and nonsingular,
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~1I,
—Zr7!

[B+ G|A+ E] —0,

which gives the TLS solution

0
310)  Xus= -2 = -[VZQ7Q[] - VY =xv.

This can be expressed as

XTLS = (ATA — U%H_lln)TATB;
see [17, Theorem 3.10, pp. 62-64]. The solution (3.10) and the correction (3.9) do not
depend on the choice of the matrix @ in (3.7). We summarize these observations in the
following theorem (see [17, Theorem 3.9, pp. 60-62]).
THEOREM 3.4. Consider a TLS problem of the 1st class. Let (2.3) be the SVD of [ B| A]

with the partitioning given by (2.6), A=q<n, p=n—gq. If
(3.11) Op>0p = =0,4

then (3.10) represents a TLS solution Xtrg of the problem (1.1)—(1.3). This is the unique
solution of the minimal Frobenius norm and 2-norm, with the corresponding unique
correction matriz [G|E] given by (3.9).

Using Corollary 3.3 we get

(3.12) 0y >0, = =04

which represents a sufficient condition for the existence of the TLS solution of the TLS
problem (1.1)—(1.3) minimal in the Frobenius norm and the 2-norm.

The correction matrix minimal in the Frobenius norm can be in this special case
constructed from any d-vectors selected among ¢ + d columns v, 4, ..., 0,4 (or their
orthogonal linear transformation) of the matrix V such that their top d-subvectors cre-
ate a d-by-d square nonsingular matrix. The equality of the last ¢ + d singular values
ensures that the Frobenius norm of the corresponding correction matrix is still equal to
Oni1 V/d. It can be shown that, for any such choice, a norm of the corresponding solution
Xis larger than or equal to the norm of X(% given by (3.10), and any such X represents a
TLS solution. Consequently, the special TLS problem satisfying (3.6) has infinitely
many solutions.

3.3. Problems of the 1st class—the general case. Here we consider a TLS
problem of the 1st class with a general distribution of singular values. We will discuss
only the remaining cases not covered in the previous two sections, i.e., n> ¢ >0
(0 < p < n; recall that p = n— ¢) and e < d, giving

01 2"'Zap>0p+1:"'20n,+1:"':o7z+e>0n+e+lZ"'Zan+d20

(note that o, does not exist for ¢ = n (p = 0)). We will see that in this general case the
problem (1.1)—(1.3) may not have a solution.

We try to construct a TLS solution with the same approach used in section 3.2, and
we will show that it may fail. Since, with the partitioning (2.6), A = ¢, the matrix V(lg) €
R**(@+4) i5 of full row rank, there exists an orthogonal matrix Q € R(¢+dx(¢+d) gych that
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756 HNETYNKOVA, PLESINGER, SIMA, STRAKOS, VAN HUFFEL

or]
Y | zJ

where I' € R™? is square and nonsingular. With the partitioning Q = [Q;|Q], where
Q, € Rletdxa 0, € Re+dxd the columns of @, form an orthonormal basis of the
subspace spanned by the columns of Vgg)T, and

Vi

(3.13)
Vi

Q= [vp+1’ -‘-’Um—d]Q =

)

22

(3.14) E] -

Following [17], it is tempting to define the correction matrix

6151 = 15141 5]

%% vl T
_ _ 7| V12 7| V12
= -Uxv [ (‘J):l &0 {V(q)}
22 22
(3.15) = _[uerl? cee Un+d]diag(0p+1» s Opia) Qo QQT[UpHv e U]

which differs from (3.9) because the diagonal factor is no longer a scalar multiple of the
identity matrix. Analogously to the previous section, the matrix (3.15) is uniquely de-
termined independently of the choice of @ in (3.13).

The columns of the matrix [[7|Z7]7 are in the null space of the corrected matrix

(3.16) [B+ G|A+ E] = [B|A] <1n+d - m m T).

In general the columns of [['7|Z7]T do not represent a basis for the null space of the
corrected matrix. If A is not of full column rank, the extended matrix [B|A] has a zero
singular value with the corresponding right singular vector having the first d entries
equal to zero. Such a right singular vector is in the null space of the corrected matrix,
but it cannot be obtained as a linear combination of the columns of [['7]|Z7]7. Since I is
square and nonsingular,

-1, ]
[B+ G|A+ E Lzr—l] =0,

and we can construct

T

(3.17) X0 = —zr-1 = —y @yt

The matrices (3.17) and (3.15) do not depend on the choice of @ in (3.13). The matrix
X9 given by (3.17) is a natural generalization of X(@ given by (3.10). The classical TLS
algorithm [15], [16] (see also [17]) applied to a TLS problem of the 1st class returns as
output the matrix X(@ given by (3.17) with the matrices G, E given by (3.15). We will
show, however, that X(9 is not necessarily a TLS solution. _

We first focus on the question whether there exists another correction E , G corre-
sponding to the last ¢ + d columns of V' that makes the corrected system compatible.
Such a correction can be constructed analogously to (3.13) by considering an orthogonal

matrix @ = [Q1|Q2] such that
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Vi

- - [Q | T
3.18 = V41, oy Vg @ = | = = |,
(318) | = e 3

where T' € R™? is nonsingular and Q is a matrix not necessarily equal to zero. Then
define the correction matrix

r

(3.19) (G1E) = ~(B14] | H .

The corrected system (A + E)X = B+ @ is compatible and the matrix

(3.20) X=-70" = v (V90,07

solves this corrected system. The columns of [fT|Z T] T have to be in the null space of the
corrected matrix [B + G|A + E]. As above, they do not necessarily represent a basis of
this null space.

Now we show that X(9 does not necessarily represent a TLS solution; i.e., the Fro-
benius norm of the correction matrix (3.15) need not be minimal. This can be illustrated

by a simple example. Let ¢ = n and e < d. Then in (3.13) we set Q = [V{97| V197,
(Notice that Vw and Vé?) in the partitioning (2.6) vanish for A = ¢ = n.) Therefore,

()
Vilvgnvn = [ e ren 2-0
£ L] 0

which gives from (3.13) [G|E] = —[B|0], and, analogously, X(? = 0; see (3.17). If we
solve the same problem in the ordinary least squares sense, then the corresponding cor-
rection matrix is [G|E] = [(AA" — I)B|0], having in general smaller Frobenius norm
than [G|E] = —[B|0], given by (3.15). Therefore, the constructed matrix X9 given
by (3.17) does not, in general, represent a TLS solution.

Summarizing, the classical TLS algorithm of Van Huffel computes for TLS pro-
blems of the 1st class the output (3.2), (3.10), or (3.17), which are formally analogous,
but with different relationship to the TLS solution. While (3.2) and (in the particular
case of a very special distribution of the singular values) (3.10) represent TLS solutions
(having minimal Frobenius and 2-norm), the interpretation of (3.17) remains unclear.
The partitioning of the set F of TLS problems of the 1st class according to the conditions
valid in (3.2), (3.10), and (3.17) is unsatisfactory. In particular, apart from the simple
case (3.2) and the very special case (3.10), we do not know whether a TLS solution
exists." We will therefore develop a different partitioning of the set F in section 4. First
we briefly discuss some properties of matrices X(@ and X.

3.4. Note on the norms of matrices X @ and X. It is obvious that X (@ given by
(3.17) is a special case of X given by (3.20). Lemma 3.5 gives simple formulas for the
Frobenius norm and 2-norm of X. Lemma 3.6 shows that X(¢ has the minimal norms
among all X of the form (3.20). The proofs are fully analogous to the proofs of [17,
Theorems 3.6 and 3.9].

"The problems in the set F are called generic in [17]. Since a problem in this set may not have a TLS
solution, we will no longer use the generic-nongeneric terminology.
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Leava 3.5. Let [[71Z7)" € RO+D%4 have orthonormal columns, and assume
I e R s nonsingular. Then the matrix X = —ZI"" has the norms

11—

- . - I
(3.21) IXIF =T —d and || X|P =

)

mlIl(
612111n (F)

where oy, () is the minimal smgular value of T. 3
_ Lewua 3.6. Consider X0 = —2T ' = — Vi) Vi9" given by (3.13)-(3.17) and X =
— 207" given by (3.18)~(3.20). Then

(3.22) 1Xlp > 1XD]p and [X] > |X].

Moreover, equality holds for the Frobenius norms if and_only z'fj( X

These lemmas can be easily seen as follows. A matrlx X of the form (3. 20) is going to
be minimal in the Frobenius or the 2-norm when |||  is minimized or o, (I') = o 4(T)
is maximized, respectively. The minimization/maximization are with respect to the
orthogonal matrix  which is considered a free variable, with the constraint that T
has to be nonsmgular The interlacing theorem for singular values applied to the
matrices [Q[[] = V(lg Q and T gives

o;(0) =o0,(ViY) =o,(Q)) 2 0,([). j=1.....d

with all the inequalities becoming equalities if and only if Q = 0. The minimum for the
2-norm is reached when the smallest singular values are equal, i.e., 04(T) = od(f ). Note
that there can be more than one matrix of the form (3.20) reaching the minimum of the
2-norm.

If the corrected matrix (A + E) has linearly dependent columns, then the corrected
system with the correction [G|E] of the form (3.19) can have more than one solution.
The following lemma shows that under some additional assumptions on the structure of
Q, the matrix (A + E) is of full column rank, and therefore the matrix X of the form
(3.20) is the unique solution of the corrected system. (Note that the correction (3.15) is a
special case of the correction (3.19).)

Levuva 3.7. Consider a TLS problem of the 1st class. Let [G|E] be the correction
matriz given by (3.19), and let X be the matriz given by (3.20). If Q in (3.18) has
the block diagonal form Q = diag(Q'. I,_,), where Q' € RUt9*(49) s an orthogonal ma-
triz, then (A + E) is of full column rank, and X represents the unique solution of the
corrected system (A + E X=B+G.

Proof. Since @ = diag(Q’ ,1;_.) has the block diagonal structure,

0 I 07\7”
0 2(1/[ L D =uxvT,
0 Q

m—n—d

1,

BlA]=UsVT=|U]| 0
0

O | S

I

e., UZVT represents the SVD of [B|A] with

U:[ﬂl,...,ﬂm], V:[’l_}l""vbnﬁrd}:

Using this SVD, the corrected matrix can be written as

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



THE TOTAL LEAST SQUARES PROBLEM IN AX ~ B 759

vy | e’

B+ G|A+E] = Uy, ..., U, diag(oq, ...,0, =
B+ GlA+E] = [ | diag(o, v 5

If o, =0, then [G|E] = 0 and the original system is compatible, i.e., R(B) C R(A).
Therefore, assume o, > 0. From the CS decomposition of V' it follows that since I
is square nonsingular, the matrix [Vg‘{)| Y] is square nonsingular. Since [u1, ..., U,] is
of full column rank, the matrix
~ - I o T
(A+E) = U, ..., u,|diag(oq, ... ,Gn)[ng Y]

is of full column rank. The matrix X is then the unique solution of the corrected system
(A+ EYX=B+G. 0O )

We will see in the next section that the form @ = diag(Q’,I,_.) appears in a
natural way.

4. Partitioning of the set of problems of the 1st class. We will base our par-
titioning and the subsequent classification of TLS problems with multiple right-hand
sides on the following theorem.

THEOREM 4.1. Consider a TLS problem of the 1st class. Let (2.3) be the SVD of [ B| A]
with the partitioning given by (2.6), A = q < n, where q is the “left multiplicity” of 0,44
given by (2.5), p =n — q. Consider an orthogonal matriz Q such that
Vi

- Q r - .
(@) wle=15 g e-ae

where Ql € Rlatdxq QQ e Rletdxd  and define

aa= ol

(42) = _[up+l7 s U’n+d} diag(ap+1’ SRR 07L+d) Q? QQT[UP+17 s U'rLer] T'

Then the following two assertions are equivalent: o
(i) There exists an orthonormal matriz ¥ € R™>? such that Q = Qdiag(1,, V)
has the block diagonal structure

/
(4.3) Q= [Q 0 ] € Rlatd)x(g+d) Q € Rla+e)x(ate)
0 Iy,

and using Q in (4.1)-(4.2) instead of Q yields the same [G|E)].
(i) The matriz |G|E] satisfies

n-+d 172

(4.4) NGB ={ D oF

j=n+1
Proof. First we prove the implication (i) = (ii). We partition @ = [Ql\QQ], where

Q, € Rutd=a Q) e RUFD*d and @ = [Q}]Qh), where @ € RU9xe, @ ¢ Rlate)xe,
Then
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X LR (R B A R O
2z 0 ‘ Id—e 0 ‘ Id—e 0 0 Id—e Idfe ,
which gives, using (4.2) and (2.5),
I[GIENF = lldiag(0psr - 00ea) Q2 Q2 I3
n+d n+d
o1 @(@Q)TN1% + Z U =0 e+ Z ‘7
j=n+e+1 Jj=n+e+1

ie., (4.4). The implication (i) = (ii) is proved.

Now we prove the implication (ii) = (i). Let [G|E] be given by (4.1), (4.2) and as-
sume that (4.4) holds. We prove that there exists @ of the form (4.3) giving the same
[G|E]. Define the splitting

=[Q1 Q] = [9“ 9”}
@21 @22

such that Qu € R@tIxa 0, e RUA-9xa (, € Retoxd () € REA-*d The matrix
[G|E] given by (4.2) satlsfles

(G = lldiag(oyrs - 00ia) Qollf

=2 =2
0% 1 QuallF + ([ DQosllF

where D = diag(0, 41, ...,0,44). Note that || Quall% = d — || Qaa||%, since the matrix
QQ consists of d orthonormal columns. Thus,

||[G|EH|% = U%H(d — @22||2F) + ||DQ22||% = U%Hd - ”(O’%Jrljdfe - D2)1/2Q22H2F-

Using (4.4) this gives

n+d
on(d Z 0 =051 Lo — D2)1/2Q22||
Jj=n+e+1

Since 0,41 > 0y eqp forallZ =1, ..., d — e, this implies that all rows of @22 have norm
equal to one. Consequently, since @) is an orthogonal matrix, (9; = 0, i.e.,

p o Qu Quz

Q= (@i = | D22,

@22

and the matrix Qy has orthonormal rows. Consider the SVD Qg = S [Is_.|0]PT =
[S|0]PT, where S € R(4=¢)x(d=¢) ' P ¢ R¥*? are square orthogonal matrices. Define ortho-
gonal matrices

\PEP|:O ST}eRdxd and @E@{Iq | O}Z{Qu | leq’}
le ] 0 o vl Lo | .

Because @ is orthogonal, the last d — e columns of Qu‘P (i.e., corresponding to the block
I,_.) are zero, and
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Q = diag(Q', I,_.)

is in the form (4.3) with @' = [@11|Q12‘I’Ifﬁzd] € Rle+ox(a+e) where Ifli)d represents the
first e columns of I, ;. Because @2 QQT = (QZ‘P)(QQ‘P)T = Q,QF, the matrix é) yields
the same correction (4.2) as Q. O o

The statement of this theorem says that any correction [G|E] (reducing rank of
[B|A] to at most n) having the norm given by (4.4) can be obtained as in (4.1)-
(4.2) with @ in the block diagonal form (4.3).

Now we describe three disjoint subsets of problems of the 1st class representing the
core of the proposed classification. Define the partitioning of the matrix Vg) with re-
spect to e, the “right multiplicity” of o, given by (2.5),

g+te d—e
|
(4.5) Vl(zq) = W(q"e) V1(276) d,
|
|
d

where W(e¢) ¢ Rix(ate) V(_e) R%*(d=¢) Note that since rank(Vg[é)) = d, i.e., the pro-
blem is of the 1st class, rank( V( )) <d-—e implies that rank( W(¢¢)) > e. On the other

hand, rank(W(%¢) = e implies that rank(V ) =d—e.

DEFINITION 4.2 (partitioning of the set of problems of the 1st class). Consider a TLS
problem (1.1)—(1.3), m > n+ d. Let (2.3) be the SVD of [B|A] with the partitioning
given by (2.6), A= q, and the partitioning of Vu) given by (4.5), where g and e are
the integers related to the multiplicity of Oni1, given by (2.5). Let the problem

(1.1)~(1.3) be of the 1st class (i.e. rank(VlQ) =d). The set of all problems for which
e rank(W(®9)) = e and rank( V< )) =d—e (V12 has full column rank),
e rank( W) > ¢ and rank( V< )) =d—e (V12 has full column rank),
e rank(W(9)) > e and rank( V< )) <d—e (V12 7 is rank deficient)

will be denoted by F, Fy, and F5, respectively. Clearly, F,, Fo, and Fy are mutually
disjoint and F1 U Fo U F3 = F.

4.1. The set F;—problems of the 1st class having a TLS solution in the
form X@. Consider a TLS problem of the 1st class from the set .7-'1, i.e., rank( W(29) =

e in (4.5) which implies V12 is of full column rank, i.e., rank( V F>) = d — e. First we
give a lemma which allows us to relate the partitioning (4.5) to the construction of a
solution in (3.13)—(3.17).
Lemma 4.3. Let (2.3) be the SVD of [B|A] with the partitioning (2.6), m > n+ d,
A =g < n. Consider the partitioning (4.5) of V12> The following two assertions are
equivalent:
(i) The matriz W) has rank equal to e.
(ii) There exists @ in the block diagonal form (4.3) satisfying (3.13).
Proof. Let W) € R¥(@+¢) have rank equal to e. Then rank( Vg;e)) =d—e
There exists an orthogonal matrix H € RW“)XW”) (e.g., a product of Householder

transformation matrices) such that W9 H = [0|M], where M € R%*¢ is of full column
rank Puttlng Q=diag(H,1,_,) yields Vg = [0|T], where the square matrix
= [M] V12 ] € R%4 is nonsingular.
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Conversely, let @ = diag(@',I,_,) and satisfy (3.13). Denote I' = [I" 1|F2] where
€ R¥¢. T, € R*(4=9) Obviously [0|[] = W)@, T, = V§2 )Id .= V12 . Since T’
is nonslngular, rank(I";) = e. ' is an orthogonal matrix and thus rank( W) = e. |

The following theorem formulates results for the set F;.

THEOREM 4.4. Let (2.3) be the SVD of [B|A] with the partitioning (2.6), m > n + d,
A=g<n(p=n-—q). Letthe TLSproblem (1.1)~(1.3) be of the 1st class; i.e. Vgg) is of
Jull row rank equal to d. Let 6, > 0y =+ =0p 1 = =0, 1 < e< d (if g = n,
then o, is not defined). Conszder the partztzonmg of V12 given by (4.5). If

(4.6) rank( W) = e

(the problem is from the set F ), then Xopg = X0 = — Vé%) V(lgﬁ given by (3.17) repre-
sents the TLS solution having the minimality property (3.22). The corresponding cor-
rection [G|E] given by (3.15) has the norm (4.4).

The proof follows immediately from Lemmas 4.3, 3.6, and 3.7.

The problems of the 1st class dlscussed earlier in sections 3.1 and 3.2 belong to the
set F1. In the first case ¢ = 0 and V 12 = V19 is square nonsingular. Thus, independently
of the value of e (4.5) yields W®¢ with the (full column) rank equal to e and the matrix
@ from @ = diag(Q’, I,_.) in the assertion (ii) of Lemma 4.3 can always be chosen equal
to the identity matrix I,; i.e., Q = I;. In the second case e = d. Thus W4 = V<13> is of
(full row) rank equal to d. Here the identity block I,_, in the assertion (ii) of Lemma 4.3
disappears; i.e.,QQ = @'.

4.2. The set F,—problems of the 1st class having a TLS solution but not
in the form X@. Consider a TLS problem of the 1st class from the set F,, i.e.,
rank( VS@) = d — eand rank( W(?9) > e in (4.5). Because Vge) is of full column rank,
there exists @ = diag(@Q’, I;_.) having the block diagonal form (4.3) such that (4.1)
holds, i.e.,

(4.7) ViQ = (W Qv = [Qfy | v

with T = [T Vg;e)] nonsingular. Consequently, the correction [G|E] defined by (4.2) is
minimal in the Frobenius norm (see Theorem 4.1), and the corresponding matrix X =
—ZI! given by (3.20) represents a TLS solution (which is, by Lemma 3.7, the unique
solution of the corrected system with the given fixed correction [G|E]). Because
rank(W(?9) > e and @' is orthogonal, the product W) Q' = [Q|l:1], where rank(f‘l) =
e (f is nonsingular), leads always to a nonzero Q. On the other hand, the construction
(3.15)~(3.17) always leads to Q = 0. Hence, the matrix X9 given by (3.17) does not
represent a TLS solution.

The following theorem completes the argument by showing that any problem from
the set F, always has a minimum norm TLS solution.

TureoreM 4.5. Let (1.1)—~(1.3) be the TLS problem of the 1st class belonging to the set
Fy. Then there exist TLS solutions given by (3.18)—(3.20) minimal in the 2-norm, and in
the Frobenius norm, respectively.

Proof. A TLS solution X = —ZI'"! is obtained from the formula

i)
o | o | 1., v | zJ
where the block diagonal matrix ) is the orthogonal matrix (4.3) from Theorem 4.1.

The TLS solution is uniquely determined by the orthogonal matrix @'=
[@11Q) € Rirro<(aro,

vy
vy
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In our construction, Q' € R(4+¢)%(4+¢) ig required to lead to a nonsingular I'. Since
the matrix inversion is a continuous function of entries of a nonsingular matrix, and
matrix multiplication is a continuous function of entries of both factors, the matrix X =
— ZI' ! is a continuous matrix-valued function of '. Define two nonnegative functionals
N, (Q'):RleteIxlate) 5 [0, 400] and Np(@Q):R@tex(@te) 5 [0, +00] on a set of all
(¢ + €)-by-(q + e) orthogonal matrices such that

Ny (Q) = I1X(Q), if @ givesl:“(Q’) nonsingular,
2 T+ if @ givesI'(Q') singular.

The functional Ny (@) is defined analogously. Note that both functionals are nonnega-
tive and lower semicontinuous on the compact set of all (¢ + e)-by-(¢ + e) orthogonal
matrices, and thus both functionals have a minimum on this set. a

Theorem 4.5 does not address the uniqueness of the minimum norm solutions, and it
also does not give any practical algorithm for computing them. Further note that the
sets of solutions minimal in 2-norm and minimal in the Frobenius norm can be different
or even disjoint. This fact can be illustrated with the following example. Consider the
problem given by its SVD decomposition

31000 -1 ‘ -3 V3 V3T\7T

0 2 0 0f[1] 3 -1 3 —V3
(4.8) [BIA|=U - V3 V3 )

0 0 2 0f((4|v3 V3 o1 3

0 0 0 1 V3 -3 -3 1

where A € R¥*2 B € R¥2 (it is easy to verify that AT”B #0). Here ¢ =1, e = 1,

w43 =i

have rank two and one, respectively. This problem is of the 1st class and belongs to the
set Fo. The TLS solution is determined by the orthogonal matrix

! ! cos(¢) —sin(¢) 0
o AR [ H o ‘ ol
o | o | 1.
o [ o |1

which depends on only one real variable ¢. Figure 4.1 shows how the 2-norm and the
Frobenius norm of the TLS solution depend on the value of ¢p. From the behavior of the
norms it is clear that the set of solutions minimal in the 2-norm has no intersection with
the set of solutions minimal in the Frobenius norm. If we use in the previous example
(4.8) the matrix of the right singular vectors

0 1 0 V3
V_1—1‘0\/§0
2|V3 0 1 0|
0‘—\/301
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281 g min, I1X@) I, [

2.4

n
N

norm of X(¢)
norm of X(¢)
N

©

Fia. 4.1. (Left plot) The 2-norm and the Frobenius norm of TLS solutions of the problem (4.8) belonging
to the set Fo. Solutions minimal in different norms are distinct. (Right plot) Detail of the solutions minimal in
the 2-norm and in the Frobenius norm.

then there exists a solution which is minimal in both the 2-norm and the
Frobenius norm.

4.3. The set F3—problems of the 1st class which do not have a TLS
solution. Consider a TLS problem of the 1st class from the set Fj, i.e., the case with
rank( VS@) < d — e. Since VSE) in (4.5) is rank deficient, @ € R(¢+®*(#+d) in the block
diagonal form (4.3) leads to (4.7) with T" = [[}] V(lge)] containing linearly dependent col-
umn(s). Thus [in (4.1) is always singular. Consequently, in this case there does not exist
@ in the block diagonal form yielding I" nonsingular. Therefore, there is no correction
[G|E] having the norm (4.4) which makes the system (1.1) compatible; see Theorem 4.1.

Now we show that a TLS solution does not exist for the problems from the set Fs.
Using a general matrix @Q (see (3.18)), we construct a correction (3.19) which makes the
system compatible, and the norm of this correction is arbitrarily close to the lower bound
(4.4). Denote p =(d— e) — rank( Vg;e)) the rank defect of Vg;e). Analogously to
section 4.2, there exists an orthogonal matrix @' € R(¢+¢)*(a+¢) guch that

Vildiag(Q. 1,,) = (W) QV,9] = [Q|F | V1,7

with rank ([T, | Vge)]) = d — p; compare with (4.7). Let J = {ji, ..., j, } denote indices
of any p columns of Vi, such that the remaining columns of Vi, (with indices
{1, ...,d— e} \J) are linearly independent. Because rank(V(l(é)) = d, the matrix Q
has p linearly independent columns which are mnot in R([[] Vﬁ;’*]); let

K = {ky, ....k,} denote their indices. Consider an angle 6, 0 < 6 < . A Givens rota-
tion corresponding to € applied subsequently on pairs of columns with indices j, and kg,
for £ =1, ..., p, can be written as an orthogonal transformation
Cu 0 S1a
QIFVET| o || L | o [ =[QIf VR
-SE 0 Cy

where C}; € R and Cyy € R(-9*(@=¢) are diagonal matrices having p diagonal en-
tries (on the positions (k,, kz) and (j¢, js), € =1, ..., p, respectively) equal to cos(6)
(the other diagonal entries are equal to one), and S;, € R?*(4~¢) has entries on positions
(kevje), € =1, ...,p, equal to sin(d) (the other entries are zero). Since 0 < 0 < =, the
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matrix ' = [} V12 ] is nonsingular, and thus the corresponding correction makes the
system compatible. The transformation matrix

oo | @aisn 1) | @[]
[-Shlo] | Cw

can be, with 8 — 0, arbitrarily close to the block diagonal form (4.3), and moreover the
Frobenius norm of the corresponding correction

n+d 1/2
i G|E|F—(za+sm S >)

j=n+1 jeT

can be arbitrarily close to the lower bound given by (4.4).

Consequently, there is no minimal correction that makes the system (1.1) compa-
tible. The TLS problem (1.1)—(1.3) with rank deficient Vg;e) does not have a
solution.

4.4. Correction corresponding to the matrix X@. In the previous three sec-
tions we have shown that a TLS solution (if it exists) always has the correction matrix
with the Frobenius norm (4.4). We can formulate the following corollary.

CoroLLARY 4.6. Consider a TLS problem (1.1)—(1.3) of the 1st class. The construc-
tion (3.13)~(3.17) yields the TLS solution Xyrg = X if and only if there exists an
orthogonal matriz @ in the block diagonal form (4.3) such that substituting Q for @

n (3.13)—=(3.15) gives the same correction [G|E].

Now we focus on the properties of the correction [G|E] given by (3.15) in general.
First we prove an auxiliary lemma.

Lemva 4.7. Let [G|E] be the correction matriz given by (3.15). Denote
s=rank([B|A]). Then the ranks of the correction and corrected matriz satisfy

(4.9) min{s, d} > rank([G|E]) > max{0,s — n},
(4.10) max{0, s — d} <rank([B+ G|4A+ E]) < min{s, n}.

Proof. The upper bound in (4.9) follows immediately from (3.15). The lower bound
in (4.9) follows from the fact that the correction matrix makes the system compatible,
i.e., the resulting rank of [B+ G|A + E] is at most n, which also proves the upper
bound in (4.10). Since the rank of [G|E] is at most d, the lower bound in (4.10) follows
trivially. 0

The result of the following theorem can also be found in [22, eq. (5.4)].

THEOREM 4.8. Let [G|E] be the correction matriz given by (3.15). Then its Frobenius
norm satisfies

et \ 12 wd O\ 12
(4.11) Yoot zICEN= | Y o}
j=p+1 j=n+1

Proof. The lower bound in (4.11) is trivial. The matrix [G|E] has from (4.9) the
rank not greater than min{s, d}, which immediately gives the upper bound. From
the construction (3.15) a rank d matrix of the given form cannot have Frobenius norm
larger than (4.11). |
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Since the Frobenius norm of the correction [G|E] given by (3.15) can be larger than
( ;Lﬁjl 10 ])1/ 2, the correction need not be minimal, and (3.17) need not represent (as
described above) a TLS solution. Further note that the inequalities in (4.11) become
equalities if and only if

o = Optjs j=1,...,d

ptJ
(recall that n = p 4 ¢). This happens either if ¢ = 0 (the case with the unique solution
discussed in section 3.1), or if o, =---=0,;, (the special case discussed in
section 3.2).

5. Problems of the 2nd class. In this section we briefly describe problems
(1.1)—(1.3) of the 2nd class, i.e., the problems for which V(lg) does not have full row rank;
see Definition 2.2. Here the right singular vector subspace given by the last (¢ + d) sin-
gular vectors v, ..., v,44 does not contain sufficient information for constructing a
solution (3.20), and the problems of the 2nd class do not have a TLS solution (the
argumentation is analogous to that in section 4.3).

The classical TLS algorithm, which gives an output also for problems of the 2nd
class, is derived in [17] by a straightforward generahzatlon of the single right-hand side
concept. The right singular vector subspace R([ V§2 | VQQ> ]T) used for the construction
(3.13)—(3.17) in previous cases is extended with additional right singular vectors until,
for some t a full row rank block V(t R#*(+4) is found in the upper right corner of V
(and V12 is, at the same time, rank deficient),

q d

¢ t
V= Vl(l) V1(2)
no Ll | Ve
n—t t d
Then the matrix X(*) = —Vg;) V(lg)'r with the corresponding correction can be

constructed analogously to (3.13)—(3.17) with ¢ replaced by ¢. Obviously, this matrix
might not be uniquely defined when o, ,,; is not simple, in particular, when
On_y =0,_4y1- In order to handle a possible multiplicity of o,_;,;, it is convenient
to consider the notation

Opg > Op—gr1 = =0y 4 =0p_t41 > O p—t425

where ¢ > t; put for Simplimty n— q=p. (If such 0,_; =0} does not exist, then put
g=n.) The condltlon that V 7 is of full row rank equal to d is readily satisfied, since
Vg 7 extends V12 Then X@ and [G|E] can be constructed as in (3.13)—(3.17) with ¢
replaced by . Thus, the matrix X(@ = V( VH)Jr represents a solution of the compa-
tible corrected system (A + E)X = B+ G. The Frobenius and the 2-norm of the matrix
X(@ are given by Lemma 3.5. Similarly to the problems of the 1st class, the minimality
property (3.22) of X (@ can be shown. Thus, X(@ has minimal Frobenius and 2-norm over
all matrices X that can be obtained from the construction analogous to
(3.18)—(3.20) with ¢ replaced by g. The substitution of g for ¢ ensures the uniqueness
of the construction and leads to the matrix with the smallest norm. On the other hand, it
inevitably increases the norm of the correction, with
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etz > (5 og)w.

Jj=n+1

The Frobenius norm of [G|E] is strictly larger than the smallest possible correction
reducing the rank of [B|A] to n, and the matrix X@ does not represent a TLS
solution.”

6. Summary of the relationship to the classical TLS algorithm. The clas-
sical TLS algorithm gives for any data the output X*) which is equal (in exact arith-
metic) either to X9 given by (3.2), or by (3.10), or by (3.17), or to X(@ described in
section 5.

ALGORITHM 1 (THE CLASSICAL TLS ALGORITHM).
A fully documented Fortran 77 implementation is given in [15], [16]. The code can be
obtained through Netlib.org, cf. http://www.netlib.org/vanhuffel.

Require: A € R™*" B € R™*? {here the SVD of [B|A] in the form (2.3)(2.6)}
1 A0
s if rank(Vﬁé)) =d and A =n, then goto 6

s if rank(V(lg)) =d and 0, 5 >0, a4, then goto 6
A—A+1

goto 2

KA

X V(Q’;) V(IE)T

: return «, X®)

e e

The output X®) is called a generic (or TLS) solution in [17] for any problem of the
1st class, and it is called a nongeneric solution in [17] for any problem of the 2nd class. As
our new partitioning and the included classification reveals,

(i) if the problem is of the 1st class and rank( W(¢¢)) = ¢ (i.e., the problem be-
longs to the set F;), then X*) = X1  represents a TLS solution (it solves the
TLS problem (1.1)-(1.3)), k= g;

(ii) if the problem is of the 1st class and rank(W(*®) > e (i.e., the problem be-
longs to the set Fy U F3), then X ) does not represent a TLS solution, which
exists for the problems in the set Fy but does not exist for the problems in the
set F3, kK =g,

(iii) if the problem is of the 2nd class, (i.e., the problem belongs to the set S), then

X® does not represent a TLS solution (a TLS solution does not exist), k = .

For d = 1 (single right-hand side case) the output X®) of Algorithm 1 represents the

TLS solution of the core problem (3.5) transformed to the original coordinate system.
The output X® has two further important interpretations.

LeEvmMA 6.1 (the constrained total least squares (C-TLS)). The matriz X® =

— Vé’;) V%’;)T given by Algorithm 1 represents the unique solution of the constrained mini-
mization problem

(6.1) ){'HE%%H[G‘E]”F subject to (A+ E)X =B+ G,

>The matrix X = — Vg) V@T is called a nongeneric solution in [17, Definition 3.3, p. 78].
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V(K)
e R( gg)}
Vo
with the correction [G|E] given by (3.15) (with q possibly replaced by q).
The additional constraint (6.2) can be equivalently rewritten as

[QEB}:Q

(6.2) and [G|E] [3] “0 foral [g

where Y is defined analogously to (3.13). Since 0,,_, > 0,,_..1, the correction matrix in
(6.1)—(6.2) is unique. Consequently, the constrained problem (6.1)—(6.2) has the unique
solution X¢_p g = X®. Furthermore, since the matrix in (3.13) (with ¢ possibly re-
placed by §) has orthonormal columns, X®7Y = —(I'"1)TZTY = 0, and the additional
constraint implies that X® 7w = 0 for all w from (6.2); see [17, Eq. 3.101, p. 79], [21],
[22]. Note that the problem (6.1)—(6.2) for xk = q is considered a definition of the non-
generic solution in [17, Definition 3.3, p. 78 and Theorem 3.15, pp. 80-82].

LEmvA 6.2 (the truncated total least squares (T-TLS)). The matriz
X = ng;) Vg';)+ giwven by Algorithm 1 represents the unique minimum norm TLS
solution of the modified TLS problem

~ ~

(6.3) min |[[G|E]|,  subject to  (A+ E)X =B+ G,
X.E.G

n+d
where | B|A (Z ;0 ) +0n,<+1< Z ujv]T>

Jj=n—k+1

with the corresponding correction [é|E], ||[G|EH|F =0, 1 Vd.

The problem (6.3) is clearly a TLS problem of the 1st class (belonging to the set 7).
Moreover, it is a special case described in section 3.2. This problem is called truncated
total least squares (T-TLS) problem for the given A, B with the solution Xp_rrg = X®);
see [17, note on p. 82|. It is worth noting that the T-TLS concept allows us to assume
that the original problem AX = B is a perturbation of the modified problem AX ~
From the T-TLS point of view, any TLS problem may be interpreted as a perturbed
problem of the 1st class with the special singular values distribution (3.6). Since
Xp_7Ls = X® . Algorithm 1 can be used as a relatively simple and useful regularization
technique; see, e.g., [21], [2], [3] (for d = 1) and also [17, algorithm and comments in
section 3.6.1, pp. 87-90]. The distribution of the smallest singular values of [B|A] plays
no role in the algorithm output.

The true TLS solution (if it exists) does not have this regularization property. The
TLS solution uses information about the smallest singular values of [B|A].

7. Conclusions. We have presented a new classification of TLS problems with
multiple right-hand sides. Each TLS problem falls into one of four distinct sets. The
union of the first three sets F,;, j =1, 2, 3, contains problems of the 1st class. It is
complemented by the set S of problems of the 2nd class, as illustrated by the following
schema.
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TLS solution exists

XTLS = 7V2(2Q) Vl(;)T

set Fi set Fo set Fs set S

rank(W (@) = e rank(W(*9) > ¢ rank(W(?9)) > e
rank(Vl(;e)) =d—e rank(Vl(;E)) =d—e rank(Vl(;E>) <d—e

Problems of the 1st class, rank(V\¥) = d 2nd class, rank(V{{) < d

All approximation problems AX ~ B

It has been shown that the special cases analyzed in [17] belong to the set F;. We have
proved that any problem from F; U F, has a TLS solution, whereas problems from
F3 US do not have a TLS solution. Moreover, for any problem from F; U F, there
exist a TLS solution minimal in the 2-norm and a solution minimal in the Frobenius
norm, but for the problems from the set F, the minimum norm solutions can be distinct.

The classical TLS algorithm (Algorithm 1) computes a TLS solution only for pro-
blems belonging to the set ;. We have not provided an efficient algorithm for comput-
ing a TLS solution for the problems from F, (where it exists). It can possibly be obtained
using a nonlinear optimization over a parameterization of the set of corresponding
orthogonal matrices. However, this optimization is hardly practically applicable.

The TLS problems with d = 1 have been clarified through the concept of the core
reduction. An extension of this concept to a TLS problem with d > 1 could help to un-
derstand the discrepancy between the true TLS solution and the solution given by the
classical TLS algorithm. An approach based on such a reduction, outlined in [12], will be
discussed elsewhere.
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