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Abstract

In the present thesis we show that we can accelerate the convergence speed
of restarted GMRES processes with the help of rank-one updated matrices of the
form A — by”, where A is the system matrix, b is the right-hand side and y is
a free parameter vector. Although some attempts to improve projection methods
with rank-one updates of a different form have been undertaken (for example in
Eirola, Nevanlinna [17] or in Weiss [76] and Wagner [71]), our approach, based on
the Sherman-Morrison formula, is new. It allows to solve a parameter dependent
auxiliary problem with the same right-hand side but a different system matrix.
Regardless of the properties of A we can force any convergence speed of the second
system when the initial guess is zero. Moreover, reasonable convergence speed of
the second system is able to overcome stagnation of the original problem. This has
been tested on different kinds of problems from practice. The computation of the
parameter vector y € R" as well as computations with the rank-one updated matrix
add only little costs to the restarted method.

When the initial guess is nonzero (for example at the end of restart cycles), we
minimize residual norms over all possible parameter vectors. Stepwise minimization
does not seem lucrative, but theoretical investigation of global minimization shows
that we can project implicitly on subspaces of a dimension twice as large as the
iteration number. In addition, we combine stepwise minimization with a precondi-
tioning technique with the help of updated matrices of the form A — Ady” for some
d € R". In numerical experiments it proved to be able to overcome stagnation of
restarted GMRES.

We have also worked out results about the spectrum of the rank-one updated
matrix. In theory, one can create any spectrum of A — by’ by the choice of the
parameter vector y € R". In practice it is only feasible to prescribe Ritz values
of the auxiliary matrix. But when we assume we have a nearly normal matrix
also modification of selected eigenvalues can be achieved. Based on these ideas, we
have constructed algorithms for both normal and nonnormal matrices. In problems
where spectral properties hampered convergence, these techniques could accelerate
the GMRES process.
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Notations

In this thesis we will use the following abbreviations:

AT := the transposed matrix A

A" .= the transposed and complex conjugated matrix A
A=A AT

diag(A) := the diagonal matrix with the diagonal elements of A
diag(A1,...,An) := the diagonal matrix with elements Ai,..., A,

T := the transposed vector

Ty := the Euclidean inner product of two real vectors

|z|| := the square root vVaTz

|A| := the matrix norm associated with the above vector norm
|A||Fr := the Frobenius norm of A

I, := the identity matrix of dimension n, Iy being the empty matrix
e; = the ith column of the identity matrix of the involved space

dim(W) := the dimension of the subspace W
rank(A) := the rank of the matrix A

a;; := the element of the matrix A in its ith row and in its jth column
{z1,...,2m} := the sequence of vectors z1,...,Zm,
(z1,...,Tpm) := the matrix whose columns are the vectors x1, ...,z

o(A) := the spectrum of the matrix A

A := the complex conjugated value A € C
Z := the complex conjugated vector z € C"
Re(z) := the real part of a complex value or vector

Im(xz) := the imaginary part of a complex value or vector






Preface

In modern scientific computation solvers of linear and nonlinear systems of equations
are tools of primary importance. For both problems a large scale of methods has
been proposed, but many theoretical and practical questions remain unanswered. In
this work we consider the solution of a system of linear equations characterized by
a matrix A € R™*", a right-hand side b € R" and an equation

Ax =) (1)

with unknown x € R". It focusses on applications where A is a general nonsingu-
lar matrix, without assuming symmetry or other special properties. Leaving aside
direct solvers and preconditioning techniques, we concentrate on iterative methods,
especially on projection methods based on Krylov subspaces. We try to improve
methods that belong to this class and that in addition cannot be implemented with
short recurrences. They are more robust than methods allowing short recurrences,
but in modern problems they have to be restarted to avoid too large computational
and storage costs, thus loosing convergence properties. The present thesis specializes
on techniques to accelerate convergence speed of restarted Krylov subspace methods
and proposes new approaches to achieve this. The new approaches were inspired
by a series of papers by Arioli, Greenbaum, Ptédk and Strakos ([2], [30] and [31]).
It proves the existence of matrices and right-hand sides yielding a prescribed con-
vergence curve when the GMRES method is applied. In addition, it shows how to
construct such linear systems and it is possible to prescribe the spectrum of the ma-
trix too. In this thesis we show that we can define a small rank update of A which
belongs to the class of linear systems with a given convergence speed. Alternatively
we can choose the updated matrix such that it has arbitrary spectrum. It is possible
to exploit the updated system for solving the original system (1) with the help of
the Sherman-Morrison formula for inverting rank-m updates, m < n. Favorable
properties of the updated system appear to accelerate the first system too. In the
present work we restrict ourselves wittingly to a very precise exploitation of the
Sherman-Morrison formula. It offers many acceleration options and gives raise to
theoretical questions. Other exploitations have not been investigated although they
might be as interesting.

In the first chapter we give a survey of the most popular projection methods.
We point out advantages of projection compared with other strategies in the con-
text of solving the problem (1) and we list some important properties of projection
methods in general. Among others, we turn our attention to the choice of the Petrov-
Galerkin orthogonality condition and to the choice of the space to project onto. It
turns out Krylov subspaces are in some sense optimal when solving linear systems
with the help of projections. The remaining of the chapter describes well-known pro-
jection methods, ranging from the classical conjugate gradient method that dates
from back in the early fifties to recently proposed techniques to improve the restarted
GMRES method. We apply some of the methods in numerical examples in order
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to compare them with our new approaches. All methods are treated explicitly from
the projectional point of view without addressing implementational details such as
the generation of bases, solution of least-squares problems or Hessenberg systems
(algorithms connected with bases of the individual methods are displayed in the last
chapter). We feel that, although the role of projective processes in Krylov subspace
methods has been studied by others (e.g. in Eiermann, Ernst, Schneider [16], [18]),
these results stay on a relatively abstract level, especially when the involved projec-
tion has a complicated character. On the other hand, the projection that underlies a
method is the only key to convergence behavior if no information about structural,
spectral or other properties of the matrix is a priori available. We have tried to
give for every method a detailed description of the projector that characterizes it.
We also treat truncated, restarted and accelerated restarted methods in this manner
and even methods that were originally not conceived as projection methods. A more
profound description of some of these methods which includes comparing numeri-
cal experiments can be found in our papers [13] and [65] published together with
J. Zitko (the second one is written in Czech). The first chapter does not contain
any original results apart from the generalization of a residual based version of the
GMRES method (Walker, Zhou [74]) for other methods and a small supplement to
a deflation technique. This part of the thesis consists mainly of elaboration of the
theory of projective processes for iterative methods.

The remaining chapters propose new techniques to overcome slow convergence
or stagnation of restarted projection methods. In the second chapter we present the
main tool all these techniques are based on: The Sherman-Morrison theorem. With
its help we can transform the original problem to an auxiliary problem with the
same right-hand side. The matrix of the auxiliary system is a rank-one update of A.
We prove that when the initial guess 9 € R" of a GMRES process is zero, then it
is possible to define this rank-one update such that the process has any prescribed
convergence speed. After the presentation of numerically stable implementations
to compute such an update, we address backtransformation of the auxiliary system
approximations to obtain iterates for the original system (1). We discuss possibilities
to improve convergence of the first system by backtransformation from a predefined,
fast converging second system. It turns out this makes sense only when we apply the
restarted GMRES method, but in that case the proposed procedure seems reasonable
and its effectiveness is confirmed by numerical experiments of various types. In all
cases the procedure manages to overcome stagnation of restarted GMRES. With the
help of a technical proposition we demonstrate the relation between the quality of the
backtransformation and the prescribed convergence speed of the auxiliary system.
This proposition enables us to influence the quality of the backtransformation during
the iterative process.

The idea of switching to a system with arbitrary convergence speed is possible
only when the initial guess is zero. We discuss GMRES processes with nonzero initial
guesses in the third chapter. At first, we show how to minimize the residual norms
of the second system at every single iteration by the choice of the rank-one update of
A. An example with an auxiliary system that is minimal in this sense is presented,
but in general this locally minimizing technique is not all too effective. It seems more
profitable to search for rank-one updates that yield after say k iterations a residual
norm that is globally minimal, i.e. minimal regardless of the size of residual norms of
previous iterations. We demonstrate how to compute such an update and prove that
(under weak conditions) the rank-one updated system implicitly projects during the
kth iteration onto a subspace of dimension 2k. The last part of this chapter concerns
a different technique for processes with xg # 0. It does minimize residual norms with



the help of the Sherman-Morrison formula, but the involved rank-one update has
a different structure. It is in fact a right preconditioning technique. This has the
advantage that residual norms of auxiliary and backtransformed iterations are equal.
Some of the ideas of the second and third chapter will be published in the paper
[14].

Although the preceding accelerations of the restarted GMRES method are
based on direct reducing of residual norms rather than on spectral deflation, prac-
tical problems exist in which modification of eigenvalues has a positive influence on
convergence speed. This has been our motivation to address spectral properties of
the rank-one updated matrix in the fourth chapter. Among others we prove that we
can force any spectrum by the choice of the update. As an immediate consequence of
this result it is possible to define arbitrary Ritz values of the auxiliary matrix at the
beginning of a GMRES process and we can exploit this fact for deflation purposes.
On the other hand, direct modification of the eigenvalues of A itself by rank-one
update seems hard to handle in practice. But for normal or close to normal matrices
we propose a deflative procedure that modifies precisely located eigenvalues and it
has shown to be effective in numerical examples.

As mentioned before, we have placed concrete algorithms at the end of the the-
sis. The last chapter displays algorithms to generate bases of well-known methods.
Theoretical properties, as far as they are not trivial, accompany the algorithms. For
example, a detailed description of the properties of the look-ahead Lanczos process
is given. In addition, we have constructed algorithms for the techniques proposed in
chapters two, three and four. These new algorithms are followed by a brief discussion
of computational and storage costs. Finally, we apply all new methods to a sample
numerical experiment. Other numerical examples illustrate the new procedures in
the previous chapters, immediately after their theoretical description.

Prague, March 2004.
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Chapter 1

Projection methods

One of today’s most popular classes of methods to solve linear systems are projection
methods. In this chapter we point out some of the advantages of projection compared
with other strategies and we will search for projections that are optimal in the
context of solving linear equations. This will lead in a natural way to projection
with Krylov subspaces. The chapter provides a brief survey of these projection
methods, ranging from classical Krylov subspace methods to modern techniques
that try to improve the classical ones. In addition we treat some methods that are
not based on Krylov subspaces.

In order to compare projection techniques with different procedures to solve
linear systems, let us start at the very beginning.

1.1 Introduction

We consider a system of linear equations characterized by a nonsingular matrix
A € R™" a right-hand side b € R" and an equation

Az =b (1.1)

with unknown x € R". In this thesis we will consider real problems, but generaliza-
tion of the results for the complex case is straightforward. The linear system (1.1)
can be preconditioned from the left by replacing it by the system

M;Axz = M;b,

where M; € R™ " is a nonsingular matrix that yields an easier to solve linear
problem. Alternatively, we can precondition from the right by solving

AM,y =0,

where M, € R™", y € R", and where we compute z from 2 = M,y, or we can
combine left and right preconditioning. For the moment, however, we assume system
(1.1) is already written in preconditioned form. The exact solution, denoted by
z* € R", can be found either with a direct method or by applying an iterative
method. Direct solvers calculate the inverse of A by decomposing A in easily inver-
tible factors, such as triangular or orthogonal matrices. An iterative method finds
approximate solutions of (1.1) by successively defining iterates. Starting with a first
approximation, the initial guess xg € R", iterates can be written in the form

T i— fk(xo,...,:ck_l), ]€21,2,...

11



12 CHAPTER 1. PROJECTION METHODS

where fj, is some function with domain R™* and range R". The two approaches
can be combined when we use an approximation to A~! given by the incomplete
factorization of a direct solver as preconditioner and we apply an iterative method
to the preconditioned system.

The computational costs of direct solvers can grow unacceptably high if the
dimension of the system is large. For example, the number of operations needed to
find z* with Gauss elimination or LU-decomposition is of order n3. An advantage of
iterative methods is that they exploit possible sparsity of A, whereas direct solvers
have more difficulties to do so. Large matrices arising in modern computations often
have an advantageous structure that is easily lost by direct solvers due to the fill-in
they produce. In addition, when using a direct method the solution is found as late
as at the very end of the computation and no approximate solution is available at an
earlier stage. In practice we are often satisfied with an approximation of * because
the original problem (a mathematical model of some scientific problem) has already
been approximated and discretized to obtain the system (1.1). This approximation
can best be obtained by an iterative process that seeks to reduce the distance of the
iterates to z*.

In the remaining of the thesis we restrict ourselves to iterative methods. Two
frequently used vectors to express the quality of the iterative vectors during the
process are the error and the residual vector.

Definition 1.1.1 The k-th residual vector of an iterative method for (1.1) is the
vector
re = b— A:ck.

The k-th error vector is the difference between the exact solution and the k-th iterate
dy =" — xy,.
Thus we have the following relationship between residual and error vector:
T = Ad. (1.2)

Note that when the exact solution is not known, the error vector dj cannot be
computed whereas the residual vector is always available. For this reason it is in
practice the norm of the residual vector that is the indicator for convergence speed,
although the norm of the error can be significantly larger when ||A| is small in
comparison with |[rg]. When convergence is achieved, however, the discrepancy
vanishes. Moreover, many methods are implicitly based on values related to the
residual vector rather than to the error vector. A commonly used procedure, for
example, consists of adding to approximations a correction vector that depends on
the associated residual vector. If the corresponding error vector were available we
could use it as correction vector and immediately obtain x*, but instead we must be
satisfied with recursions of the form

Tp = Tp_1 +gk(fk—1)a k=1,2,... (1.3)
where 21 € {x0,...,Tx_1}, gk is some function with range in R" and
Pr—1=b— AZL_1. (1.4)

The action of g on 7;_1 can usually be represented by matrix multiplication. For
residual vectors this yields the recursion

T =Tp—1 — AGpri—1 = (I, — AGy)T 1,
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with Gj being a matrix representation of the operator g;. To stimulate convergence,
it is useful to have operators Gy satisfying

[T, — AGy|[y <1 (1.5)

in some norm | - || ;. The matrix Gy, can be an approximation in some sense of A~}
and is possibly independent from k (the Jacobi method uses Gy := (diag(A))™!)
or it can be successively updated to yield better approximations of A~! (see for
example Eirola and Nevanlinna [17]).

But finding accurate approximations of A~ is inefficient when approximations
of only A='b = z* can be found more easily. An alternative way to diminish the
length of residual vectors consists of extracting them from an affine subspace of
comparatively small dimension and imposing on them some optimality condition
with respect to the subspace. Convergence can then be stimulated by letting the
subspace dimension grow with every iteration or by advantageous choice of the
subspace or by a combination of these two. A large class of currently used methods
based on this idea is the class of so-called projection methods.

1.2 General remarks about projection methods

In analogy with (1.3), projection methods can be defined as follows.

Definition 1.2.1 A projection method is an iterative method with successive resi-
dual vectors that satisfy

’r‘k:fk_lfpk(’lﬁk_l), k:1,2,...,

where Ti—1 € {ro,...,Tk—1} and where the operator py, is a projector.

We define a projector p as an operator satisfying o o p = p. The projector
o does not need to be an orthogonal projector onto the involved subspace. In the
remaining of this chapter we will denote matrix representations of p; by Py, the
m-~dimensional subspace, m < n, that g projects onto, the projection space, by Wi,
and if the projection process is orthogonal to a space different from W,,, that space,
the test space, will be denoted by V,,. In the literature a projection orthogonal to
V,n is also called a projection along Vi- and it is understood as a projection where
the difference between the vector to project and its projection is orthogonal to V,,.
If the columns of B,, € R™™, m < n, form a basis of the test space V,, and those
of W,,, € R™™ a basis of the projection space W,,, the kth residual vector of a
projection method has the form

~ m
e = Ph—1 — WmZm, 2m € R,

and must satisfy
Bl (7r_1 — Wyzm) = 0. (1.6)

The projection exists as long as det(BZ W,,) # 0 and in that case
Zm = (Bﬁwm)’lelm,l

The assumption det(BL W,,) # 0 holds if and only if no nonzero vector from W,
is orthogonal to the test space V,,. Otherwise, r; is not defined. If V,, = Wy,
the projection is orthogonal and exists if W,, has full dimension. In that case,
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in mathematical methods of different kinds, condition (1.6) is referred to as the
Galerkin orthogonality condition. When V,, # W,, we will speak of the Petrov-
Galerkin orthogonality condition. Because of

Tk = Tp—1 — Prlgp—1
the matrix representation of p; with respect to B, and W, is
Py = W,.(B;,W,,) "B, (1.7)

Trivially, matrix representations of a projector depend on the chosen bases for pro-
jection and test space.
In projection methods the error vector

dp—1:=2" —Tp_1, Tr—1€1{T0, .-, Th-1},

is seen to be projected onto A~'W,, and the projector is orthogonal to ATV,
because of (1.2). Indeed, the kth error vector satisfies

dy = AN (g — PR(Adp_1)) = dj_1 — AT'PLAd_1. (1.8)

The operator AP A is in general an oblique projector, even when Py, is orthogonal
because the matrix A~'P,A is not symmetric when A is not orthogonal.

When we consider convergence speed according to (1.5) we obtain a very
pessimistic bound, namely

[7kllv = [[(Tn = Pr)fr—1llv < [[In — Prllv - 1Pe—1ln-
With I,, — Py, being a projector too, we have
||In - PkHN >1

for projection methods and thus convergence is not guaranteed. The situation looks
a little better if the projections are orthogonal, because in that case, with the Eu-
clidean norm,

1T, — Py = 1.

But of course, methods that project orthogonally can be characterized by the mini-
mization property
ri|| = min ||Fr_1 — w||. 1.9
Irill = min |7y —wl] (1.9)

Thus growth of the subspace dimension, m, will prevent residual norms from in-
creasing. A similar norm minimizing property for oblique projections cannot be
formulated, but the residuals produced by oblique projections are closely related to
those of their orthogonal counterparts, as we will see later on (Theorem 1.3.2). The
way of computing iterates with oblique processes can be cheaper than by orthogonal
projection and that makes them attractive enough for practical use.

1.2.1 The projection space

Let us take a closer look at the projection space and try to gain some insight in
how to choose it best in the context of solving linear systems. An essential concern
of residual-based methods is to ensure inexpensive computation of iterates from
residuals, though it might in some cases be possible to postpone this computation
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to the very end of the process when the residual norm is as small as desired. In
projection methods residual and iterate are connected by

e =71 — Wzm =b— Az =b— A(@p_1 + A "W,,2,)
because of (1.4) and we obtain for the corresponding iterate
Ty =2p1+ AW 2, (1.10)

because A is nonsingular. Unless a basis of A7'W,, is available, computing the
approximations of projection methods from their residuals thus asks for full invertion
of A, which is precisely what we wish to avoid ! In other words, the elements of
the subspace W,,, must contain at least one multiplication with A and this is a first
requirement for projection spaces. To demonstrate this, let us fulfil the requirement
in a trivial way and choose the projection space to be spanned by the columns of
A, that is
W, = A, :=Aley,...,e), m=k<n,

where during the kth iteration we project on a subspace of dimension k. If By is
a basis of a k-dimensional test space V, satisfying det(BL A}) # 0, then with (1.7)
the corresponding projector can be represented by

P, = A.(BFA,) ‘BT,
and with for example 7,1 := r( relations (1.6) and (1.10) yield
Tk =m0+ (e1,...,ex)zk = 20 + (e1,...,ex) (BLAR) "Bl

A possible choice is By = (eq,...,e), which leads to successive invertion of the
upper left k£ x k blocks of A if they are invertible. If we choose to project orthogonally,
then the test space must be equal to the projection space, i.e. By := W, = Ay.
Let us do so and in addition facilitate the inversion of the involved k£ x k matrix by
successively orthogonalizing the columns of A, e.g. by computing at the kth step
the QR decomposition of dimension k,

A= QkRk‘a Q{Qk = I,
where Ry, € R¥*¥ is upper triangular. Then we have with (1.7)
P = QuR(ALAY) 'REQL = QuQE,  if det(ARAy) #0,

and .
R,

0 ) Q?ro, if det(Ry) # 0.

T = To + <
This procedure can be seen as a formulation of the direct method
o* = (Rn)'Qlb

as a projection method with approximations available at the k-th iteration when
det(Ry) # 0 and because we project orthogonally residual norms do not increase.
In a similar way it is possible to regard other direct solvers as projection
methods. But whether they converge reasonably, that is whether residual norms
decrease rapidly enough to obtain a satisfying approximation after less than n steps
depends on the evolution of the distance between ry and the projection spaces
span{Aej, ..., Aey}. Fast decline of this distance is clearly merely a question of
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having good luck with the choice of rg, that is of zg ! To have at least some con-
nection with the projection space, we require that the projection space be somehow
related to the residual we project, that is with 75_;. Combined with our first re-
quirement that elements of the projection space must contain a multiplication with
A this leads in a natural way to Krylov subspaces. They were originally introduced
by Krylov [42] in the context of eigenvalue computations and have the following
structure.

Definition 1.2.2 The m-th Krylov Subspace K,,(C,z) generated by z € R" and
C € R™" is defined through

Km(C, z) := span{z,Cz,C?z,...,C™ 12},

Thus the subspace AK,(A,7;_1) exactly satisfies our two demands for projection
spaces and in addition it contains information about multiple application of the
operator represented by A. Therefore, dominant properties of A become apparent
at an early stage and under favorable circumstances we can expect the corresponding
iterate to be relatively accurate. Moreover, one can for example extract spectral
information on A from these spaces. Due to the connection of residual vector with
system matrix in Krylov projection spaces we also obtain

Lemma 1.2.3 Let a projection method project 7p_1 onto AKg(A,7x_1) and let
k < mn be the smallest integer for which dim(Kr(A,7r—1)) =k — 1. Then z} = z*.

Proof: The vectors {#y_1, Afg_1,..., A¥ 17,1} are linearly dependent, hence
we can write

k—1
E ;A1 =0
i=0
for some «; € R with at least one nonzero «;. If og were zero, then

k—1
A AT ) =0,
=1

which contradicts dim(/Cx_1(A,7#x,_1)) = k — 1 because A is nonsingular. Hence we
can write

k—1 k—2
N —Qy P~ — QG4 P A N
Th—1 = E AZTk,1 = A( E 7AZT']€,1) c Akal(A,kal).
— (&%) i—0 o
i= =

But by assumption AKr_1(A,7x_1) = AKk(A,7x_1). Thus Pprr_; = 71 and
r, =0. O

A further advantage of Krylov projection spaces is that their bases can be up-
dated by only one matrix vector multiplication per iteration, which is especially ad-
vantageous if the structure of A admits inexpensive multiplication. Finally, Krylov
spaces are closely connected with polynomial spaces and this connection allows to
exploit results from polynomial approximation theory for the theoretical investiga-
tion of methods based on Krylov subspaces.

Turning our attention to the bases of projection spaces, we will restrict our-
selves to the projection spaces AK(A,7r_1), these spaces being most suitable in
the sense described above. Different choices of bases can result in mathematically
equivalent projections with very different numerical properties. An obvious basis of
a Krylov subspace is {#y_1, A7,_1, ..., A¥ 11}, this has been proposed by Ipsen
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[36], [37], but this basis is numerically very unstable. Instead, most implementa-
tions modify the obvious basis with the help of a combination of normalizing and
orthogonalizing. Such procedures can be applied to two sorts of bases, resulting in
two classes of implementation strategies. The first and most current one is iterate
oriented in the sense that bases for the subspaces connected with the iterates are
being computed. If a projection method projects 7y_1 onto AKg(A,7_1), then the
corresponding iterate zy, is an element of the affine subspace &1 + K (A, #x_1) by
(1.10). Iterate-based implementations compute bases of K (A, 7,_1). Alternatively,
one can work with the bases of the spaces that the residuals are projected onto, that
is of AKk(A,7;_1). For the following considerations we assume that we project on a
subspace of dimension k during the kth iteration, hence m = k in (1.7). In addition,
we assume (A, 7;_1) has dimension k for all £ < n.

The first option consists of computing bases {v1,...,vx} and {c1,...,cx} of
Kr(A,7;—1). Easy updating is obtained when we exploit ascending bases.

Definition 1.2.4 A basis {v1,...,vx} of Kx(A,7x—1) is ascending when

span{vy, ..., v} = Ki(A,7r—1), i <k. (1.11)

If both bases {c1,...,cx} and {v1,..., vt} are ascending and Vi1 = (v1,...,0511)

and Cy, = (c1,...,¢k), then ¢1,v1 € span{f;_1} and there exists a decomposition of
the form 3

ACy = Vi 1Hy, (1.12)

where Hj, € REHDXE 49 an upper Hessenberg matrix that has rank k£ due to the
non-singularity of A. In the following we define

vy = Tp_1/||Tr-1]|-
The iterate-based implementation writes the k-th iterate in the form
T = Zp—1 + Crup, y, € R¥, (1.13)
which leads to the Petrov-Galerkin orthogonality condition
Bl = B} (fr_1 — ACyy) = Bl #y_1 — Bl Vi1 Hyyy = 0, (1.14)
and gy equals the solution of the linear system
B{ Vi1 Hyy = B{#_1, (1.15)

as long as BkaHI:Ik is not singular.

The second option is to compute bases of the projection spaces, i.e. of AKk(A,7x_1).
In analogy with the foregoing we consider ascending bases {c1, ..., ¢} and {w1, ..., wi}
of AKk(A,7r—1) with Wy = (w1,...,w) and Cg_1 = (c1,...,cx—1) and with a de-
composition

AC)_1 = W,.Gi_1, (1.16)
where Gj_1 € RF**=1 ig an upper Hessenberg matrix of full rank and
w1 = Afk_l/"Af‘k_1|’

To obtain the iterate corresponding to the kth residual, we need to change this

decomposition to
A(v1, Cp1) = WiRy, (1.17)
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where v1 = 7g_1/||7x—1| and

A7 ~
Rk’ — (H Ark 1H€1,G]€_1) € kak
[yl

is upper triangular and nonsingular. Then span{vy,c1,...,cx—1} = Ki(A,7x_1) and
the kth iterate can be written in the form

Tp = Tp_1+ (?)1, Ck,l)zk, 2L € Rk (1.18)
We obtain zj observing with (1.7), (1.17) and (1.18) that
=1 — Wi(BIW) !Bl 7y =

b— A:L'k = fk,1 - A(Ul, Ck,l)zk = f’k,1 — Wkszk, (1.19)

by solving z =: z; from
Rz = (Bf W) 'Bi# (1.20)

for nonsingular BfWk. Under that condition, this option solves an upper triangular
system instead of the more complicated (1.15). Both variants have ,,projected” the
original problem of dimension n to a smaller problem (1.15) or (1.20) of dimension k.
Note that both variants ask for the same number of matrix vector multiplications.
However, as is discussed in Liesen, Rozloznik, Strakos [46], the conditioning of the
bases of the two approaches can be fairly different. In most methods we avoid the
computation of the basis {ci,...,cx} of (1.12) and (1.16) because it is feasible to
choose the basis to be equal to {vi,...,v;} or {wy, ..., wg}, respectively. Moreover,
the systems (1.15) and (1.20) can often be simplified by the choice of By, which
makes them solvable in a numerically more stable way.

Usually the involved bases will be as close to orthonormal as possible for the
sake of numerical stability. For example, they can be AT A-orthogonal or only
orthogonal. In case the basis {vy,...,v;} from decomposition (1.12) is orthonor-
mal and C; = Vy, this decomposition is called an Arnoldi decomposition and the
columns of Vj are named Arnoldi vectors. The same holds for (1.16). The ini-
tial procedure to compute Arnoldi decompositions is indeed due to Arnoldi [1].
Commonly used algorithms to calculate these decompositions include the Modified
Gram-Schmidt process (see Algorithm 5.1.1) and the Householder reflection option
(Algorithm 5.1.2). They break down if and only if rank(Vyi41) = k and in that
case we obtain the exact solution x* with Lemma 1.2.3. The former algorithm is a
modification of the Gram-Schmidt orthogonalization process applied to AVy. The
idea behind Householder reflections is to reflect with respect to the canonical basis
{e1,...,er} and can be described as follows:

Given the unit vector vy = ro/||rgl|, the initial reflection R; (not to be con-
founded with the matrices from (1.20)) satisfies Ryjv; = e;. In order to obtain
equality in the first column of (1.12) (with C = V) we define a reflection Ry that
leaves e; unchanged and such that

Ry(R1Avy) = hy1e1 + ho 1€,
for some hj 1,21 € R. Therefore,

Av; = h11R1Rae1 + ho1R1Roes = hy1v1 + ho1R1Raeo,
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and the desired equality follows by putting vy := R1Rgez. In general, the jth reflec-
tion is chosen such that Rje; = €;, i < j and Rj(Rj_1...R1Av;_1) = >1_ hij_1€;
for some h; j_1. Hence v; := Ry ...Rje; yields the wanted relation

j
Avj_ = g hi j—1vi

=1

and the vectors v; are orthogonal because Householder reflections preserve the or-
thogonality of {e1,...,e;}. Descriptions of this alternative can be found in detail
in Walker [72], [73]. It yields numerically more stable orthonormalization than the
Gram-Schmidt orthogonalization procedure but it is also more expensive.

1.2.2 The test space

No specific restrictions exist for the test spaces Vj, related with the Petrov-Galerkin
condition. Many Krylov subspace-based projection methods seek to reduce the
amount of work by choosing V; to be a Krylov subspace whose basis can be in-
expensively obtained from the computation of the basis for the projection space.
Obvious choices are Vj, := AKk(A,7t_1) or Vi := Ki(A,7r_1) but other choices
can yield even lower computational costs. Computation and storage demands are
significantly reduced when it is possible to define iterates and residuals with short
recurrences. Often short recurrences for basis vectors enable short recurrences for
iterates and in Weiss [75] (in Chapter 3) sufficient and necessary conditions for the
existence of short iterate recurrences are formulated. Here we will only need the
following proposition. It shows that an appropriate choice of the test space can
induce short recurrences.

Proposition 1.2.5 Let the basis of the test space of a projector @i be given by
the columns of By and let us have a projection space with a pair of bases as in
decomposition (1.16) (or (1.12)). If

Tk = BZA(’Ul, Ckfl)

(or Ty := BZACk) 1s upper Hessenberg with bandwidth of upper elements m, i.e.
ti; =0 for j—i>m, and det(T;) # 0 for all 1 < j < k, then iterates and residuals
of pr. can be defined with (m + 1)-term recurrences.

Proof: We will prove the case Ty, := BZA(vl, Ck_1), the proof for T}, := BZACk
is essentially identical. Because det(T;) # 0 for all 1 < j < k, the LDU decomposi-
tion of T}, exists. Let it have the form Ty = LDy Uy , where Dy, =diag(ds, ..., dx),
L; is unit lower bidiagonal with the elements [o,...,[; on the subdiagonal and Uy
is unit banded upper triangular with u; ; = 0 for j —i > m. We initialize by putting
L, = Uy :=1;, Dy := t;; and with T} being known, the LDU decomposition can
easily be updated from Tj_1 = Li_1Dg_1Uy_1 by putting first

Iy = thp—1/dp—1, k>1,
and then
Uk—m k = tk—m,k/dk—ma k> m, and for k£ <m: Uk = tl,k/dL

The remaining elements in the last column of Uy follow with

tig — lLidi—1ui—1 g

Ui ke =
) dz
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fork—m+1<i<k-—1if k> m and else for 2 < i < k — 1. Finally,

dp = thp — ledp_1up_1 k-

Because of decomposition (1.17) we can write Ty = BngRk. Then we have with
(1.18) and (1.20)
x), = -1 + (v, Cp1) T "B g1,

and with the abbreviation Sy := (vy, Ck_l)Ulzl this changes to
Tp = Tp—1 + SkDI;ILI;IBgfk,l.

Now the last column sj of Si can be updated with the (m + 1)-term recurrence

m

Sk = Cho1— ) Ui kSk—i> co:=v1, ujr:=0, j<0.
i=1

If D 'L, 'Bf#y_1 = (ik_l >, we can write
k1

. 1y —1pnTas A
T = Tp1+SpDy Ly, Byp7tk1 = Tp—1+ Sk_1Pk—1 + Thk—1Sk = Th—1 + Tr_15k,

where m,_1 = (b;‘gfk_l — Tg—odk_1l)/di because of the last row of Bfﬁk_l =

L.D; <§k_1 > For the residual we obtain
k—1

re ="Tgp—1 — kalASk-

We have worked out an application of this proposition to the BCG method
in Lemma 5.1.8. A similar proposition based on Gauss elimination with pivoting
instead of LDU decomposition can also be formulated. Weiss [76] proposed a method
that explicitly computes projections enabling m-term recurrences by means of rank-
m updating of projectors (see also Wagner [71]).

We now proceed to the description of concrete projection methods.

1.3 Full projection methods

When the projection space of a projection method reaches dimension n the corres-
ponding residual vector vanishes and the exact solution can be computed. In full
methods we put #1_1 := rp and test space and projection space always have dimen-
sion k during the kth iteration. Thus in (1.7) we have m := k and the solution z* is
found at the latest at the nth iteration. Though it might be possible to formulate di-
rect methods as full projection methods, as we have done for the Q R-decomposition,
we will restrict ourselves for the moment to methods traditionally known as projec-
tion methods. Their projection spaces are all based on Krylov subspaces. Moreover,
the classical full methods we are going to describe all project, during the kth i-
teration, onto the same, in the sense of preceding considerations optimal projection
space Wy, namely
W = AKk(A, ).

The test space Vy is either chosen such that the projection becomes orthogonal, i.e.
equal to the projection space, or otherwise it equals

Vk = ICk(A, 7‘0).
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The Petrov-Galerkin orthogonality condition
Tk 1L Vk,

however, does not necessarily concern Euclidean orthogonality. Some methods
project with respect to the energy norm and others with respect to iteration de-
pendent inner products (see Definition (1.3.3)). Differences between the methods
we will describe thus result from the involved orthogonality and from special pro-
perties of the system matrix A. In the latter case, the method does project onto the
Krylov subspace above, but the projection space might be simplified to a different
space. We will always assume Ky11(A,ro) has dimension k + 1.

1.3.1 Euclidean orthogonality
Euclidean orthogonal projections

Let us start with the most natural case in which the orthogonality condition is
Euclidean and the projector is orthogonal. Thus both projection and test space
equal

W = Vi = AKK(A, 1)

and with (1.9), residual norms are non-increasing. The main representant of such a
projection is the GMRES method, the MINRES method is a less expensive imple-
mentation for symmetric matrices.

e The generalized minimal residual method (GMRES):
In this method rg is orthogonally projected onto

AICk(A,To), k:1,2,... ,
and thus residual vectors satisfy

Irell = min [lro — W]l
ye

if the columns of Wy, span AKXk (A,ro). That last property gave the GMRES
method its name. It can be seen as a generalization of the MINRES method
for matrices that are not symmetric. In residual-based implementations of
the GMRES method with an Arnoldi decomposition (1.16), the matrix Wy, is
orthonormal and with (1.7) a matrix representation of the orthogonal projector
Pk 18
P, = W, W7
and thus
rE =10 — WkWZ:TQ.

If the kth iterate is written as in (1.18) in the form
zk = 20 + (v1, Wi_1) 2, 2 € RF,
then the system from which zj is to be obtained, (1.20), changes to
Riz = W;‘gro.

This way of calculating GMRES iterates has been proposed by Walker and
Zhou [74]. The classical implementation of Saad and Schultz [56], however, is
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based on an orthonormal basis Vy for Kr(A,rg) with Arnoldi decomposition
(1.12). With

k
zr = 2o + Vi, yr € RY,

we have

7kl = lIro — AViykll = Vi1 (Iroller — Hryg) || = |lllroller — Hryg|

and yi, equals the solution of the least squares problem of dimension (k+1) x k

min H||r0||el - HkyH (1.21)
yelR

As soon as GMRES iterates are needed, the latter version is numerically more
stable due to the fact that the columns of (v1, W;_1) are not an orthogonal
basis of the space connected to iterates, Kr(A, 7o), whereas Vy, is orthogonal
(see for example Rozloznik [55]). On the other hand, information about the
length of residuals might be more reliable when using orthonormal bases W,
instead of AVy.

e The minimal residual method (MINRES):

This method is based on the same projector as the GMRES method but it
requires symmetric matrices. The method was introduced before the GMRES
method by Paige and Saunders [53]. The difference with the GMRES method
is that in this implementation short recurrences for iterates exist because the
upper Hessenberg matrices involved in the orthogonalization process are in
the symmetric case tridiagonal. To compute an Arnoldi decomposition (1.12)
or (1.16) for symmetric matrices one commonly uses the symmetric Lanczos
procedure (Algorithm 5.1.4) that contains a three-term recurrence to update
bases. With Proposition 1.2.5 (where By := W) we obtain three-term recur-
rences for iterates and residuals.

Euclidean oblique projections

Euclidean oblique projection with the test space
Vi = Ki(A, 1)

and the projection space
Wk = AICk(A, 7’0)

was historically the first Krylov subspace projection to be used in the context of
iterative methods, namely for symmetric positive definite matrices. In that case it
can be shown that the projection always exists. But in general, when elements of
AK(A, o) happen to be orthogonal to Kr (A, rp), the corresponding iterate can not
be defined, which is a drawback of oblique projections compared with orthogonal
projectors. As mentioned before, implementations of projection methods try to
exploit bases that are as close to orthonormal as possible for the sake of numerical
stability. In the Euclidean oblique case, at least an orthogonal basis of (A, ro) is
given by the sequence of residuals:

Lemma 1.3.1 If the projection space of pr is AKr(A,rg) and the test space is
Ki(A,rg), then {ro,...,ri} is an orthogonal basis of Kr11(A,ro).
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P r oo f: Clearly, the assumption is valid for £k = 1. If it is valid for some
Jj—1 < k too, we have r; € rg+ AK;(A,79) C Kj+1(A,70). The vector r; is linearly
independent from {rg,...,rj—1} because it is orthogonal to this sequence spanning
the test space of the projector p;.

O

When an oblique method exploits an Arnoldi decomposition (1.12), that is
an orthonormal basis Vi1, then it follows from the preceding lemma that the kth
residual vector must be a multiple of the last basis vector vgyi1. The following
methods are all based on the oblique projector of this lemma but they differ in
the assumptions that are put on the system matrix and in the choice of bases for
projection and test space.

e The full orthogonalization method (FOM):
Without assumptions for A other than its non-singularity, the above oblique
projection yields the FOM method which can be implemented as follows. Let
the columns of Wy, be an orthonormal basis of AKy(A,ry) with Arnoldi de-
composition (1.16) and let Vi have columns spanning Kr(A,r) with first
column vy = ro/||ro]|. With By := Vj in (1.7) the projector involved in the
FOM method can be expressed through

P = Wi (VIW,) VL, det(VIW,) #0.

With the columns of (v1, Wy_1) being a basis of Cx(A, 1) too, the operator
can be rewritten when we replace Vi by (v, Wg_1) and exploit the equation

<U1TWk_1 U1ka>_l_ 1 (O (vlka)Ik_1>

| P 0 oTw, \1 —vf Wiy

to obtain the expression

T
W,

P.=W
R <<v1T —oTW W) T wy

> . viwy #£0.

In case v{ wy, = 0 the kth FOM approximation does not exist, but this need not
break down the process since v{ w1 can very well be nonzero again. FOM
iterates of the form

vp =10+ (v1, We_1)z, 2z € RF,
can be computed with (1.20) by solving z =: z;, from
WT
Riz = kol > 0.
’ <(U1T — o Wi Wi ol wy )
This new formulation of FOM is the parallel of Walker and Zhou’s GMRES
version ([74]).

Originally the iterate-based variant was used and the bases of the corres-
ponding Krylov subspaces were fully orthonormalized (hence the name of the
method). Thus let us assume that we have an orthonormal basis {v1, ..., vky1}
of Ki+1(A, 79) with Arnoldi decomposition (1.12), where Vi, = (vy,...,v;) and
vy :=ro/||rol]. In that case FOM iterates

k
Tk = xo + Vi, yr € RY,
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yield a linear system of the form (1.15), where
B} V.1 H;, = Hy

is the Hessenberg matrix H,, without its last row. Then Yr equals the solution
of the linear system
Hyy = |rolles, (1.22)

as long as Hy, is not singular.
The conjugate gradient method (CG):
Let us apply the same oblique projection to a matrix A that is symmetric

positive definite. Hence the projection space of pi is AKg(A,rg), the test
space is K (A, r9) and the iterates satisfy

T € xg + /Ck(A,TO).

In contrast with the FOM method we will not compute an orthonormal basis
of Kit1(A,ro) with an Arnoldi decomposition (1.12), but use the sequence

{ro,r1,...,rt} that is already an orthogonal basis due to Lemma 1.3.1. In
addition we introduce the sequence {po,...,pr} defined by the recurrence
T
T APk—1
Po = To, Pk=Th— —p———pp-1, k>1,
Pi—1APk—1

which is possible because A is positive definite. It is clear that also {po, p1,...,pr}
generates Kr+1(A, ). This basis, however, is not orthogonal anymore, but it
is A-orthogonal with respect to the energy inner product (z,%)4 := 27 Ay:

pjApr =0, j#k.

Indeed,
r ;{Apk— 1

App_1) =0
p;‘f_lAPk—l

pfflApk = p;}FA(ATk -

and

k-1

T T
D9 Apr—1 =13 (Y r) =0
pg_lApkfl ; o ’

T
T Apr_1
Ph_oApy =11 App_g — —E

for some «; € R because Apy_o € span{Ary_o, App_3} C span{ro,...,7k_1}
and by inductive assumption p{fQApk_l = (0. Similarly pg{,)Apk = 0, because
of rkTApk,g = 0 and p%_SApk,l = 0. One can successively continue until
showing pgApk =0.

Because of this A-orthogonality, the vectors p; are called conjugate gradients
and in the CG method we use the sequence of these vectors to obtain bases
for test and projection space: We put By := (po,p1,...,pk—1) and Wy =
A(po,p1,---,pr—1) in (1.7). Then the matrix representation of the projector
P, (not to be confounded with the sequence {po,...,pr}) is given by

1 1
pbApo’ pl  Apia

P, = A(po, ..., pr—1)diag < ) (Po,---»pe-1)", (1.23)

and we can write residual vectors in the form

L

r. =19 — Prro =19 — e —
k 0 k70 0 T Apo Do o7 A
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Pr_170

=Tk—1 — T Apk—la (124)
pk_lApkfl
yielding for iterates
T
Pr_1Tk—1

Tp = Tp—1+ Tklipkfl,

Pr_1APK—1

when we note that p?ro = pJTrj for all j < k— 1. This follows with (1.24) and
with the Petrov-Galerkin condition of the projector per induction from

T T
ri Api_q ri Api_1
T T i APj T j AD;
ropj =10 (1 — pj-1) = 7j1(rj — - —Pj-1)
Topl Api S Y. VR
T
p'—]_ 0 T
= (rj+ —~ Apj-1) pj =1;p
J p"_yl“ 1Apj71 J J V)

This method for symmetric positive definite matrices was first proposed by
Hestenes and Stiefel [34]. The original projector gy on a subspace of dimension
k can with the help of the sequence {py, ..., pr_1} be simplified to a projection
of 7_1 := rp_1 with matrix representation

. Apkflpg_ 1

Pk = )
pr  App

being an oblique projection onto span{Apy_1}, orthogonal to span{py_1}. Al-
ternatively, two-term recurrences for residuals can also be obtained from the
Lanczos process (Algorithm 5.1.4) with v; := rg. The corresponding decom-
position has a tridiagonal Hessenberg matrix due to Lemma 5.1.5 and Propo-
sition 1.2.5 states that we can define a sequence {po, ..., px}, and with its help
iterates and residuals, with two-term recurrences. This procedure is called
Lanczos iterative solution method, but it is mathematically equivalent with
the CG method. The fact that A is symmetric positive definite also entails
this method is error minimizing in the energy norm induced by the energy
inner product. This can be seen as follows: Combining (1.23) with (1.8) yields
a projector connected to the error of the form

1
pbApe’ Pl App_

(pO)pla o 7pk—1)diag < ) (A(p07p1) CIEa apk—l))T .

Because the sequence {po,...,pr—1} spans Kr(A,rg), the projection of the
error is onto and A-orthogonal to K (A, o). In several applications (especially
from physics and quantum chemistry) the A-norm is related to the original
problem in a natural way and usable procedures to estimate the A-norm of
CG error vectors exist (see Tichy [66]).

e The orthogonal residuals method (ORTHORES):
The same oblique projection has also been implemented as follows. The set of
the k first residual vectors forms an orthogonal basis of Ky (A, r¢) by Lemma
1.3.1. The ORTHORES method uses By := (rg,...,7,—1) in (1.7) and the
following basis of AK,(A,rp):

{ri —ro, m2 =710, ..., The1 — 70, ATp_1}.
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Clearly, r —7o € span{Arg}. Furthermore, rj11 —ro € AK;11(A, o) for j > 1
and if rj;1 — ro would be linearly dependent on the foregoing basis vectors,
then

J
iy —ro =3 Bi(ri — o),
i=1

where at least one (3 # 0 and where we have assumed that {ry—ro,...,7;—ro}
spans AKC;(A,rg). But then

i (rjs1 —ro) = Birir #0,

contradicting the orthogonality condition of the ORTHORES projector.

Similarly, from 7rp_1 — 19 € AKg_1(A,r9) we obtain Ary_1 € AKg(A,ro)
through multiplication with A. If we assume Ari_1 € AKi_1(A,rg) this
implies ry_; € Kp_1(A,rg), which contradicts the fact that {ro,...,r;j_1}
spans K;(A,rg) for all j <k (see Lemma 1.3.1).

With Wy, := (ry —ro, 72 — 70, ..., Tk—1 — 70, Arg_1) in (1.7) a matrix repre-
sentation of the ORTHORES projector is given by

Pp=(ri—ro,...,7h—1 — 10, Arp_1)"
-1
((7’0, v ,T‘k_l)T(ﬁ —T0y---3Tk—1 — T0O, Ark_l)) (T’Q, v ,Tk_l)T.
The expression to be inverted equals
“lrolP e lrol? o A
T [raf* 0 0 .
(TOa"'vrk—l) (7’1—7“(],...,Tk_l—TO,A’I”k_l) = 0 .. 0
0 0 |lre_1l? rg_lArk_l
which changes to
-1 -1 —ho
) 1 0 —h i
diag(||rol1%,- . ., Ire—1]?) o . 0 :
0 0 1 —hp_1k
when we introduce the notation
TA
hig=—" T’;_l, 0<i<k-1
[

Hence we obtain

k-1 k-1
det ((ro, -, k1) (r1 = 70, Th1 — 70, ATy 1)) = <H HmH2> > hin
i=0 i=0

and when the determinant vanishes the projection is not defined. Otherwise,

with
k—1 -1
hk,k—( hi,k) ;
=0

1
((r0s -y i) (r1 = 704+ ooy Tpm1 — 10, AT1)) =

we have
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—hik iz hik - —h1k
hic i ‘ - h : diag(1/[|rol|?, - .., 1/ lIre-1]?),
—hik—1k —hi—1 kD1 Pik
-1 -1 -1

and the projection of ry becomes

—hy
Pyro = hgp(ri — 7o, ..., 7h—1 — 70, AT_1)
—Nk—1k
—1
The kth residual can be written as
—h1k
ry =10 — Pyro =10 — hpr(r1 —ro, ..., 7k—1 — 70, ATp—1) : =
—hg—1
-1
k—1 k-1 k-1
To+Ng i <A7“k;—1 + Z hi g (ri — 7“0)) = 10+hp k (Ark—l + Z hi,k?“i) —hie ke Z hi ko
i=1 i=1 i=0
and thus the residuals are given by
k-1
e = hi(Ar—y + > higrs)
i=0
and the iterates by
k—1
Ty = hpg(re—1 — Z hi js).
i=0

This procedure, originally designed for positive real matrices, was proposed by
Young [77]. Of course, it can also be applied to matrices that are not positive
real. Implementations of the GMRES method can be based on this procedure
too (see for example Weiss [75]).

Relations between orthogonal and oblique projection methods

As the test spaces of an orthogonal method and its oblique parallel are very similar,
a close relationship of convergence properties between the two exists. This has been
intensively studied, for example in Eiermann, Ernst [18]. We cite here only some
relations we will need later on.

Theorem 1.3.2 Let a method project onto AKk(A,rg) and orthogonally to AKk(A, o),
k > 1, with residual vectors denoted by T‘y and let its oblique parallel project onto
AKL(A,70) and orthogonally to Kr(A, 1), k > 1, with residual vectors denoted by

rk,o. Then

M _ 2.M 2.0
Tp = SETp—1 + CkTk

I = sellriall,

r || = s1s2... skllroll,
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O
Il = exllrg |,
7|l = sisa. .. skllroll /ex,

where sy, = sin Z(rM |, AK(A,10)), cx = cos Z(rM |, AKg(A,10)) and Z(r} |, S) :==
infozses Z(r} |, s) for subspaces S of R".

P roof: See Eiermann, Ernst [18], page 15 and 16. O

From these relations it is clear that oblique projections are more susceptible to
irregular convergence behaviour than their orthogonal counterparts. If after the kth
iteration s is close to 1, the residual norm of the orthogonal method is about as
large as the previous residual norm. The corresponding oblique residual norm, in
contrast, increases dramatically due to division by ¢ ~ 0. This phenomenon is
known as the peak-plane relation of convergence curves of oblique and orthogonal
methods. In exact arithmetics, both projection strategies find the exact solution
at the same step, but in practice the unstability of the oblique version can prevent
residuals from vanishing.

1.3.2 V-orthogonality

Unless favorable properties of the system matrix A are assumed (e.g. symmetry),
Euclidean projection with orthonormal bases asks for orthogonalization of new ba-
sis vectors against all previous ones. When the iteration number k grows large this
implies high computational and storage costs. A way to overcome this disadvan-
tage is to give up orthogonality of bases and, in exchange, use bases that can be
computed with short recurrences. But non-orthonormal bases, besides from being
numerically less stable than orthonormal bases, are much harder to work with from
the projection theoretical point of view. For example, if the columns of Vj form
a non-orthonormal basis, terms of the form (V7 V;)~! in (1.7) cannot be simpli-
fied to identity matrices anymore. To facilitate computations with non-orthonormal
bases, one usually exploits projectors whose Petrov-Galerkin condition depends on
the chosen basis and on the iteration number. The involved orthogonality is induced
by the following inner product.

Definition 1.3.3 If V = (v1,...,v) € R™™ is a matriz with full rank, then the
V-inner product of two vectors a,b € span{vy, ..., vy} with respect to 'V is given by

(a,b)y = (Ve, Vd)y := cld, where  a= Ve, b= Vd,
and the V-norm is induced by the V-inner product.
With these notations it follows that
VIve=vVTa, c=(VIV)"VTig,

and d can be determined similarly, yielding for arbitrary elements
a,b € span{vy,...,vn}

(a,b)y = (VIV)"'VT) T (VIV)"IVTh = o TV(VIV)2VTh, (1.25)

In V-orthogonal projection methods the matrix V of the above definition is provided
by the basis-generating algorithm. If the algorithm computes bases {v1,...,v;} and
{c1,...,cx} of Ki(A,rp) with a decomposition (1.12) and Vi1 = (v1,...,Vkt1),
then V-orthogonality is to be understood with respect to V := V1 in Definition
1.3.3.
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Oblique projection with respect to the V-inner product

Oblique projections based on V-orthogonality put the following Petrov-Galerkin con-
dition on the residual vector:

T Ly Kp(A, o).

From (1.25) and because ry lies in Ki41(A, rp), we see that the test space for these
projectors, expressed in Fuclidean orthogonality, is spanned by the columns of

Vi1 (Vi Vi) Vi Vie = Vit (Vi Vi) ™! I ; (1.26)
where we have exploited

Vi = Vi I, . (1.27)
0 ... 0

With the basis A{ci,...,c} of the projection space AKg(A,ry) the projector is
given by

_ —1 _ T
ACH (Vi1 (Vi Vi) PV V) TACE) T (Vi (Vi Vi) 2 Vi Vi)

which changes with (1.12) and (1.27) to

I 0

Pr=Vin (Vi Vi) 'V, (1.28)

7 Tyr—1 :

where Hj, € R*** is the upper Hessenberg matrix Hj, from (1.12) without its last
row and we assume det(Hy) # 0. If Hy, is singular the kth projection does not exist.

The reason for using the rather complicated V-orthogonality is that with its
help we can derive a procedure to compute iterates that leads to the same kind of
linear system as in the FOM method. In the FOM case, the derivation of the linear
system (1.22) exploited orthonormality of the involved bases. With V-orthogonality,
the Petrov-Galerkin condition can, with iterates of the form (1.13), be expressed by
the equation

T

Vi1 (Vi Vi) ™! I (ro — ACryy) =

= I 0| (Vi Vis) 'V Vi (lroller — Hyyy) = 0.

Hence y;, equals the solution of the linear system
Hyy = ||rolle, (1.29)

which coincides with the system (1.22). If det(Hy) # 0 this yields for residuals the
expression

rp =10 — ACLyr = Vi1 (||7“0||€1 - ﬁkHE1|’T0|’61) =
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0
I :
Vit | lroller — Iroller | = Vs 0
7 -1 g _
hit1 ke Hy, —hpi1 gllrolleFH, ey
_ 7 Tey—1
= _Uk+1hk+1,k”7"0”€k Hk €1. (1.30)

Thus the kth residual vector is a multiple of the last basis vector vg41, as was the
case with Euclidean orthogonality.

In general V-orthogonal projectors pay for their inexpensive iterations with a
loss of stability, especially the algorithms for bases can break down. The following
full methods work with such kind of projector. They differ only in the choice of
the involved bases {v1,...,vrt+1} and, of course, they exploit different algorithms to
generate their bases.

e The bi-conjugate gradient method (BCG):

The first method to generate nonorthogonal bases with short recurrences in the
non-symmetric non-positive definite case, was the BCG method. This method
works with an arbitrary shadow vector ©; and generates a pair of bases, one
corresponding to ry and one to the shadow vector, that is bi-orthogonal. More
precisely, if the columns of V; € R™* span Kj(A, ) (with vy := ro/|rol|)
and those of Vi, € R™* span K, (AT, %), then one variant of defining bi-
orthogonality is the condition

V Vi =1, (1.31)

(for a detailed description of other variants see Weiss [75], Chapter 4). An
algorithm producing such bases is Algorithm 5.1.6, called the bi-orthogonal
Lanczos process. It yields a decomposition (1.12) with Cy = V}, due to Lemma
5.1.7.

With the matrix Vi, that results from the bi-orthogonal Lanczos process,
the considerations based on V-orthogonality that precede this method yield a
test space that is spanned by the columns of (1.26), a projector represented
by (1.28) and coordinate vectors yj, that solve a system of the form (1.29). If
Hj is singular, the kth iterate does not exist.

Interestingly, the BCG method can also be characterized by a projection or-
thogonal to a different test space, namely IC (AT7 01), where the orthogonality
condition is Euclidean. Indeed, if

op =20+ Viyr,  yk € R,
then (1.15) reads
~ T
Hky = Vk: To

, where Hj is the Hessenberg matrix I:Ik without its last row. This is the
same system as (1.29) because v{ #; = 1 and thus this characterization yields
identical iterates.

A new, residual-based implementation results if we assume the columns of
some matrix Wy, € R™* span AKL(A, 7o) (with wy := Arg/||Ar|), those of
vV, € R™F span K;(AT,9), and the bi-orthogonality condition consists of

VW, =I,.
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This could be achieved by applying Algorithm 5.1.6 to a starting vector Aro /|| Arl|.
We can represent this projector with By := Vi in (1.7) by

P.=W,V,. (1.32)

Due to Lemma 5.1.7 the basis W, possesses a decomposition (1.16) , where
Ci_1 = Wi_1 and Gy € RF*E=1) g tridiagonal. Thus we can define an
upper triangular matrix Ry according to (1.17) and if

k
T = o + (Ul,Wk_l)Zk, z € R ,

then (1.20) translates in
Riz = \Nfgrg.

When Ry is nonsingular, we solve a linear system of dimension k& with an
upper triangular tridiagonal system matrix.

Note that the projector of the BCG method depends on the choice of the
shadow vector. For different shadow vectors the projection is orthogonal to
different spaces. This item is treated for example in Tichy [66]. Also note that
the BCG procedure significantly reduces computational costs in comparison
with the oblique methods mentioned before, because bases can be defined
with three-term recurrences and with Lemma 5.1.7 and Proposition 1.2.5 also
iterates and residuals can. This has been worked out in Lemma 5.1.8. The
method was first described by Lanczos [44].

An important drawback of this method is the risk of breakdowns. In analogy
with algorithms for Arnoldi decompositions, the bi-orthogonal Lanczos pro-
cess terminates prematurely when the dimension of (A, 7o) or Kp(AT, )
is maximal for some k < n. Then the process has found an A- respectively
AT invariant subspace and in the first case we have found the exact solution
because of Lemma 1.2.3. This kind of termination is called ,,happy” break-
down and occurs when the vector vg 1 or wg1 vanishes in Algorithm 5.1.6. If
neither of these vectors is zero, but still Ug+1wk+1 = 0, the algorithm breaks
down too. This breakdown has been referred to as ,,serious”. Assu-ming
full dimension of all Krylov subspaces, it is readily seen that the matrix Hj
from (1.29) is singular if and only if the bi-orthogonalization procedure con-
nected to (1.32) breaks down in this manner. Thus a serious breakdown of
the residual-based implementation occurs exactly when the Petrov-Galerkin
condition cannot be satisfied, that is when the oblique projection does not
exist. The iterate-based version, on the other hand, is able to skip an iterate
if the projection does not exist (,,curable breakdown”), but it breaks down for
a different reason: Orthogonality of a vector from KCri1(A, 7o) to the space
Kri1(AT,51). A well-known implementation of the iterate based version that
does not separate the computation of bases from the computation of iterates
is presented in Proposition 5.1.8. Although it is numerically more stable than
the strategy described above (see Gutknecht, Strakos [32]), there are three
reasons why it can break down: Happy or serious breakdown of the underlying
bi-orthogonalization process and nonexistence of the oblique projection.

So-called ,,look-ahead” variants of Algorithm 5.1.6 try to reduce the risk of
breakdown by defining ,,nearly” bi-orthogonal bases (see for example Parlett,
Taylor and Liu [48] or Freund, Gutknecht and Nachtigal [27]). They avoid
computation of basis vectors if they are suspicious of being orthogonal to each
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other by skipping them, as long as it does not concern a ,,happy” breakdown.
The look-ahead strategy can also overcome other kinds of threatening instabi-
lity and it only exceptionally breaks down. An example is given in Algorithm
5.1.10. The bi-orthogonality condition (1.31) is in this case weakened to the
block bi-orthogonality condition (5.6). The one drawback of the look-ahead
process in comparison with bi-orthogonalization is that the three-term recur-
rences of the latter get lost. But a block generalization of Proposition 1.2.5 is
possible and thus iterates can be defined at least by three-block recurrences
because of Lemma 5.1.11. In general the dimension of the blocks D; from (5.6)
is, however, very small (i.e. less than five in most applications) and if their
dimension equals one for all [ the process coincides with bi-orthogonalization.
Otherwise, a method based on a look-ahead algorithm yields a different projec-
tor than classical bi-orthogonalization and is therefore slightly different from
the original BCG method.

The conjugate gradient squared method (CGS):
In the BCG method we generate a basis for the subspace Kip(AT, 1) (see
Lemma 5.1.7 or 5.1.11). This subspace is related to the linear system

ATz =b. (1.33)

When we desire to solve this dual system simultaneously with system (1.1) we
have to choose the shadow vector @1 = r§/||rg| , where 7§ = b — ATz} for
some initial guess x(, of the dual system. In the common case, however, the
dual system does not play any role and the bases of ICk(AT, 01) merely serve
as shadowing sequences that enable short recurrence formulaes for the bases
of AKk(A,r9). A current choice is 97 := v;. Unfortunately, one needs two
matrix vector multiplications (one with A and one with AT) to compute only
one new basis vector for AK1(A,rg). In order to make the computation
of bases more profitable, in the CGS method we modify Algorithm 5.1.6, the
bi-orthogonal Lanczos process, to obtain only bases for Kok (A, r¢) that can
be defined with short recurrences. This is achieved by squaring the residual
polynomials generated by the BCG method: When the jth BCG residual has
the form

BCG
T; = p;(A)ro, (1.34)
for some polynomial p; of degree j with p;(0) = 1, then the CGS algorithm
computes a sequence of basis vectors qg, g1, . . . whose elements with even index
satisfy

025 = (pj(A))*ro.

The sequence generated by Algorithm 5.1.12 with ¢¢ := r¢ has this property.
This is proved in Lemma 5.1.14. The idea of squaring comes from rewriting
BCG scalars (ATr$)TArg in the form (r§)” A2rg, which is a way to avoid
multiplications with the transposed matrix A”. Moreover, this algorithm,
when qo := ro, yields bases for the desired Krylov subspaces (see Lemma
5.1.13) and only one matrix vector multiplication per basis vector is needed.
But the generated sequences are still dependent on the choice of the shadow
vector and as for bi-orthogonalization the process can break down.

We will now show that Algorithm 5.1.12 with ¢¢ := o computes a decomposi-
tion of the form (1.12) and moreover, that the generated basis vectors are at
the same time the residual vectors resulting from projection with respect to
the corresponding V-inner product. For the quantities used in the following
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considerations we refer to Algorithm 5.1.12 and we assume that in the algo-
rithm «a; # 0 for all ¢ > 0.

If Cy := (co, 1, ..,c) we obtain, when we omit the distinction between odd
and even indexes for the moment, that

qi+1 = ¢ — jAci, i<k
and due to this recurrence the vector g, can be written as
o
a1
a9k = qo — ACp_
Qg1
With the first equation we have
1 .
Aci=—(qi — git1), i<k,
@

and this yields the decomposition

ACk—l = (qov"'>Qk)Gk’ (135)

where Gy, € RFFDXF hag the form

1 0 0
-1 1
_ 0 -1 1 ‘
G, = : . . . : diag(1/ag, ..., 1/ag_1).
-1 1
0 0o -1
Hence
(a7 o
a =qo — ACj_q : = (qo0,---,qr) | e1 — Gg : =
k—1 A1
oo
(a0/llgoll, - - - ar/llakll) | llgoller — diag (llgoll, - - -, llgxl) G
k1
With the notations
Virr = (qo/llgolls - ar/llaxl)),  Hy == diag (|qoll, - -, |laxl) G, (1.36)
we obtain
g ap
ar = qo — ACj_4 : = Vi1 | lloller — Hy : . (137)
g1 a1

In this equation we recognize that the transpose free algorithm yields a de-
composition of the form (1.12) , where in contrast with preceding methods
Cr # Vi. If g9 = 1o, then because of Lemma 5.1.13, the algorithm gene-
rates a basis A{cg,c1,...,cx—1} of AKk(A,rg) and a basis {vg,v1,..., 051},
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columns from Vyy; in (1.36), of Kr(A, 7). Thus the oblique projector can
be represented by (1.28). In theory, iterates can be computed by solving the
Hessenberg system (1.29), but in the CGS case it is more efficient to extract
them from the residuals. This is due to the fact that the residuals are already
avai-lable in Algorithm 5.1.12, as we will now show. With (1.30), residual
vectors have the form

7 - dk —
T = —UkthrLkH?“()Heng 161 = URMHTOHe{Hk 161. (1.38)
With (1.36) Hy can be written as

Hy, = diag(llgoll; - - - » llar—11) G,

where G, € R¥¥ is the upper Hessenberg matrix Gy, from (1.35) without its
last row. Its inverse equals

1 0 0
1 1
Hglzdiag(ao,...,ak_l) 11 1 ... diag(1/|lqolls- -, 1/||gr—1l])-
0
1 1 1

Thus e/ H; 'e; = %=1 and this means that with (1.36) and (1.38) residual
k™7k llao]l

vectors in the CGS method satisfy

ap
k= Vkllgkll = @ = @0 — ACr_1
k-1

if we choose gy = rg. Thus r; = ¢;, i < k and the residuals are nothing but the
basis vectors for the Krylov subspaces.

Sonneveld [62] introduced this method and his version defines only even iterates

(7]
Tor, = 2o + Cog—1 : = To—2 + op—2(Coak—2 + C2p—1).

Q2k—1

because agr_1 = aop_o in Algorithm 5.1.12. Even iterates are due to the
original derivation of the method by squaring BCG residual polynomials. This
squaring has the following consequences concerning convergence behaviour:
The CGS method finds the exact solution at the same iteration number as
the BCG method and a breakdown of the former occurs precisely when the
latter breaks down. Fast convergence of BCG residual norms will be even
accelerated by CGS residuals, but also convergence oscillations are emphasized
by the latter. This leads to high peaks in the convergence curve and a loss of
stability in general.

The bi-conjugate gradient stabilized method (BCGSTAB):

The main idea behind the BCGSTAB method is to combine smoothing of
the irregular convergence behaviour of the BCG method with a transpose free
procedure to generate bases. In such a procedure stabilizing parameters are
inserted. An example is Algorithm 5.1.15 with parameters wy; and with short



1.3. FULL PROJECTION METHODS 35

recurrences for basis vectors. It can be seen from this algorithm that the
smoothing parameters wo; are defined by a standard line search:

lazj+2ll = [lazj+1 — wajczjta |l = min [lgzj11 — wegjpalf- (1.39)
welR
Furthermore, Algorithm 5.1.15 with gy := 79 generates a sequence {qo, . .., q2;}

with the following property: Instead of squaring the BCG polynomial as in
the CGS case, BCGSTAB basis vectors are of the form

Q2 = (ﬁ(ln — WQiA)> pj(A)ro,

i=0
BCG .

where p;j(A)rg =r; . Lemma 5.1.17 proves this fact.

We will now proceed along the same lines as we have done in the CGS method
for Algorithm 5.1.12, i.e. we demonstrate how the basis Vi of the BCGSTAB
V-inner product can be derived from the Algorithm 5.1.15. In contrast with
the preceding method we consider even indexes from the very start. The
stabilizing algorithm, when it does not break down, yields vectors

Pk = Q2k—2 — 02202k -2 — W2EL—2C2k—1

or, with Cog_1 := (co,c1,. .., Cor—1),
ap
wo
g2k = qo — Cog—1
Q2k—2
Wok—2

From Algorithm 5.1.15 we also obtain the decomposition

Cor_1 = (90, q1, - -, G2) Gog, (1.40)

where Gy, € REFHDXCE) hag the form

1/ag 0 0
—1/0&0 1/(4)0 :

~ 0 -1 wo 1 (%)
Gor = ) / /

: —1/agp—o2  1/wap—2
0 e —1/&}2]6,2

The vector g95 can be written as

a0
wo
a2k = (0/lloll; - - - q2r/llg2k|l) | llgoller — diag(llqoll; - - - lg2xll) Gk
Q2k—2
W2k—2

With the notations

Varet = (qo/llgoll, - - - > qox/llg2x]),  Hap := diag(|lqol), - - -, llg2x]|) Gar,
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we obtain
Qg %)
wo wo
@2k = qo — Cop1 : = Vo1 | llgoller — Ha : . (141)
A2k—2 Q2k—2
Wok—2 W2k—2
When ¢ := r¢, then Lemma 5.1.16 states that {co,c1,...,cor—1} is a basis of

Aok (A,ro) and {vy,...,ve} spans Kor(A,rg). The matrix representation
of g9k in these bases is given by (1.28) when we replace indexes k by 2k.
Because the projection space is spanned by {co,c1,...,cor—1} and with g :=
ro, residual vectors with even indexes have the form

rok = 1o — Cor—1yok = Vs (|[roller — Hogyor), (1.42)
for some yg;, € R?* because of (1.41). According to (1.29), the Petrov-Galerkin

condition yields a linear system

Hyy = [[rolle1,

where Hyy, € R**2F s the upper Hessenberg matrix Hoy, without its last row.

This matrix can be written as

Hayy, = diag(|[qol]; - - -, [[g2x—1]) Gk,

where Gy, € R?*?* is the upper Hessenberg matrix Goy from (1.40) without
its last row. Its inverse equals

(7)) 0 . ce 0
wo wo
Hy! =| a2 oy a0 diag(1/lloll, -, 1/llazr—1).
Wok—2 Wok—2 Wok—2

In analogy with (1.30) we have

Tor = —vaks1hort12k] 7o) ed Hypler = U2k+1ﬂ;]i]i|l [[7o|e3: Hy, er
and hence
0 0
rok = 10— Cor—1Y2k = Vart1 0 = Vopt1 0 = q2k-
fo ol L Ho e s

Thus rg; = g9 for all j if we choose gy = 79 and the stabilizing parameters
in (1.39) appear to minimize the residual vectors. In addition, we obtain
Yor = (g, wo, - . ., wor—2)! . With Algorithm 5.1.15 we see

Tok = b — AZop = Top—2 — Qok—2Cok—2 — W2k—2C2k—1
=b— Axg_2 — agp—2Apok—2 — wap—2ATE_1,
hence
Tk = T2k—2 T Q2k—2P2k—2 + W2k—2T2k—1-
The method was proposed by Van der Vorst [67]. Although breakdowns of a
new origin have been created, namely vanishing stabilization parameters woj,

it appears to yield smoother and faster convergence than its predecessors, the
BCG and CGS methods.
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Orthogonal projection with respect to the V-inner product

In analogy with oblique projections we can define orthogonal projections with respect
to iteration dependent inner products. If the involved algorithm generates bases
{v1,..., v} and {c1,...,c} of Ki(A,ro) that are not necessarily orthonormal and
if they posses a decomposition (1.12), then the projection is asked to be V-orthogonal
with V := V1 in Definition 1.3.3. This significantly facilitates the computation
of iterates with non-orthonormal bases, because when we put

i =20+ Cryp,  yi € R, (1.43)
for some initial guess g, then
re =70 — ACkyr = Vi1 (lIroller — Hryg).
The V-orthogonality condition

l7]l = min |[ro — ACyy|lv,
yelR

results in the following property of yi (see Definition 1.3.3):

[lIroller = B | = min |[iroller — iy (1.44)
yeR

Thus the norm of r; is being ,,quasi-minimized” and we have reduced the least-
squares minimization problem of dimension n X k to a problem of dimension
(k+1)xk, as was the case in the GMRES method. In terms of classical orthogonality,
the test spaces are spanned by the columns of

B, == Vi1 (Vi Vi) Vi AC.

With the basis A{ci,...,cr} of AKk(A,ro) the matrix representation of gy becomes
with (1.7)

_ -1 _ T
Py = AC; (Vi1 (Vie1 Vi) 2 Vi ACKH)TACE) (Vi (Vi Vi) 2 Vi ACy)
or, with (1.12),
~ T =T _
Py = Vi Hy(H Hy) "' Hy (Vi Vi) ' Vi (1.45)

In theory, the minimization property (1.9) for residuals is lost when we project
V-orthogonally and non-increasing of residual norms can not be guaranteed anymore.
But compared with their oblique counterparts V-orthogonal projections appear to
stabilize irregular convergence behaviour. Indeed, the so-called TFQMR method
smoothes the oscillations of the residual norms of its oblique parallel, and the QMR
method does so for the BCG method. The orthogonal version of the BCGSTAB
method is the QMRCGSTAB method. We will treat here briefly the QMR and the
TFQMR method.

e The quasi-minimal residual method (QMR):
The QMR method is the orthogonal counterpart of the oblique BCG method.
Therefore, bases are generated by the bi-orthogonal Lanczos proces (Algorithm
5.1.6), or eventually by a look-ahead version such as Algorithm 5.1.10 and they
satisfy (1.31), respectively (5.6). Let us use the notations of the BCG method,
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where we have a decomposition (1.12) with C; = V. We assume the basis-
generating algorithm does not break down and if we consider a look-ahead
algorithm, let us assume in (5.5) that m = k;1; — 1, i.e. D, is nonsingular.
Then, in accordance with the preceding considerations, if we replace Cj by
Vi, QMR iterates of the form (1.43) can be characterized by the property
(1.44) and the projector is given by (1.45).

In the original version of Freund and Nachtigal [24] the underlying algorithm
is a look-ahead version and in addition the least squares problem (1.44) is
scaled by a weight matrix. As for the BCG method, the orthogonality con-
dition of a QMR projection depends upon the shadow vector involved in the
algorithm and in this sense the notion QMR method covers a whole class of
projectors. In case we use Algorithm 5.1.6 it is possible to define iterates
with three term recurrences (although their derivation differs from the one of
Proposition 1.2.5). For the look-ahead version these short recurrences change
to block recurrences, see Freund and Nachtigal [24]. In this paper, some re-
lations between QMR and BCG residual norms have been pointed out. They
are analogue to those of Theorem 1.3.2 and one example of the smoothing po-
tential of the QMR method compared with the BCG method is presented later
on (Example 3 in Chapter 2). We used the QMR method also in experiments
where improvements of the GMRES method are discussed, because it is the
method with short recurrences that is closest to GMRES from the projectional
point of view.

e The transpose free QMR method (TFQMR):
The TFQMR method is the orthogonal parallel of the oblique CGS method
and hence is based on the same algorithm as the CGS method. With the
notations of the CGS method described above, we have a sequence cy, ..., cr_1
and a sequence vy, ...,v,_1 that both generate Kx(A,rg) if we choose gy to
be the initial residual vector ¢ in Algorithm 5.1.12 (see Lemma 5.1.13). We
have shown these bases can be decomposed according to (1.37). If we replace
indexes k by k — 1, TFQMR iterates of the form (1.43) can be characterized
by the property (1.44) and the projector is given by (1.45). The method was
introduced by Freund [25]. Two-term recurrences of iterates and residuals are
possible for the following reason. The matrix Ty from Proposition 1.2.5 with

Br = Vi(VIV)"2VIAC)_; has the form ICIZ_lﬂk_l because of (1.37).

Now PI;‘-FI:I]- has rank j for all j < k — 1 and is tridiagonal because its factors
are bidiagonal. Hence we can apply Proposition 1.2.5.

Other full projection methods we did not describe above, be it oblique or orthogonal
ones, include the CGNE and CGNR methods for normal equations, GCR (Elman
[19]), ORTHODIR (Jea, Young [38]), ORTHOMIN (Vinsome, [70]), hybrid BCG
methods (Sleijpen, Van der Vorst, Fokkema [23]) and row projection methods. Some
of them might be mathematically equivalent to previously treated methods but
then they are implemented in a different way. For their description we refer to the
indicated literature.

1.4 Truncated and restarted projection methods

From the preceding full methods, methods that exploit orthonormal bases are the
most robust. But unless additional properties of the system matrix exist, it is for
them not possible to define iterates or residuals by short recurrences. If we wish
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to use orthonormal bases but to avoid recurrences of more than [ terms for some
integer [, two options immediately offer themselves:

e Truncation: Only [ orthogonality conditions are kept, the remaining conditions
are dropped.

e Restarting: After having reached projection onto a subspace of dimension [ we
restart the same or a similar process with the new initial residual vector being
equal to 7.

Of course, the two approaches can be combined (see, for example, De Sturler [11]).
These techniques pay for computations of limited costs with the loss of convergence
in at most n steps. In theory it is possible to apply them to all projectors seen in
the previous section, but there is no need to do so for full methods with short term
recurrences.

1.4.1 Truncation

Several definitions of truncated methods are used in the literature. Truncation can
for example be applied to the orthogonalization process for bases. In that case, a
new basis vector is orthogonalized only against the [ previous ones. Adapted versions
of Algorithm 5.1.1 or 5.1.2 then compute decompositions with a banded Hessenberg
matrix. The GMRES method with an adapted version of Algorithm 5.1.1 can be
formulated with [-term recurrences by Proposition 1.2.5 and it is possible to show
that also the truncated FOM method can. These truncated versions project, as
for the full versions, onto AK(A,r9). The matrix Vi, from Arnoldi decomposition
(1.12), however, (or V := Wy, from (1.16) when using the residual-based approach)
is not orthonormal anymore, although the coordinate vector of iterates is extracted
from the same linear equations as for GMRES or FOM (from (1.44) or (1.29), re-
spectively). Thus the Petrov-Galerkin conditions must be understood with respect
to V-orthogonality, where V := V| in Definition 1.3.3.

We will here use a definition where truncation concerns the orthogonality
conditions of the projector.

Definition 1.4.1 An I-truncated projection method is an iterative method with suc-
cessive residual vectors that satisfy

rp = Tp—1 — Pr(Pe=1), k=1,2,...,

where Tp,_1 = 19 if kK < | and else 7,_1 = rp_; and where the operator pi is a
projector whose matrixz representations have rank min(l, k).

When we truncate a full method, the rank-l projector is obtained by considering
I[-dimensional projection and test spaces that result from discarding the first £ — [
dimensions of the spaces from the full method. Several truncated methods are
listed below. Some of them do not arise from truncation of full methods. We also
describe iterative methods that were not originally conceived as projection methods
but appear to belong to them. For these methods, this classification may only have
theoretical interest as implementation based on projection is here computationally
more expensive and more complicated than the original process.

e The steepest descent method:
The steepest descent method can be regarded as an [-truncated version of
the CG method for symmetric positive definite matrices with { = 1. In the



40

CHAPTER 1. PROJECTION METHODS

steepest descent method we drop all but the last basis vector of the test space
of the CG projector. This space, Kr(A,r), is spanned by the sequence of CG
residuals because of Lemma 1.3.1 and, as will be clear from the following, also
the sequence of steepest descent residuals spans this space. We thus have in
(1.7) By, := 151 (we put m = [ for I[-truncated methods), which yields the
Petrov-Galerkin condition

r{_lrk =0.

Even so, the projection space is reduced to a last basis vector for the CG
projection space AK;(A,rg), namely Arg_q. Then residual vectors are given
by

Th = Tk—1 — Qk—1ATE_1

and with (1.7) the corresponding rank-one matrix representation of the pro-
jector is

T
Akalrk_l
Pk =T ;
Tk_lATk_l

where r%ﬁlArk_l # 0 because A is positive definite. Hence

and iterates have the form

Tp =Tp—1+ O 1Tk—1.

Richardson iteration:

A very simple example of an iterative method with two-term recurrence is
Richardson iteration (for some applications see for example Fischer, Reichel
[22]). Tterates are characterized by

Tp = Tp—1 + OpTk—1, Ok €RR,

and therefore residuals by

e =Tkp—1— 6kA7qk717 (1.46)
yielding
k
e = | [(Xn — 6:A)r0.
i=1

This method can be seen as a 1-truncated projection method with projection
spaces span{Ary_1}. If s; is given by

T
A Tp1(rhe—1 — OpArg_1)

Tk = Th—1 — Th—1 — OpATE_1
el ( )

k= TRl |lrk—1 — O Arg_1|?

then the residual vector 7, is orthogonal to s; by construction. With (1.7) the
rank-one matrix representing g becomes

T T
p OrATE_15;,  OpArp_is;
k = - .

- T T
Orsy, Arg_1 5 Th—1
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The last equality follows from (1.46) and the orthogonality of 7, and sj;. The
projector is well defined because of

(rire-1)?

r%qsk = Hrkfl“Q - Hrk”g

This expression vanishes only in case aryp = r,_1 for some o € R. But that
would imply the projection space is span{ Ary_q }=span{ry_1} and the (k—1)st
residual would already have vanished.

For this method executing projections does not make sense in practice since the
computation of the projector asks for the vector s; and hence for the wanted
residual itself.

Matrix splitting methods:
Let us write the system matrix A in the form

A=M-N,

where M is nonsingular. Then a matrix splitting method is an iterative method
defined by

Mz, = Nxp_1 +b, k>1.

Thus we have
rr=MTM—- Az +M =T -M'A)zp_ +M b
and the residuals satisfy
re =711 — AM lr,_q. (1.47)
They are orthogonal to the vector

rirg_q o rl (rg—1 — AM ™ try_)
.9 Tk = Tk—-1— —
7512 k-1 — AM ™ 'ry_q 2

Sp = Tp_1— (rk,l — AMflrk,l) .

As for Richardson iteration matrix splitting methods can theoretically be seen
as 1-truncated projection methods with projectors

AMflrk_lsg AMflrk_ls;‘g
k pr— — pr— .
S%AM Lre_q sgrk_l

The projection is onto span{ AM~!r;_;} and orthogonal to span{s;} and is
well defined for the same reasons as for Richardson iteration. The nonsingular
matrix M is best chosen such, that it is close to A in some sense, but more
easy to invert than A itself. Many methods are based on the splitting

A=D-L-TU,

where D =diag(A), L is strictly lower triangular and U strictly upper tri-
angular. With these notations the following matrix splitting methods are
characterized by their choice of M:

— The Jacobi method: M := D =diag(A).

— The Gauss-Seidel method: M :=D — L.
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— The successive over-relaxating method (SOR): M := 1D —L with
relaxation parameter 1/w. In order to enable convergence w should be
chosen to be larger than one (i.e. over-relaxing).

— The symmetric successive over-relaxating method (SSOR): When
we alternate SOR iterations with SOR iterative steps in which the orde-
ring of unknowns is reversed we obtain the SSOR method. This yields

1 _ _
M:m(In—wD L)1, —wD™1U).

1.4.2 Restarting

Restarted methods can be defined as follows.

Definition 1.4.2 An m-restarted projection method is an iterative method with suc-
cessive residual vectors that satisfy

T =Th—1 — Pk(Tr—1), k=1,2,...,

where Tx—1 = Tk_1_(k—1) mod m @nd where the operator py is a projector whose matriz
representations have rank 1+ (k — 1) mod m.

When we restart a full projection method based on Krylov subspaces, we put the
projection space of the k-th iteration to be equal to

AK14 (k-1) mod m (A, Th—1-(k—1) mod m)

and define the test space analogously.

The classical method to restart is the GMRES method because firstly the
full version asks for full, expensive orthonormalization and secondly, though we lose
by restarting the fact convergence occurs in at most n iterations, at least GMRES
generated residual norms do not increase. We will denote the GMRES method
restarted after m iterations by GMRES(m). If A is positive definite a well-known
result (Eisenstat, Elman, Schultz [18]) guarantees that residual norms even decrease
as long as all projection spaces contain the initial residual. Without assuming A is
positive definite, however, solving a linear system by restarting the GMRES method
is sometimes a laborious task. In the worst case, convergence of the method restarted
after m iterations is not guaranteed at all for m < n (for some global convergence
criteria we refer to Saad [59] and [61], for criteria in dependency of the restart
parameter m of GMRES(m) see for example Zitko [78], the worst case for normal
matrices is discussed in Liesen, Tichy [47]). If restarted GMRES does converge,
decreasing of residual norms can still be very slow. If the process becomes unsuitable
for practical use, we shall call this phenomenon stagnation.

One expects convergence to be faster when the dimension of the projection
space grows, i.e. the restart parameter m is larger. This is not entirely true be-
cause the distance of 7x_1 to the projection space AK,,(A,7r_1) is also influenced
by the choice of 7p_1. Examples exist in which convergence is faster for smaller
restart parameters than for larger ones, because the resulting vectors 7;_1 generate
closer Krylov subspaces (see Eiermann, Ernst, Schneider [16]). To accelerate the
convergence speed of stagnating restarted projection methods, especially the GM-
RES method, various techniques have been proposed in the literature. Most of them
are based on deflation of eigenvalues.
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Deflation techniques

This strategy applies to cases where the eigenvalue distribution of the system matrix
A is known, a priori, to have a negative influence on the convergence speed of the
method. In the GMRES case, for example, we can derive the bound

[l 1y (m
< |z Z e,

[I7oll

where m is the restart parameter, the columns of Z are eigenvectors of A and

(m) — mj A 1.48
£ min max , .
Din ma A)Ip( )l (1.48)

(see Saad, Schultz [56]). 119, denotes the polynomials p of degree m with p(0) = 1.
This bound however, assumes that A be diagonalizable, i.e. the existence of a
decomposition A = ZAZ™!, where A is a diagonal matrix. For matrices that are
far from normal the bound might not be indicative because the conditioning of the
eigenvectors given by the columns of Z can be very poor. But on the other hand, in
several examples a convergence behaviour that is related to the spectrum has been
observed (for example in Van der Vorst, Vuik [68]). To improve the convergence of
restarted methods in such cases one can deflate the spectrum of A, that is eliminate
eigenvalues from the spectrum yielding a tighter bound due to (1.48). In particular,
it is assumed and seen in various experiments that the eigenvalues closest to the
origin hamper convergence most.

Techniques achieving deflation of the spectrum exploit the fact that the pro-
jection process of the corresponding full method implicitly provides approximations
to eigenvalues. In the case of Krylov projection spaces, approximate eigenvalues
are given by the eigenvalues (called Ritz values) of the matrix H; of (1.12) with-
out its last row because this matrix represents the restriction of A onto the kth
Krylov subspace. Eigenvectors of this matrix yield approximate eigenvectors of A
by multiplication with the matrix Vj from (1.12) (they are called Ritz vectors).
Information about the quality of the approximate eigenvalue-eigenvector pairs can
be easily obtained from decomposition (1.12), this will be seen later on in Chapter
4, (4.4). Thus spectral information gained during one restart cycle is exploited in
the next one. Deflation has also been studied for some methods that do not re-
quire restarting, such as the CG method for symmetric positive definite matrices
(e.g. Nicolaides [52]), because in that case the connection between convergence and
eigenvalue distribution is more or less obvious.

In the context of restarting, Morgan [50] proposes augmentation of the projec-
tion space with approximate eigenvectors. The influence of the approximate eigenva-
lues they correspond to essentially vanishes. A different approach is the construction
of a left preconditioner whose product with A yields a deflated matrix (proposed by
Baglama et al.[3]) or, similarly, use deflating right preconditioning (Erhel et al.[7]).
In Eiermann et al.[16] it is shown that Morgan’s method eventually has better con-
vergence properties than the methods based on preconditioning. A further deflating
preconditioning technique is presented in Kharchenko, Yeremin [41]. Finally, block
Krylov subspace methods (described in Chan, Wan [8], Farhat, Crivelli, Roux [10],
Fischer [21], Prasad, Keyes, Kane [40]) solving multiple right-hand sides can be used
for deflation purposes by choosing right-hand sides to be approximate eigenvectors
(Saad, Chapman [9],[60]). To illustrate at least one deflation technique, we will here
describe Erhel’s method in more detail. We have used this deflation technique to
compare it in numerical experiments with the new convergence accelerating tech-
niques presented in the following chapters.
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The construction of a right preconditioner M such that AM ™! has a deflated
spectrum is based on the following proposition due to Erhel et al. [7]. We assume
A is diagonalizable with eigenvalues satisfying

Ml < el <. .n < Al

and we assume the columns of an orthonormal matrix U span the A-invariant sub-
space corresponding to the r eigenvalues of smallest modulus, i.e. corresponding
to A1,...,A.. Furthermore, let the matrix T represent the restriction of A onto
span(U), that is T = UTAU.

Proposition 1.4.3 The matriz

1
M::Lﬁ—U(MT—IT) u”

is nonsingular with

M ! =1, +U(\|T! - 1,)UT (1.49)

and the eigenvalues of AM™Y are M\ri1,..., Any [Anl, oo [An| , where | A,| has multi-
plicity at least r.

Proof: Let W be the orthogonal complement of U in R". Then
U’ (T A
<WT>A(U7W)_ <0 A272>7
where A1 = UTAW, Ayy = WIAW.

We can write M in the form M = - UTU" + (I, - UU") = ;LLUTU" +
WW7 | hence

M = (U, W) < a T In0_r> <$V§)

and the inverse of M equals

-1 _ ATt 0 u”
M _(U,W)< o 1) (wr):

Therefore, the preconditioned matrix AM ™! takes the form

-1 _ AnlL.  Aio Ut
AM - (an) < 0 A2’2 WT )

hence its eigenvalues are |\,| and the eigenvalues of Ago. O

During the projective process of the projection method, however, exact invari-
ant subspaces U to construct the above preconditioner are in general not available.
Instead, we can compute at the end of every restart cycle Ritz vectors corresponding
to approximate eigenvalues of smallest modulus. Also, the value |\,| must be ap-
proximated by the largest Ritz value ]:\| With these approximations we can modify
the proof of the above proposition and we obtain a perturbed preconditioned matrix
Al\N/I_1 that is similar to a matrix of the form

< ‘S\H‘IT L A1,2>
AnA21 T ~ Ags)’

~ ~ ~ ~ ~ T ~
where Ao = WTAU, U is the approximate invariant subspace and T = U” AU.

The quality of the preconditioner depends upon the size of the block \S\n|A271T71,
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which in turn depends on the distance of the Ritz vectors to the corresponding
eigenvectors of A. Thus the motivation for using this technique is based on somewhat
heuristic assumptions: The system matrix must be diagonalizable and Ritz values
must converge to eigenvalues, preferably beginning with the smallest values. This
last assumption has to our knowledge never been fully proved (attempts have been
made for example in Sorensen [63]), though it has been frequently observed (as in
Van der Vorst, Vuik [68]). Indeed, Erhel’s method does very well in applications
where eigenvalues of small modulus slow down convergence. The overall process can
be roughly described as follows:

1. Execute m GMRES projections for the problem Axz = b with some initial guess xg

2. Compute from the Hessenberg matrix involved in the projections the r Ritz values of
smallest modulus and their corresponding Ritz vectors

3. Construct an orthonormal matrix U whose columns span the space spanned by the
Ritz vectors and define M~! according to (1.49)

4. Restart the process applied to the preconditioned system AM ™'y =b, . = M1y,

The method of Baglama et al.[3] differs from the above process in that precondi-
tioning is applied from the left and a more sophisticated technique to approximate
invariant subspaces, the implicitly restarted Arnoldi process (Sorensen [63]), is ex-
ploited. But the construction of the preconditioner is based on the same principle.
It is possible to successively deflate all eigenvalues if we adapt the third step of the
process:

3. Orthogonalize newly computed Ritz vectors against the orthonormal basis of the space
spanned by all previously computed Ritz vectors, obtain a new orthonormal matrix U
whose columns span the space spanned by old and new Ritz vectors and define M™*
according to (1.49)

Then, under the assumption that all Ritz vectors are exact eigenvectors, the resulting
preconditioner deflates eigenvalues corresponding to newly computed Ritz values and
previously computed Ritz values as well. This has not been worked out in the paper
of Erhel [7] and we demonstrate it below per induction:

Having executed ¢ restart cycles, we assume we have an A-invariant sub-
space that is spanned by the orthonormal columns of U and that belongs to the
r; smallest eigenvalues of A. Let MZ-_1 be the corresponding preconditioner, de-
fined according to (1.49). With Proposition 1.4.3 the matrix AMi_1 has eigenvalues
Ari+1s -« Ans | Anls -« -y |An]. The proof of Proposition 1.4.3 also shows that

AM;'U = |)\,|U,

hence U is not only A-invariant but also AM;l-invariant. We put T; := UTAU.

Then we execute a next cycle applied to AM; 1 and assume we find an AM; L
invariant subspace U’ that belongs to the ;41 — r; smallest eigenvalues of AM; L
that is to Ar,11,..., Ar, ;. If we orthonormalize U’ against U, i.e. we construct an

orthonormal basis (U, V) of U @ U, then (U, V) is AM; '-invariant. Moreover, if
W is the orthogonal complement in R" of (U, V), we can write

AnlL, A1s Aig u”
AMi_l = (U,V,W) 0 Tiy1 A Vi,
0 0 Asgs w’

where T;11:= VIAM; 'V, Aj5:=UTAM; 'V, A;;:=UTAM;'W,
Ay s = VTAM;1W and Az 3 := WTAM;IW. The matrix A can be written as

AL, A1 Ajg u”
A=AM;'M; =(U, VW) | 0 Ty Ags || VT | (I, + U(Ti/|\| - L,)UT) =
0 0 Asz w7
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‘)\n|1n A1,2 A1,3 UT Iri
(U,V,W) 0 Tiy1 A VIl + 0 | (Ti/|A - 1,)UT | =
0 0 Asz wT 0
AnlL, A2 Az U’ T;/| ] = L,
(U, V,W) 0  Ti1 Aggz vT |+ 0 Ul | =
0 0 Ajs wt 0
ML, A1z Ais T;/| A\ 0 0 u?
(U, V,W) 0  Tiy1 Aggs 0 | I 0 vT |,
0 0 Asz 0 0 | I, wt
hence
T, Ao A3
AU, VW)= (U, VW) [ 0 T Ass
0 0 As;

and thus (U, V) is not only AM; '-invariant but also A-invariant. Moreover, the
subspace spanned by (U, V) belongs to the eigenvalues Ay, ..., A, of A. Therefore
we can apply Proposition 1.4.3 to the A-invariant subspace that is spanned by the
columns of (U, V) and obtain a matrix Al\/I;rl1 that has a spectrum consisting of

the eigenvalues A\, 11, .., An, [Anl, .05 [Anl.

Other approaches

The method of Erhel et al. is a restarted method where the projection space of each
cycle depends upon the updated preconditioner. At the end of the i-th restart it
equals AM;llCm(AMi_l, rim). Morgan’s method, on the other hand, seeks during
the process approximate invariant subspaces and augments the projection space
AR (A, i) with it. Even larger flexibility of projection spaces is enabled in a
method such as flexible GMRES (Saad [58]). This is not a method that seeks to
deflate. Decompositions of the form (1.12) are generated, but Vi and Cj are not
asked to be ascending bases of Kp(A,7,_1). Instead, two vectors v; and c¢; are
connected by the relation

¢j = M, vy, (1.50)

where M is some nonsingular and iteration dependent preconditioner that approxi-
mates A. The next basis vector v; 1 results from orthonormalization of Ac; against
the previous vectors v;, ¢ < j, and Vi remains orthonormal. Therefore, the compu-
tation of iterates of the form (1.13) can be reduced to solving a (k+1) x k-dimensional
least squares problem of the form (1.21) as in full GMRES. Of course, the columns
of Cj, and V}, do not span Krylov subspaces anymore. The computation of ¢; accor-
ding to (1.50) is referred to as inner iteration. Indeed, because the preconditioner
M; is close to A is some sense, ¢; approximately satisfies Ac; = v; and can be
found by executing several iterations of any iterative method, especially of the outer
method itself, applied to the same matrix but with the right hand side v;. Inner
iterations can enhance convergence and this has been attributed to the fact that
when (1.50) is solved exactly for some j, that is Ac; = vj, then the (j + 1)-st row of
the corresponding Hessenberg matrix H; from (1.12) has only zero’s. Thus (1.21)
can be solved exactly when H; is nonsingular and in that case the residual vector
vanishes. If (1.50) is solved only approximatively, at least higher convergence speed
can be expected.

A different method that uses a double loop to keep a part of the Krylov sub-
space was presented in Van der Vorst and Vuik [69]. A last option proposed to
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accelerate the convergence of restarted methods that we would only like to men-
tion, apart from the new techniques proposed in the next chapter, is polynomial
preconditioning (Joubert [39]).
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Chapter 2

A rank-one update for the
initial cycle

In the preceding chapter we considered a large scale of methods to solve problem
(1.1). If we want to use a projection method based on Krylov subspaces we have
the choice between relatively inexpensive methods with short recurrences or more
robust methods without short recurrences. Although smoothness of convergence
of the former methods can be enhanced by exploiting quasi-minimalization as in
the QMR method or by introduction of stabilization parameters (BCGSTAB), the
latter class has naturally the most reliable convergence properties. We have seen in
Theorem 1.3.2 that oblique representants of this class, for example the FOM method,
are more susceptible to irregular behaviour than their orthogonal counterparts. If
the system matrix is nonsymmetric, the GMRES method seems most appropriate
in cases where robustness has high priority. Unfortunately, the absence of short
recurrences entails that we must restart the method in practice and this can seriously
slow down convergence speed. Therefore, an important part of today’s research in
the field of projection methods concern convergence analysis and improvement of
the restarted GMRES method.

We listed some of the best known techniques to accelerate restarted GMRES
at the end of the first chapter. It is interesting to notice that most of these tech-
niques assume convergence of restarted GMRES is related to the system matrix only,
without taking in account the given right-hand side. For example, the techniques
try to modify the spectrum of A or they search for invariant subspaces of A. But
we know from chapter one that the convergence behaviour of GMRES is given by
the evolution of the distance between projection space and the residual we project.
This residual is, of course, related to the right-hand side and also the projection
space is, because it is the Krylov subspace generated by the residual and the system
matrix.

In this chapter, we will find for the given right-hand side of (1.1) modifications
of A that yield any desired convergence curve, regardless of the properties of A.
We exploit the modified matrix to accelerate the GMRES process for the original
matrix. The connection between the proposed procedure and the right-hand side
is particularly narrow because we update A with a matrix of small rank that is
immediately constructed from b. Let us begin with this construction.

49
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2.1 The Sherman-Morrison-Woodbury theorem

One of the most powerful techniques to improve poor properties of a linear system
with regard to a certain method that is applied to it, consists of passing to a pre-
conditioned system. Preconditioning is based on the simple idea of multiplying the
matrix with another specially constructed matrix. In case of left preconditioning
the solution of the preconditioned system is the same as the solution of the original
system, when using right preconditioning one more matrix vector product is needed
to obtain the wanted solution. On the other hand, residuals of right preconditioned
systems are equal to the unpreconditioned residuals whereas residual norms can
increase with left preconditioning.

The situation becomes slightly more complicated when we subtract a specially
constructed matrix from the system matrix instead of multiplying with it. The
solution of the auxiliary system is in general not equal to the one of the first system
and, as we will see later, finding the wanted solution can lead to division by zero but
it is feasible to circumvent such cases. The formula that enables us to change the
linear system by matrix subtraction is the Sherman-Morrison formula for inversion
of rank-m updated matrices.

Theorem 2.1.1 (Sherman-Morrison- Woodbury):

Let the matriz A € R™" be nonsingular and U,V € R™™™ be rank m matrices with
m < n. Then the rank-m updated matriz A +UVT is nonsingular if and only if the
m-dimensional matriz I, + VI A7YU is nonsingular and its inverse equals

(A+UVH) ' =AT - AT'UI, + VIATIU) VAT (2.1)
P r oo f: Under the assumption that I, + VI A~'U is nonsingular, we have
(A+UVH (A~ - A7 'U®T, + VIATTU) VAT =
L,-U@,+V'A~'U)"'VIA + U (I, - VIAT'U@I, + VIATIU) ) VIATL
Straightforward computation shows that
(I, — VIAT'U®@, + VIAT'U) ) (I, + VIATIU) = 1,,..

Hence (A 4+ UVT)~! exists and (2.1) holds.

On the other hand, assuming non-singularity of A+UVT also implies non-singularity
of I+ A~'UVT. Let U; denote the n x n matrix whose first m columns coincide
with the columns of U and the remaining columns are zero vectors and let us define
V; analogously. Then

A7'UVT = AU VI = ATtuATAVT

When we put A~'U; = V' and AV? =: U, then the matrix I, + V' A~1U is
nonsingular and by the first half of the proof also A + UV’ is. But

A+UV = A+ AVTA-IU, = A(L, + VTAIU)).

In the last expression the matrix between brackets has the form

T A —1
Vi, = (VAT 0 )
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and I, + VI A~'U; is nonsingular. Therefore also I,, + VI A~1U is nonsingular
and (2.1) holds with the first half of the proof. O

In order to switch to an auxiliary system we change the original matrix A of (1.1)
to

A:=A-UVT,
for some U,V € R™™. If A — UVT is nonsingular the solution of (1.1) can be
written as

P

A= (A+UVD) = (A CAT'u@, + VTA”U)—lVTA*l) b (2.2)
For m =1, U:=band V :=y € R", this equation changes to
A=A+t =A"b— A b1 +yTA D) WAL (2.3)
With the auxiliary system being defined by
Az =b, (2.4)

where

~

A=Al det(A — byT) #0,
it is clear that we can find the solution of the original system (1.1) by solving the
auxiliary system (2.4) and substituting A 'in (2.3).

One could also choose m > 1 and thus in (2.2) V would consist of several
columns v;, ¢ < m. On one side such choice augments the number of free parameter
vectors v;, but on the other hand solving A ~'b implies the computation of an expres-
sion of the form A~ 'U in (2.2), that is of more than one linear system. We restrict
ourselves here to the case m = 1. The one parameter vector y = v; gives enough
possibilities to construct an auxiliary system (2.4) having better convergence pro-
perties than has the original system when GMRES is applied to it. In the remainder
of this chapter we always assume y € R" is such that det(A — by?) # 0.

2.2 Convergence of the updated system

An interesting result in the context of arbitrary convergence speed can be found in
a series of papers by Arioli, Greenbaum, Ptdak and Strakos ([2], [30] and [31]). From
these papers it follows that given a non-increasing positive sequence fo > f1 > ... >
fn—1 > fn =0 and a right-hand side b with ||b|| = fo, the residual vectors 7, at each
step of the GMRES method applied to Az = b with zero initial guess satisfy

176l = fo, 0<k<n-—1,

if and only if A is of the form

A = WRHWT, (2.5)
where R is an arbitrary nonsingular upper triangular matrix, W = (w1, ..., wy) is
an orthonormal matrix such that

/5 = I
WTp = : ) 2.6
VI A (2:6)
+ 2

n—1
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and H is given by

0 0 1/(bTwy,)
— T'LU Tw
A |’ ) ? ® 1):/(17 ol (2.7)
0 1 —(bTw, 1)/ (Twy)

We are particularly interested in the question whether, given the non-increasing
positive sequence fo > f1 > ... > fo,—1 > f, = 0 with fy = ||b||, our rank-one
updated matrix A — by’ belongs to the class of matrices (2.5) for some y € R™. The
answer is yes. We first give a straightforward proof based on projection properties.
After that we propose a feasible procedure to construct the parameter vector y € R"
and finally, for the sake of completeness, we address the exact form that R and W
take in (2.5) in our case of rank-one updating. This yields a second way to construct
the parameter vector y € R".

2.2.1 Any convergence curve is possible for A — by’ with zy =0

The convergence speed of a GMRES process is determined by the evolution of the
distance from r¢ to the projection spaces. Let us first take a look at the projection
spaces generated by the auxiliary system. They have the form

AKL(A, 7o) = (A — byD)Kr(A — byT, o).

The first residual norm, for example, is the distance from 7o to Arg — b(y”rg).
Clearly, we create optimal opportunities to minimize this distance when ro = b,
because all projection spaces have a component in the direction of b. Moreover,
when we apply the Arnoldi process to A — by with zero initial guess, multiples
of the first Arnoldi vector, b/||b||, are added to the Arnoldi vectors we would have
generated for A. Krylov subspaces therefore remain the same and the influence of
y is simple to control. This is demonstrated in the following proposition.

Proposition 2.2.1 The Arnoldi algorithm applied to the matriz A=A- by’
y € R", and first Arnoldi vector vy := b/||b|| generates Arnoldi vectors vy, k > 2,
that are independent from the choice of y. Moreover, if Hy, is the upper Hessenberg
matriz of the Arnoldi decomposition (1.12) associated with A and Vi, = (v1, ..., vk),
then

Hy — [[bller (VTy)"

is the Hessenberg matriz for the Arnoldi decomposition associated with A.

P roof: Application of the Arnoldi process to A with starting vector v1 = b/||b||
gives the relation
AVy = Vi1 Hy,

(k+1)xk

where Vi is orthogonal and ﬂk cR is a Hessenberg matrix. Hence

AV, = (A-by")V) =
Vi By = [b|Visiery” Vi = Vi (B = [bler(Vig)T) . (28)

The matrix Hy, — ||b]|e1(VEy)T differs from Hy, only in its first row. Thus it is upper
Hessenberg and (2.8) is the Arnoldi decomposition for A that starts with v; = b/||b||.
The involved orthogonal matrix is the same as for the decomposition of A. O
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The proposition implies Kx(A,b) = ICk(A, b) and as a consequence one can
turn the planes Ale(A,b) = (A — by")Kir(A,b) by changing 3. The distance
between rg = b and these planes can be made as small as wanted and any convergence
speed can be forced.

Theorem 2.2.2 If the GMRES method applied to (1.1) with zo = 0 terminates at
step n, then any convergence curve terminating at step n for the GMRES method
applied to (2.4) with o = 0 can be forced by the choice of y € R"™.

P roof: With the relations of Theorem 1.3.2 we have
I71]] = sin £ (b, Ab)[|b|| = sin Z(b, Ab — aob) [b]|,

where ag := yT'b. Hence

o2 = (1— &AL’y o
6IPTAD = agb]?

D12 (| ABI* — 200b" Ab + af|[b]]*) — (BT Ab — aol[b]*)* _  |Ib]*[|Ab* — (6" Ab)*
[AD|2 = 200bT Ab + 2|02 A2 = 200bTAb + a2[[b]?

By choosing ap = ”ﬁb—ﬁgb the first residual norm stays as large as the initial one. On
the other hand, large enough |ag| will force ||71]| to be as small as wanted.
Now let us assume we have fixed the values ap, ..., ap_1, @; := y? A'b. Then the

(k + 1)st residual is the difference between the initial residual and its projection on
AKk11(A,b), hence

7541l = sin Z(b, AKks1(A, b))
The Krylov subspace AICk+1(A, b) is given by
(A — by") span{b, Ab, ..., A*b} = span{Ab — agb, A%b — ayb,..., AFT1b — a;b},

where o, = yT A¥b. The angle 2 (b, AKj,11(A, b)) is the minimum angle Z (b, ¢) over
all ¢ € AKy11(A,b). By defining (b, A**'b— ) smaller than 2 (b, AK,(A, b)) we
can force ||#441|| to take the wanted value. The angle Z(b, A**'b—ayb) can be made
as small as possible by choice of oy, for the same reason as above for Z(b, Ab— agb).
In total we obtain n—1 conditions for y € R™, namely yT A% = a;, 0 < i < n—2, the
last residual norm vanishes automatically. At least one y satisfying these conditions
exists.

g

In case of applying the FOM method to (2.4) we can prove an analogue result
as follows. This proof constructs the wanted y € R" from the iterates of FOM
applied to (1.1).

Proposition 2.2.3 Let fo > f1 > fo... > fn = 0 be a non-increasing sequence of
real values and let the system of linear equations

Az =1» (2.9)

with ||b]] = fo be given by
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and let us choose the initial approzimation xo = 0. Let for y = 0 all iterates xy,
1 < k < n, be defined, be linearly independent and ||b — Azl > 0 for k < n.
Then there exists at least one y € R"™ such that the residual vectors 7y obtained by
application of the FOM method to the system (2.9) satisfy

”TA]?H:fk? OSI{;S’I’L

Proof: If xp = 0, FOM iterates of the original system Axz = b are given by
), = ||b||ViH, 'e1, where Hy, is the Hessenberg matrix from (1.12) without its last

row (see also (1.22)). If we put Hy, = Hy, — ||b||e1y” V}, we have

. N u
Hyu = [|bller & Hyu = ||b]|(e1 — e1y” Vi) & Hy—c— = [|b|es.
ku = [[ble1 ku = [bll(ex — e1y” Viu) v [bllex
Hence FOM iterates % of the second system satisfy
H_leHel 1 T
ip=V k = b ViH leg = —2% —,
L N T IbIVEH, er = 7— T

having made use of Proposition 2.2.1. If we denote by rp the residual vectors for
the first system, then

1 1
il (b— Axy) =

b Ad—b_ A _ 1
"k Tk 1—yTa, 1—yTay 1-— yTkak’

and

. 1
17kl = | Alrell, yTan £ 1

1 —yTay
The last equation shows that we can, by choice of the inner product y” zy, size ||74]|.
By solving, for example, the underdetermined linear system

i L—lrll/ f2
o |y= s
T L= |lrp—all/fn-1

we obtain the wanted y € R". O

2.2.2 [Iterate based implementation

Next we present a technique to compute the parameter vector y that forces a given
convergence curve of GMRES when the implemented is based on (1.13). Due to the
close connection between FOM and GMRES method, one expects a result similar to
the last one, with construction of y from iterates and residuals of the first system, to
be easily derivable in the GMRES case. For example, the relations of Theorem 1.3.2
could be exploited. Unfortunately, the involved angles are dependent on the choice
of the parameter vector y, which makes working with them complicated. Moreover,
construction of y from iterates and residuals of the first system is not interesting for
practice. One would need to apply a GMRES process to the original system to be
able to define the auxiliary system. The angles of Theorem 1.3.2, used in a different
way, give the key to successive definition of the auxiliary system during the GMRES
process, as we will prove now. The proof works with the Givens rotations that are in-
volved in computing the approximations of the GMRES method. The parameters of
these rotations have an immediate influence on the convergence speed of the method.
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Definition 2.2.4 A Givens rotation for the ith row, i > 1, of a vector is a rotation
represented by left multiplication with an orthogonal matrixz of the form

I 0 ... 0
0 Ci-1  Si—1 '
D =81 Ci1
0 ... 0 I,

Consequently, c?,l + 52271 =1, and ¢;_1 is called Givens cosine and s;_1 Givens sine.

Lemma 2.2.5 The action of k consecutive Givens rotations, from a rotation for the

2nd row till a rotation for the (k + 1)st row, on a given vector g = (g1,...,grs1)"
yields a vector (g1, ..., gy, ng)T, where
7 i—1
9i = sigi+1+ ¢ Z Cj—19; H(—Sl), i <k, (2.10)
i=1 I=j
k+1 k

and  gii1 =Y cjm1g; [[(=s0),
j=1 1=

with co := 1.

Proof: At first, note that a Givens rotation for the ith row changes only
rows (¢ — 1) and i. After application of the Givens rotation for the second row to g,
the first element has the form

gy == c1g1 + s192,

and the second element will change to

g5 == —s191 + €192

Now, let us assume that the rotation for the ith row has been executed and that we

have
) i—1
g =>_ciagi [[(=s).
1=j

j=1
The rotation for the (i + 1)st changes g to
i

i—1
cigi + sigiv1 = sigi1 +ci Y ciagy [ [(—s) = gi
Jj=1 l=j

and g;4+1 to

) i—1 141 i
—sig; + cigivr = —si »_ 105 [ [(=s1) + cigivr = Y ejag; [[(=s1) = g7
=1 1=j j=1 1=

O

Givens rotations for the ith row can be used to zero out the ith element of
a vector v = (vy,...,v,)7, v; # 0. To do so, we will in the present work use the
choices

Vi—1 (%

Ciml = ————, Si-1 = ———.
v2 L +v? v2 o +v?
i—1 7 1—1 7

(2.11)
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The Givens cosines and sines involved in the computation of a GMRES approxima-
tion can be expressed in values that were calculated during the Arnoldi orthogona-
lization process and by previously executed Givens rotations:

Corollary 2.2.6 After the kth step of the GMRES method applied to a linear system
(1.1), let the Arnoldi process have generated an orthonormal basis vy, ..., v qf the

associated k-dimensional Krylov subspace and an upper Hessenberg matrix Hy €
REFDXE ith coefficients

k
hjg = UJTAU]C, 1<j<k, hgp:=|Av— Zhj’kij.
j=1

If this Hessenberg matrix is brought to upper triangular form with the help of Givens
rotations and the rotation for the (i + 1)st row is given by ¢; and s;, i < k — 1, then
the rotation for the (k + 1)st row has Givens sine sy satisfying

h2
k+1,k
k k—1 ’
h%—&-l,k + (Zj:l Cj—lhj,k Hi:j (_Sz‘))2

sp =

with co := 1.

Proof: The Hessenberg matrix Hy, € RE+HDXE can be brought to upper triangular
form by means of Givens rotations that consecutively zero out all lower subdiagonal
elements. According to Lemma 2.2.5, after (k — 1) rotations the kth element of the
last column has the form

k

k—1
g =Y it [[(=s0)-
i=j

J=1

To zero out the last entry hjq of this column we define a Givens rotation for the
(k + 1)st row satisfying with (2.11)

2
2 Pies1 1
k -« 2 * 2.
Piirn + (hir)

O

By introducing the parameter-dependent matrix A — by”, y € R", we create
the opportunity to modify the values h;; and hence the sines s; according to our
own needs. Proposition 2.2.1 stated that only the first row of the Hessenberg matrix
involved in the GMRES process is dependent from the parameter vector y. Its
influence on the Givens sines is given by Corollary 2.2.6. We thus have to our
disposal an easy to handle tool for manipulating the associated Givens rotations. It
is a well known fact, that in the GMRES method the residual norm of an iteration
can be expressed as the product of all previously executed Givens rotation sines
and the initial residual norm. In fact, Givens sines coincide with the sines of the
angles between initial residuals and projection spaces from Theorem 1.3.2. For our
parameter-dependent matrix, these sines appear to be sensible to changes of the
parameter. The next theorem states exactly the same as Theorem 2.2.2, but it
explicitly demonstrates how to construct, during the GMRES computations, the
wanted parameter vector y.
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Theorem 2.2.7 Let fo > f1 > fa... > fn =0 be a non-increasing sequence of real
values and let the system of linear equations

Az =b (2.12)
with ||b]] = fo be given by
A=A-W' yeR"

and let us choose the initial approrimation xg = 0. If the Arnoldi algorithm applied
to A does not break down before the nth step, then there exists at least one y € R"
such, that the residual vectors 7y, obtained by application of the GMRES method to
the system (2.12) satisfy

7%l = fk, 0<k<n.

Proof: Inthe GMRES method we have the following recurrence formula for the
residual norms (see for example Saad [59], p. 167):

7l = (8% - .. - 515,

where 3 := ||7o|| = ||b||. As a consequence,

|71l

The theorem is proved if we show that we can find a vector y € R" such that all
values |§| satisfy

|§k|:i, 1<k<n-1.
Jr—1
The last residuum vanishes automatically. R
For k =1, the Arnoldi process yields values h; 1 and ho; and the Givens sine that

zeroes out (together with the Givens cosine ¢) iL2,1 satisfies

Let us denote by a; the value yTvl. Note that iL2,1 is independent from a7 because
of Proposition 2.2.1. As for hy 1, we have

hiy = (ol (A = by")v1)? = (v Avy — Bay)?.

Hence iL%l can have whatever nonnegative value if we choose «y accordingly. In
other words, |$1] can assume, in dependency from a1, every positive value smaller
than or equal to 1. In particular it can take the wanted value f1/fy if we solve

é 2 _ B%,l
Jo iAL%1 + (vT Avy — Boy)?’

(

that is
(f1/f0)?
—B
This puts a first condition on the vector y, namely it fixes for the chosen a; the
value of yTvy.

T VL S

o] =
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Now, let k be greater than 1 and let us assume we have chosen all values «; := y” v;
such, that |$;| = fi/fi—1 for i < k. According to Corollary 2.2.6,

h2
f§i _ k+1,k
7 k ~ 7 k—1 ~ :
hir g, + O0jor Gimthir I1iZ (—50)2

In this expression, only }Ah,k = vavl — Bay = hyj — Bay, is dependent from the
choice of oy, := 3T v, because of Proposition 2.2.1, hence hige = hip = vlTAvk, 1> 2.
The second term of the denominator, including h; , can be written as

k kel 2 k-l k k-1 2
Yoe-thi 130 = [ ha [T(30 + > ¢-ihin [[(-3) ] = (2.13)
7=1 1= =1 Jj=2 =7

2

k—1 k k—1
(—Bak+hag) [J(=8) + D emahin [[ (=30 | - (214)
=1 7j=2 =7

Again, this is a nonnegative expression that is dependent from «j and it can possibly
assume the value 0. Therefore, an appropriate choice of ay, yields the desired equality
|Sk| = fx/fr—1,0< fz{: < 1. Possible choices are given by

1— ~1)? ko 4 k=1, =
£\ T ek = S &b TS (-5)
k=1, » :
—B1li= (=5)
After n—1 steps we have defined all Arnoldi vectors vy, ..., v, and have been putting
n — 1 conditions on the vector y:

ap = (2.15)

YT (1, 0n1) = (a1, 1), (2.16)

There exists at least one y € R" solving this underdetermined linear system. O

It it this proof that we have used to implement accelerations of restarted GMRES
exploiting an auxiliary system with arbitrary convergence speed, see Algorithm 5.2.1.
In Algorithm 5.2.1 we always used the positive root of (2.15).

2.2.3 Residual based implementation

As we have seen, it is possible to find a vector y € R" such that A=A- by”
belongs to the class of matrices given by (2.5). In other words, A can assume the
foom A = WRHW? for some upper triangular matrix R and with W and H
satisfying the equations (2.6) and (2.7). To illustrate this, we will describe the exact
form of R and W when A = A — by”. This yields an alternative to the preceding
section for constructing y € R" during the GMRES process. It is connected with
GMRES implementations that are based on decomposition (1.17), as for example
Walker [74] proposes, and, besides being from theoretical interest, is useful if we
want to apply Theorem 2.2.7 to the latter, residual based implementation strategy.
For this reason we explicitly display in the following proof the conditions on y € R"
necessary to force a given convergence curve.

First, we introduce the notations

g(i) == /2 — f? 1<i<n,

7

and it will be useful to have the following small lemma.
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Lemma 2.2.8 The subdiagonal elements hy11 j = ”Avk_2§21 hjkvjll, k> 1, with
hjr = v]TAvk, j <k, of Hessenberg matrices involved in the Arnoldi process satisfy
the equation

k
hi+1,k = ||Avk|]2 - Z h?k
j=1

Proof: We have

k ! k
iy = [Ave = hjrvsl* = [[Avgl|® = 2(Avgk, Y hygvg) + 1D hjwvsll* =
j=1 j=1 J=1

k k k
| Avkl? =23 Jh5u+ D hip = [Avel* =D by,
j=1 j=1 Jj=1

because of the orthonormality of the Arnoldi vectors v;, ¢ > 1. O

Proposition 2.2.9 Let fo > f1 > fo... > fn = 0 be a non-increasing sequence of
real values. If the Arnoldi algorithm applied to A with xo = 0 does not break down
before the nth step, then there ewists at least one y € R"™ such that (2.5) holds for
A=A —byT with W satisfying (2.6) and H satisfying (2.7).

P roof: We will search for an appropriate y € R" by successively imposing
conditions on the vector y during the computation of a suitable orthonormal matrix
W. This matrix will be computed by applying the Arnoldi process to A with wy =
Ab/||Ab||. The process cannot break down because by assumption dim K;(A.,b) = i
for all i < n and also dim(span{b, Ab+ y1b,..., A" b+ ~;,_1b}) = i for arbitrary
real scalars ;. In particular,

dim AICZ-_l(A, b) = dim AICl-_l(A, b) =

dim(span{Ab + (y7b)b,..., A" b+ (yT AT)D}) =i — 1.

Hence, for all possible choices of y the Arnoldi vectors w;, ¢ < n, are non-vanishing.
Let the first condition on y be that the Arnoldi vector wy satisfies b7 w; = g(1).
This condition can be fulfilled by fixing the value y”b, which we denote by ag. We
have
T bT(A —byT)b bTAb — ag|b||?
bt wy = = .
AL — bl /] Ab|Z — 2a0bT Ab + 2| |b]]2

The right-hand side of this equation is well defined because w; never vanishes, it
is continuously dependent from o and takes values between —||b|| and ||b||, among
others it can take the value g(1) < ||b]|| if we choose g accordingly. Squaring both
sides of the above equation yields the roots

(2.17)

T AB([b? ~ g(1)?)
O IRl — g(1)?)

V(T Ab([[b][2 — 9(1)%))* + [IBIP([BI? — 9(1)%)(9(1)2[|A]2 — (BT Ab)?)
—[lol*(l[bl* = 9(1)?)
Because the term ||b]|2 — g(1)? = f2 is positive, one sees that only the smallest of the

two roots (a4 ) can give a positive right side in (2.17). The value b”w; is positive
by definition, thus the smaller root is the unique value for ag that solves (2.17).

+
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Now let us assume we have defined orthonormal w1, ..., w; for some i and, by the
choices of the values a;_1 := yij,l, forced these w; to satisfy bij = g(j) for
2 < j <. The next step of the Arnoldi orthogonalization process, that is orthogo-
nalization of Aw; against wq, ..., w;, yields a vector

i
Wit1 = Aw; — Z(ijAwi)wj.
j=1

The dependency of this vector from y is restricted to the value y” w; which we will
denote by «;. The Arnoldi vector w;; results from normalizing w;1; and it must
satisfy

brwipy =g(i+1)
because of (2.6). The inner product b w;;1 equals

b7 (Aw; — Y5 (wl Awy)wy) b7 Aw; = 35 (wl Aw;)g(j)
il B \/\|sz‘||2 _ E; L(w TAwi)Q
bT Aw; — oy ||b]|* — Z] L 9() (w! Aw; — g(j)as)
1AW+ [b]2a? — 2067 Aw; — S, (w] Aw; — g(j)ai)?
T Aw; — Y (w! Awy)g(j) — o f?
\/HAwiH2 - Z;:1(ijsz‘) + a2 f2 — 20, (b7 Aw; — 22:1 g(j)ijAwi)

9

where we have made use of Lemma 2.2.8. This is an expression that is continuously
dependent from «;, it is defined on the entire real axis because ||w;41 || never vanishes,
for a; — —oo it tends to f; and for a; — oo to —f;. Thus, due to

fi > \/fz2 fz+1 g(i+1),

the value g(i+1) is assumed for some o; # oo. More precisely, we can apply the same
computation as for the first step and with the abbreviation v = b7 Aw; — 23:1 9(J) (ijAwi),
we obtain the following value for «; :

—(f7 —g(i+1)?)
—fE(fE = gli+ 1))

\/72(122 —g(i+1)2) + fA(f2 = g(i + D)) (g(i + D2(|| Awi]|? = 5y (wF Aw;)?) = 4?)
—f2(fF —gli+1)?) '

For reasons analogue to the case above, this solution is unique.

After (n — 2) Arnoldi steps we have defined wi,...,w,—1 and we have obtained
n — 1 conditions for vy, namely y”w; = «o; for i < n — 2 and the condition y”'b = ay.
Because of fo > f1 > fa... > fn = 0 the sequence {b,ws,...,w,—2} is linearly
independent and thus at least one y € R" satisfying these conditions exists. For the

_l’_

a; =

same reason, {b, w1, ..., w,_1} is a basis of R". Let us put
n—1 T
w Awn 1 — Z] 1( ~Awn 1)’LUj
n

" Aw, - Si) (W] Awy,n)wj||
Then w,, is one of the two unit vectors that are orthogonal to all wy,...,w,—1. In
the basis {b, w1, ..., w,—1} it has the form

n—1

+1
b— bTwi w;
16— 2235 (bTwz)wzll( ;( )

Wn =
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and

Ty N~n—1T, 2 Ty _ N™n—1 2
bTwn::l: b b ZZZ]_ (b wl) - + b b E’L:]. g(Z) ::l:fn—l-

n—1

b =325 GTwiwill ) fyry — ) (w2

If ¥"w,, happens to be negative, we can change the sign of w,, without loss of gene-
rality. With W being the orthonormal matrix whose columns consist of wi, ..., wy,,
we thus can define an y so that (2.6) is satisfied. To complete the proof it remains
to choose elements of R for whom (2.5) holds. To achieve this, define the upper
triangular elements of R as follows

i1 = ||Ab|], rij = w] Awj_1, i<, rij = llwll, j=2.

From the Arnoldi orthonormalization procedure that we have applied, we obtain

1,2 ... Tin 0O ... 0

N 72,2 Ton 1 0
A(wl,...,wn,l) =W . . = WR .. : . (218)

0 ... Tan 0o ... 1

The missing product in (2.18), Aw,, equals

n—1 n—1
N N ]. T 1 N T ~
Aw, = AbTwn (b— ;(b w;)w;) = W(Ab - ;(b w;) Aw;) =
1 ) n—1 7 .
bTU)n Ab — Z bTwi ||U~)i+1 Hwi_;,_l + Z(ijAwi)wj

i=1 j=1

This vector is equal to the last column of WRH, where H is given by (2.7):

1
- 1 —bTw1 1 o n-l T T
WRHe,, = bTwnWR : = T <||AbH — ;(b w;)(wy Aw;) | wi+
—bTw,_;
1 i, A 1
o (—(bTwl)Hﬁ)gH — Z(bTwi)(ngwi)> Wwo+ ...+ o (—(bTwn_l)Hu?nH) Wy,
n i—2 n

Hence, (2.18) augmented with the vector Aw, is easily transformed to equation
(2.5). O

2.3 The backtransformed approximation

We now turn our attention to options of substituting the solution of the auxiliary
system in the Sherman-Morrison formula (2.3) to obtain the solution of the original
system. In case the solution of the second system is exact, Sherman-Morrison also
yields the exact solution of the first system. A first way to improve the GMRES
method with the help of the Sherman-Morrison formula that comes to mind, is to
try to define an auxiliary system that finds its exact solution earlier than the original
system does. This, unfortunately, is not possible. As soon as the second system has
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found the exact solution, the corresponding Krylov subspace has maximal dimension.
But at the same iteration number the Krylov subspace of the original system would
have reached maximal dimension, because the Krylov subspaces of both systems are
identical (see Proposition 2.2.1).

As a second option, one could substitute only approximate solutions of the
second system in the Sherman-Morrison formula. As we were able in the previous
section to construct auxiliary systems with arbitrary convergence speed, finding a
,,good” approximate solution &y, k < n, for such system should not be too diffi-
cult. Having done so, we can back-transform with the Sherman-Morrison formula
as follows:

A=Aty =A"0— A b1 +yTA D) YA b~
T A A

s (1 T y=1a Ta — [1_ Yy Tk s Tk '
T — (L+y k) 2xy" 2 < T+ oTn T T4 yTan

As far as yT 2, # —1, we can use
Ty

= 2.19
1+yTay ( )

Tk
as an approximation for the original system. Due to the fact that Z; is only a scalar
multiple of Zj, we have T € Ki(A,b). But again the equality Kr(A,b) = Ki(A,d)
prevents any improvement with regards to the classical GMRES method, because
the classical GMRES iterate xj, for the original system already minimizes

|b— Az|| overall z e Ki(A,b)=Ky(A,b).

Summarizing, application of the Sherman-Morrison formula to the full GMRES
method in the above proposed manner will not improve its convergence and this
is essentially due to the identity of the involved Krylov subspaces. But initially we
were interested in overcoming stagnation of the restarted GMRES method. When
we use the restarted version, initial guesses at the beginning of every restart are
nonzero and therefore Proposition 2.2.1 does not hold anymore and one can expect
some improvement. In fact, we could use Theorem 2.2.7 to construct an auxiliary
system whose say k first iterations do not stagnate and apply GMRES(m) for m >
k, to that specific auxiliary system. The philosophy behind this way of doing is
that non-stagnation of the k very first steps might cause non-stagnation during
the k first steps of restarts that follow too. Having found an approximation Zj of
the second system, back-transformation with Sherman-Morrison according to (2.19)
yields an approximation to the original system that is perhaps not as accurate as
T is for the auxiliary system, but it is not unreasonable to expect T to be a
better approximation than the approximations of the original, possibly stagnating
GMRES(m). An algorithm based on this idea is Algorithm 5.2.1. Let us demonstrate
the procedure with some examples.

Example 1. PDE stiffness matrix of dimension 400.

We consider a linear system that arises from the discretization of the differential
equation
—e Y Au+ (10 +ye )u, + (10 + ze”*Y)uy —60u =1 (2.20)

on the unit square with Dirichlet boundary condition u = 0 on ([0, 1])?. Finite
difference approximation on a 20 x 20 grid yields the stiffness matrix A € [R400%400
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PDE stiffness matrix 400 x 400

1 5 9 13 number of restarts

GMRES(30)

BACKTRANSFORMED GMRES(30)»

-10

_11 GMRES(30)*

log(lIrI/11rOl1)

Figure 2.1: Auxiliary system and back-transformed residuals

and our right-hand side b has only elements which have the value 0.5. Thus ||b|| = 10
and we choose xy = 0.

When we apply the GMRES method restarted after 30 steps to this system,
the process stagnates. With Theorem 2.2.7 one can construct an auxiliary system
with non-stagnating initial iterations. For example, let us ask the first 10 residual
norms to fulfill

[7oll = 10, 71l =9, l7all =8, [IFsll =7, l7all =6, [I7s]] = 5,

I76ll = 4, 7zl =3, lI7sll =2, [I7oll = 1.5, [IF10ll = 1.

Having defined a vector y forcing such residual norms, we can apply GMRES(30)
to the resulting system with the same right-hand side and matrix A — by”. This
process does not stagnate anymore. Moreover, when we use the approximations of
this system to back-transform according to (2.19), the approximations to the original
system do not stagnate either. This is shown in Figure 2.1. Graph GMRES(30)
displays restarted GMRES(30) applied to the first system and graph GMRES(30)"
concerns the auxiliary system.

Example 2. PDE stiffness matrix of dimension 102400.

Similar behaviour is observed when we proceed to larger dimensions. When we
discretize differential equation (2.20) on a 320 x 320 grid, we obtain a stiffness matrix
of dimension 102400 x 102400. It has 510720 nonzero elements and the right-hand
side belonging to this problem is b = (9.7-107¢,...,9.7-1075)T with ||b|| = 0.003104.
We choose, in order to apply Theorem 2.2.7, the initial guess zero. The system is
so large that even with restart parameter 50, GMRES does not converge at all. A
relatively stable projection method with short recurrences, the QMR method, meets
with similar problems.

When we apply Algorithm 5.2.1 restarted after 50 iterations and with an
auxiliary system with 4 prescribed residual norms, ||71] := 0.003, ||72| := 0.002,
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|73]] := 0.001 and ||74]| := 0.0005, then the process converges (both auxiliary and
original system after back-transformation). During initial restart cycles residual
norms temporarily increase due to denominators 1 + y”250 in (2.19) being compa-
ratively small.

We address this problem in the next section. The resulting curve (after back-
transformation) is SHERMOR(50,4) in Figure 2.2.

Example 3. Convection-diffusion matrix of dimension 4720.

This is an example that is hard to accelerate for preconditioning techniques as well
as with our strategy. We consider the convection-diffusion equation

—eAu+b-Vu+cu=f in €, u=1up on 0,

where Q  R? is a bounded domain with a polygonal boundary 992, € € (0, 1) is con-
stant, b € Whe(Q)% ¢ € L=(Q), f € L*(Q), and u, € H3?(99). With ¢ = 1078
we create a very convection dominated problem, for details see Knobloch, Tobiska
[43]. In this paper a streamlined diffusion term with control parameter dx is intro-
duced for discretization purposes. It is shown that the resulting discrete problem
has a unique solution when Jx is chosen small enough. We wittingly took the large
control parameter d g = 50 to build a corresponding stiffness matrix with bad conver-
gence properties. On a grid with 21 inner points we obtained a matrix of dimension
4720 with 23284 nonzero elements. In addition, we applied restarted GMRES to
the linear system with the small restart parameter 16. Figure 2.3 illustrates the
troubles projection methods have with this kind of problem. GMRES(16) converges
very slowly, it needs 30000 matrix vector products to reduce the initial residual norm
with a factor 107°. The QMR method makes a promising start but stagnates after-
wards. Especially uncontrolled is the behaviour of the BCG method. This example
demonstrates very well the smoothing influence QMR has on its oblique parallel.

Concerning our acceleration technique, we could not achieve any improvement
by forcing arbitrarily chosen non-stagnating residual norms for the auxiliary system.
It was necessarily to select the prescribed values very carefully. We applied the
following strategy: We used the first 5 residual norms that classical GMRES(16)
generates and modified them very slightly in order to stimulate convergence but to
avoid too large norm decreasing. In this case too large norm decreasing occurs very
easily. With the prescribed values

|71]] = 3.552793222, ||72|| = 3.323801355, ||73] = 3.106983257, ||74]| = 2.91

and ||75|| = 2.4497933359, we obtained the curve SHERMOR(16,5), which reaches a
residual norm reduction of 10~° after about 3 times less iterations than GMRES(16).

In the sample experiment of Chapter 5 a last application of this strategy is presented.

2.4 The gap between original and auxiliary system

In the preceding section we have proposed a strategy to exploit fast converging au-
xiliary systems to accelerate original systems. The philosophy consisted of forcing
non-stagnation for one system and expecting that this non-stagnation is transferred
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PDE stiffness matrix 102400 x 102400

matrix vector products

1 3000 5999 8998 11997 14996
14
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Figure 2.2: QMR, GMRES(50) and GMRES(50) with prescribed auxiliary system
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Convection-diffusion matrix 4720 x 4720

matrix vector products

1 5000 9999 14998 19997 24996 29995

BCG

QMR

GMRES(16)

SHERMOR(16,5)

log(lIrli/IrolD)

Figure 2.3: QMR, BCG, GMRES and SHERMOR for a convection dominated prob-

lem

to the other system. But it is logical to expect that we lose a part of the conver-
gence speed during the transfer, especially when the original system has very poor
convergence properties. In Figure 2.1 the loss of quality is expressed by the gap
between GMRES30”" and the back-transformed curve. In the other examples we did
not display the curve of the auxiliary system anymore. The gap between the curve
for the first system after back-transformation and the curve for the second system
can be explained by the following equation:

: Ti A b—(A—byD)i b Ad
b—Afzb—A( iy >:b+byx T b—( by )x b Z

1+yTz 1+yTz L+yTe 1 +yT3’
hence .
i b= Az
b — Az|| = 1 L T
1+ y" 2]

The loss of quality after back-transformation grows particularly large when the scalar
1+ y7'# tends to 0. Due to Theorem 2.1.1 and the non-singularity of A + by” = A,
the expression 1 + yTA_lb cannot vanish when A is nonsingular. In other words,
when 1 + 372 is very small and # is a good approximation of Ailb, then A must
be close to singular. Non-singularity of A appears to be in danger whenever we
force the auxiliary system to have too fast convergence speed. This is expressed by
the following proposition. The result is not surprising since when we ask for fast
convergence, our parameter vector y must have comparatively large elements (see
equation (2.15)). The matrix A — by’ can become merely a perturbation of by’ a
singular rank-one matrix.



2.4. THE GAP BETWEEN ORIGINAL AND AUXILIARY SYSTEM 67

Proposition 2.4.1 With the assumptions and notations of Theorem 2.2.7, let Ty,
denote the kth approzimation calculated by the GMRES method applied to the system

Az =0, (2.21)

and let k < n. Let a; == yTv;, i < k, and ﬁk denote the upper triangular matric
obtained by elimination of the lower subdiagonal elements of the kth Hessenberg
matriz with the help of the Givens parameters ¢;, §;. Let further ry denote the last
column without last element of the matriz obtained by applying the first k—1 Givens
rotations associated with (2.21) to the kth Hessenberg matriz associated with the
original system (1.1). Then

AA k ~ k—1 A
R X o SkCe(Do5o1 Gl TLZ5 (—51)
14y e, = (1+y"a41) (si + =1 97 9 S (2.22)

hk+1,k
Sele !
kCr R —
- B | J EGEDICITRIT ) : Mt

h
kt1k oy

Proof: After the kth GMRES iteration applied to (2.21), let Vi, denote the matrix
whose columns are the first & Arnoldi vectors, Hj, denote the upper Hessenberg
matrix of dimension (k4 1) x k obtained together with the computation of Vi, and
let 3 = ||b]|. In the kth step we have k conditions for y:

yTVk = (al,...,ak). (2.23)
With a := (a1, ...,o)T, solutions for y all satisfy
y € Via+ U,

where U is the orthogonal complement in R" to span{vi,...,vx}. The kth ap-
proximation Zj has because of the zero initial guess the form Viwg with wy € R¥
minimizing ||fe; — Hyw||. Hence,

yT.fck = (Vka + U)T(kak) = aka. (2.24)

The vector wy can be obtained by computing the QR-decomposition of H,, H;, =
QkRk With Ry belng the upper triangular matrix given by R;, without its last
row and g being Qk (Be1 without last element, we have

A1
wy =Ry g¢.

When we denote the last column of Ry, without its last element by T, then according
to Lemma 2.2.5

Ta ~ 7 ~ .
irkzsihi+1,k+cizcj 1h]kH —5), i<k—1,
7j=1

and the element of f{k on position k£ x k equals

k—1

Thj = Skhk+1k+0kzcg vhiw [T(=50)
J=1 =y
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Similarly, g has elements

gi=eB][(—5), i<k (2.25)

For the upper triangular matrix the following recurrence formula holds:
A1 N
ﬁ;l _ (Rypoy —Ry_q - Pi/Pr :
0 1/7kk

with Rj;_1 being the left upper (k—1) x (k—1) part of R;. If g = (g%, gr)T, then

~ 1 A1 y
wy =Ry g = (Rkl -Ry 'Pk/Tk,k> (9 ) (Rk (g% — grfic/ 7, k))

0 1/7k Ik 9k/ Tk
and hence
A1
alwy, = (a1, ..., 00-1)Ry_1 (0" — gifi /T k) + QkGi/ T k- (2.26)

Combined with (2.24) this yields
N N 51 ~A a N
1+ yTCL‘k =1+ yT.’Ek,1 — ((11, . 7O‘k71)Rk—1gkrk/7ﬂk,k + akgk/rkyk. (227)
The last term of this expression equals

Gk _ arérSTT=T (—3)
Phk  Sphirin + e ZJ L E-1hg Hz—j (—=41)

Because 55, and ¢, must zero out ilk+1,k we choose them according to (2.11) as

Be = —= Pt 1k ’ (2.28)
\/h%—i-l,k + (Zf 16— th k Hl—j (=51))
5 — Sy &b TS (=4) ‘ (2.20)
\/hiﬂﬁ(Z] 1 Gj— lhakn ( 81))?
Hence
onge BT (=80 (5= &-1hyn TS, (=) (2.30)

Tk h%+1 kT (ZJ 1 &bk Hz_g (—51))?

Ck
- a3
S G I (=) H

Only lAzl’k. = hy — Bay, depends upon y, otherwise hj,k =hj = vaAvk. Values for
oy that yield a Givens sine of the form (2.28) are given by (2.15) and straightforward
computation shows that in (2.15) only the positive root gives the Givens cosine of
(2.29). Thus

¢ k
%hk+17k - Z] 1 CJ 1h3 k Hl—j ( )

o = (2.31)
—BIL= (—4)
and exploiting twice this equation we obtain
C ko 4 k=1, 4
Gk o Ehirie — 2501 G-1hik [LZ (=51)

~ k _ N — ~
T'k.k o Hf:f(_sl) —hig Hf:f(_sl) - Zf 2 Cj—1hjk Hz—g (=51)
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k A k—1 ~ A A k A k—1 ~

o2 5 Ehprg — Yo &bk IS (=8) g2 G 2 =1 Gi-1hi ITZ5 (—50)

Ck 5 = —Ck .
— & ek Prt1.h

Thus (2.27) changes to

k4 k=1, &
) X N CkSk D1 G—1hj IT=; (—51)
1ty ap = 14y a1 —(ar, . . 1) Ry gfie /P p— Gt : " . =
kt1k
sk k-1, &
o Bk CGrhk [T (=80) 4 5l
8+ 4 - d +y o1 —(an, . 1) Ry gefic /P (2:32)
+7

Concerning the last term of this expression, we have

Sihit1k + G 22:1 éi—1hjg H;;l'(—@)
1)- - — S
Skhrsie + e Y5y &-1hin [ (—51)

9k

—S

BT (=5) =
=1 Sihit1x + ¢ ((th — Bay,) H(—§z)> +¢ Z Ci—1hjk H

N Cr
Skhk41 + Gl S Mgk =1 =

having used (2.31). Again with (2.31) this expression equals

CLdk0 Hf:_ll(—éz)

X
hki1k
-1 i i1
Sihivin+é [ 7)) *hkﬂ k— ZC] 11k H —s) | +e > eahin [J(-3
1= ! j=1 I=j
Thus
PN k—1 N
C s Sk [ Ti=y (=81)
9ktx /T = B r, +
Pk k

Ber [Ty (—4)
(éi Ckskz —1 Cj— thkHl—]( )) Z:I
B TIZE(3)
The claim follows by substitution in (2.32) and when we realize that

Ber [Ty (=31

Piy1 k

B TI2(~4)
O

Proposition 2.4.1 shows that for too fast prescribed convergence, that is for
5, ~ 0, the value 1 + y”&, vanishes. Thus attempts to overcome stagnation of
the restarted GMRES method become ineffective when we ask for too dramatic
residual norm decreasing in the auxiliary system. On the other hand, a reasonably
defined, non-stagnating curve of the second system and back-transformation with
Sherman-Morrison can successfully overcome stagnating, as was seen in the above
examples.
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2.5 Open questions

The procedure we proposed in this chapter needs some more investigation concerning
the following points. First of all, the algorithm we constructed from it (Algorithm
5.2.1), is not a classical algorithm in the sense that it needs prescribed auxiliary
system residual norms as input. One can easily implement default auxiliary system
residual norms but we did not yet find out what prescribed iterations yield best
convergence in general. We do know from the preceding that too fast decreasing
norms spoil the back-transformation, on the other hand we must at least define a
non-stagnating second system. In some cases this is a very delicate problem. Let us
give an extreme example.

Example 4. PDE matrix of dimension 400.

Let us consider the first example of Section 2.3, where we prescribed the first 10
residual norms of the auxiliary system. Here we will describe only 4 residual norms
of GMRES applied to A — by’ namely

171l := 9, [[Fall == 8, [I7s]l := 7, [|Fa]l := 6.

The resulting auxiliary system perfectly converges, the back-transformed curve is
seen in Figure 2.4 and denoted by pmpm6. But when we force the initial residual
norms to equal

[P0l =9, Pl =8, lI7s]l :=7, |Ifa]l :=5,

we obtain a stagnating auxiliary system, and consequently back-transformed itera-
tions stagnate too. This is expressed by the curve pmpmb. Apparently, the distance
between third and fourth residual norm was chosen too large.

A different matter of concern is the choice of the concrete parameter vector
that forces certain residual norms. If we prescribe k norms, the proof of Theorem
2.2.7 finds 2% possible sequences of k conditions to put on y € R" (see (2.15)).
We are confronted with the choice of conditions and after that with the choice of
y that satisfies the chosen conditions. We solved the latter problem by putting
y := Vi(ag,...,a;)T when we have the conditions y’v; = a4, i < k. Thus the
computation of y € R" is the least expensive option, but other choices yield of
course other auxiliary systems. Concerning the choice of the conditions, we have
used so far only the conditions with positive root in (2.15). An example of the
influence of this choice is the following:

Example 5. PDE matrix of dimension 400.

We consider again the first example of Section 2.3, and describe as before 4 residual
norms of GMRES applied to A — by, namely

171l :=9, [If2]l :=8, IFs] :==7, [|f4]l := 6.

The curve pmpm6 that we have seen in the preceding example (in Figure 2.4) was
obtained by choosing for the first condition on y in (2.15) the plus sign, for the
second the minus sign, for the third plus and minus for the last (the same holds for
pmpmb). If we inverse these choices, i.e. choose minus-plus-minus-plus, we obtain
the curve mpmp6. The original nor the auxiliary system converges.

The only thing we can do to overcome these difficulties for the moment is
adding, when a prescribed auxiliary system yields stagnation, a correcting condition
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PDE stiffness matrix 400x400

number of restarts

-9 -
log(lIr]I/Iroll)

Figure 2.4: Sensibility of prescribed curve and parameter vector choice when apply-
ing SHERMOR/(30,4)

for y in the following sense. We have seen in the preceding section that the quality of
the back-transformation depends on the denominator 14+y” &j. With the information
gained from Proposition 2.4.1 we can compute, when the (k—1)st prescribed residual
norms yield stagnation, at iteration number k£ a denominator that is as far from
zero as possible. In case the stagnation is indeed caused by a too small denominator
14yT&j,_1, it is reasonable to expect that the new denominator 1+ y” &), corrects at
least for a while the problem of the back-transformation. And when the stagnation
has a different cause it can still be stimulating to have an auxiliary matrix that is
further away from singularity than at step & — 1. The correcting condition for y is
obtained as follows.

Let us consider a given value 7; # 0 and determine the values of §; in (2.22)
that make the denominator equal . For this purpose we introduce the following
notations:

k—1 E o 4 k=1, =
B ) A1 > i=1Gi—1hik [LZ (—8)

Tk = h (—Sl>(041, ey akfl)Rk_lrkv Sk = J J
K1k 5

i

Py k
and 1+ 4741 =: v1_1. Then

L+ylip=m <= Y15+ (m_1Sk — Th)érlr —m =0

= W-18F — W = £(W—15k — Tk)3ky\/1 — 52,
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PDE stiffness matrix 400 x 400

number of iterations
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9
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10 J
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Figure 2.5: Intervention to enhance the quality of the back-transformation when
applying SHERMOR(30,4) and SHERMOR(30,10)

yielding for §i the roots

2 (Ve-15k — Ti)® + 2%e— 1% = (Ve-15% — Te) v/ (We—19k — The)? + 49 (1 — W)
g 272 + (k15K — Tk)?)

(2.33)
From every root we can extract one value for §; that forces the kth denominator to
equal v as long as the above square root is defined. Thus the term under the square
root in (2.33), the determinant, can tell us what values the denominator assumes
at all. To correct k — 1 prescribed residual norms we choose a possibly large 7 in
the interval that is determined by the roots of the determinant in (2.33). From the
corresponding values for 3% we obtain a correcting condition on y. To illustrate this,
we will apply the procedure to the stagnating curves of examples 4 and 5.
In curve pmpmb5 we have prescribed 4 auxiliary system residual norms. The
roots of the determinant of (2.33) with k£ = 5 are -0.008333 and 0.175647. We choose
a relatively large fifth denominator in this interval, namely

1+yTés =017

and obtained two Givens sines forcing such denominator, §; = 0.999265 or §; =
0.924693. We have chosen to force the smallest one and we computed the resulting
condition for y. Having defined the auxiliary system with these 5 conditions for y,
the corresponding back-transformed curve pmpmb in Figure 2.5 converges very well.

As for curve mpmp6 from Example 5, we applied exactly the same strategy:
The roots of the determinant of (2.33) with £ = 5 are -0.004602 and 0.457942.
We choose in this interval 1 + 725 := 0.4 and obtained two Givens sines forcing
such denominator, §; = 0.965911 or §; = 0.895302. Of course, we have chosen the
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smallest, the second one. Having defined the auxiliary system with these 5 conditions
for y, the corresponding auxiliary system curve mpmp6” in Figure 2.5 converges
and the back-transformed curve mpmp6 does so too. We see the gap between the
two systems stays, after the initial cycles, very constant. It even corresponds to
a denominator of size about 0.3 but this is certainly coincidence because the gap
changes heavily after the moment of intervention, the 5th iteration.

Finally, we showed the positive influence an extra condition can have on a
system that converges already. We prescribed the 10 residual norms of Example
1 and choose the conditions with alternating plus and minus sign in (2.15). This
system converges slower than the one displayed in Example 1. When we apply a
correcting eleventh iteration in the same manner as before, we obtain the curve
pml0 in Figure 2.5. It is even steeper than the one of Figure 2.1.

Of course, the motivation for using this last strategy is rather heuristic. But
we believe that observation of the denominator is the key to optimal prescribed
convergence curves. As we mentioned above, this item and the choice of the concrete
parameter vector need further investigation.
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Chapter 3

Rank-one updates after the
initial cycle

In the preceding chapter we succeeded in prescribing the convergence speed of the
GMRES method when applied to the rank-one updated matrix A —by” by the choice
of y. This was possible because we considered processes with zero initial guess. The
power of exploiting A — by’ in a GMRES cycle with zg = 0 is mainly caused by
the fact that adding the rank-one matrix —by”, where b equals the initial residual
itself, one can make the distance between this residual and the projection space as
small as wanted. For zg # 0 this does not hold anymore. But we can apply the
results of Chapter 2 to an original system with nonzero first guess in a simple way
by considering Theorem 2.2.7 with

b:= v = (b/ — A.’L‘O)/Hb/ — A.%()H,

b’ being the right-hand side of the original system. Then we obtain whatever con-
vergence curve for

A=A- vlyT
with right-hand side v;. With (2.3) one could find an approximate solution Z of

Ax =y,

and hence
A([0" — Azo||z +20) = V.

We have seen convincing examples of the effectiveness of the technique from
Chapter 2, but we also presented an example where stagnation could not be over-
come. In principle it is possible to define, as soon as a process stagnates, an auxiliary
system with the nonzero approximate from the preceding cycle as initial guess in
the way just described. One must only realize that transition to a new system after
every restart does not make sense, because an auxiliary system never improves the
iterates of the original system as long as it is not restarted. We have pointed this
out earlier in Section 2.3.

Thus we can translate the advantages of zero initial guesses to arbitrary
guesses, but we also have to deal with the problems we formulated in the end of
the preceding chapter. Unfavorably prescribed residual norms can spoil the conver-
gence of the first cycle during later restarts and moreover, the auxiliary system can
converge but back-transformation leads to division by nearly zero. It would be very
useful to be able to improve a given matrix in a different way after the first GMRES
cycle, that is when iterates start to converge and to be further away from the origin.

75
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3.1 Local minimization

If ¢ # 0, Proposition 2.2.1 is not valid anymore. Instead of the first row elements, all
the elements of the Hessenberg matrix generated by an Arnoldi process for A — by”
are dependent on y. The dependency from the lower subdiagonal elements is not
even linear anymore. As a consequence, also the property ICk(A, ro) = Kp(A,rg) is
lost. This has one advantage, namely that back-transformation from an auxiliary
system can improve convergence during non-restarted, that is full GMRES processes
too. On the other hand, the computation of a favorable parameter vector exploiting
a modified Hessenberg matrix as we did in Section 3.2 is significantly more compli-
cated. But modification of projection angles with the help of Givens sines is still a
useful tool. With Corollary 2.2.6 Givens sines satisfy

}ALZ
$ 2 k+1.k e =1
k - il,2 k AA i]]. k_l /\' 27 0 T .
kg T (ijl Ci—115k Hi:j (—5:))

With ﬁk+1,k depending upon y it is clear we cannot prescribe arbitrary small sines
anymore. In fact, all we can do is minimize them.

Before we proceed to minimization techniques we would like to remark the
following. We are primarily interested in acceleration of stagnating systems. When
a process stagnates we have very large Givens sines, or equivalently, nearly vanishing
Givens cosines. Thus the term

k—1

k
D eiahi [T(=5)
Jj=1 i=j

approximately equals :l:iAllyk ! Only the first row element and the lower subdiagonal
one do really matter if stagnation occurs and we have

Ry lAe2- YR,

A~ = — = —— T
hi—f—l,k + h%,k | Ak — ijz h?,k

i

due to Lemma 2.2.8. Interestingly, this remark is the more valid the worse a system
converges. As in the previous chapter, a relatively large choice of fLLk will stimulate
convergence. This fact has already been observed in the past in the context of
GMRES processes before. Indeed, large numbers hy ) = vl Avg imply that the
normed residual vy is close to the kth dimension of the projection space AKk (A, rg).
Hence the kth residual is small.

Now let us investigate minimization of Givens sines. A new possibility with
nonzero initial guesses is that we can intervene already from the initial residual norm
on:

171> = [1b = Aaol® = llro + by z0) |1 = lIroll® + 2(y"20) (rg b) + (y" x0)*[1BI|*.

The choice -
T ro b
y o= —
1]

minimizes the initial residual norm and the minimized residual equals

T
_ by
16l

o =T0

(3.1)
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Concerning the residual norms to follow, we have

17kll = lI7oll[51 - - - - - Skl
and again with Corollary 2.2.6

BQ
32 _ k+1,k
Sk = iL2 PR iL =] .
ik T (i1 G—hyk ITZ5 (=8)

)

with ¢y := 1. Having minimized ||71|| until ||7x_1||, minimizing the kth residual norm
amounts to maximizing

2521 &j-1hjp Hf:_jl(—@')
i . (3.2)
Pi1 k

If we have minimized the initial residual norm as above and consecutively minimize
all following norms, we obtain the following result.

Proposition 3.1.1 Let us consider minimization of residual norms by the choice
of y € R" when the GMRES method is applied to the system

Az =b, A=A-by", (3.3)

with nonzero initial guess and assume that the k+ 1st Krylov subspace ICkH(A, 70),
k+1 < n, has dimension k+1 and is spanned by {v1, ..., vk41}. If we have minimized
the initial residual norm by requiring

T
T rob
Yy To = — )

[[b]2

and consecutively minimize the first k residual norms, then the condition

. bTAf)k 1
yTUk:-i—l = 7\“’”;

minimizes the (k + 1)st residual norm. Moreover, the Arnoldi process with these
choices generates a Krylov subspace Ki1(A, 7o) that is orthogonal to b.

Proof: Perinduction. k = 1:
Because of (3.1) we have

1 )
~T T 0
v b = = b To — 7() = O

! HTOH ( ° ||bH2 )

The first Hessenberg element therefore equals
hia = 07 (A — by, = oF Ady.

Minimizing the first Givens sine is in this case the same as minimizing iLgJ because
of (3.2). We have with Lemma 2.2.8

W3y = Ao = hiy = (A —by")ol* —if, =
lAD1 ] — 2y" 016" Avy + (y"01)?([b]|* - A,
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and ilg,l is minimized by the choice

b AD

T A~ 1

y = .
1b]|?

k— k+1:
Let us assume we have minimized the first & Givens sines with

r. bTAY;

y Ui: HbH2 ) Z§k7
and have proved that 97 b =0, i < k.
From these assumptions it follows that

k 1
o b= b (Ady, — Z ik0j) = = b (A — (y"op,)b)
k+1 k =1 k+1,k
1 bTAD
— (A — ) = 0.
P41,k B]]
Therefore all
}Ali:k+1 = @;T( - byT)®k+1 = r[)iTA’lA)k+l7 { S k + 17

are independent from further conditions on y. Minimizing the (k + 1)st Givens sine
is in this case the same as minimizing hy42 k41 because of (3.2). We have with
Lemma 2.2.8

k+1 k+1
hk+2 k+1 = ||Avk+1||2 Zh] k1 = [[(A — by )Uk+1||2 Zh] k+1 =
Jj=1 Jj=1
k41
|AD41]* = 20 D10 Adpyr + (¥ Orsr) 200 = D B34y
j=1

and hence hj9 141 is minimized by the choice

N bTAfzk 1
yTUk+1 ||b||2+

O

The dependency of the Hessenberg matrix from gy, which was concentrated
on its first row in the previous chapter, for nonzero initial guesses moves to the
lower subdiagonal. With the foregoing proposition, one can easily find a vector
y € R" such, that the GMRES method applied to the alternative system (3.3)
with nonzero initial guess reduces the residual norm of every step maximally. The
resulting algorithm, Algorithm 5.2.5, is amazingly simple. Let us give an example
with this kind of minimization.

Example 1. Nonnormal test matrix.

This highly nonnormal matrix is taken from Erhel [7]. It has the form A = SDS™!
with A, D, S € R D g a diagonal matrix, D=diag(1, ...,100) and S is bidi-
agonal with the element 1 on the diagonal and 1.1 on the upper subdiagonal. The re-
sulting matrix has 5050 nonzero elements, we used the right-hand side b = (1,...,1)7
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Nonnormal 100 x 100 matrix

matrix vector products
(6} 35 70 105 140

/\ GMRES(20)

QMR
-10 -
Local(20,10)
-12 -
log(lirii/lIrolD
Figure 3.1: QMR, GMRES(20) and local minimization
and in this case a nonzero initial guess is needed. We chose z¢ = (0.001,...,0.001).

Successive minimization of the auxiliary system during the first 10 iterations over-
comes the stagnation of GMRES(20). The curve after back-transformation from the
auxiliary system is denoted by LOCAL(20,10). The QMR method, however, gives
about as satisfactory a convergence curve and is computational less expensive due
to three term recurrences.

The minimization we achieve with Algorithm 5.2.5 must be understood in depen-
dency from the iteration number. Moreover, maximal norm reducing of one step
can prevent the next steps from being reasonably minimalizable and in the worst
case a cycle without any minimization converges better than stepwise minimization.
In the example at the end of Chapter 5 this is exactly what happens. GMRES(50)
converges very slowly but it converges and our minimization stagnates without any
convergence. This phenomenon reminds us on the paradox that we already men-
tioned in Section 1.4 and that is due to Eiermann, Ernst and Schneider [16]: Ex-
amples exist in which convergence is faster for smaller restart parameters than for
larger ones, because the resulting vectors 7;_1 generate closer Krylov subspaces.

3.2 Global minimization

The process of Proposition 3.1.1 minimizes residual norms at every single iteration
in relation with the foregoing residual, that is only locally. One would expect better
results when globally minimizing the residual norm after say k steps, regardless of
the norms of previous residual vectors. This is what we will do next.
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To begin with, let us assume we do not try to minimize the initial residual.
Instead let y” ¢ be zero, so that ||ro|| = ||7o]|-
When GMRES is applied to the system (3.3), the residual norm of the kth iterate
is the distance from the initial residual to the subspace

A <k
span(Arg,..., A rg).
Let us take a closer look at this subspace.

~ k
Lemma 3.2.1 The vector A ro, k > 1, has the form:

k—1
Ak )
Arg= Ak’l”o + E Ozk_jA]b,
J=0

with
k—2
ar=-yTrg and ap =—y"AF g =Y (T AID) a1, k> 1
§=0
Proof: Byinduction. £k =1":

Ary = (A = by")rg = Arg — byTro.

k—1— k:
k k=2 .
A rog = (A — byT)(Z Oék_l_jA]b + Ak_lro) =
§=0
k—2 . k—2 ' k—1 ‘
> ap AT AFT=b | Y o1 (yTATD) +yT AR g | = g jATbH AP,
j=0 =0 =0
with
k—2 ‘
ap = — (yTAjb)ak_1_j + yTAk_l?"o . O
§=0

As a consequence, we have
AK(A, o) C span{Ary, ..., Abro,b,..., AV

In order to investigate the behaviour of the subspace AKi(A, 7o) in current stable
GMRES implementations we need to express its elements in terms of orthonormal
bases for AKC,(A,rg) and Ki(A,b).
Let {v1,...,v;} be an orthonormal basis of Kr(A,b) with v; := b/||b|| and Arnoldi
decomposition . .

AV =V Hy, hij= (Hp)iy,

and let {wy, ..., w;} be an orthonormal basis of A (A, rg) with wy := Arg/||Arol|
and Arnoldi decomposition

AW, =W, 1Gy, gij = (Gp)ij

We will propose a basis {w1,...,w;} for Ale(A, ro) that consists of linear combi-
nations of {wy,...,wx} and {vy, ..., v}
For kK =1 we have

Arg = (A —by")ro = ||Arg|lwy — ||b]lyTrovs.
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We initialize by putting

Iblly"ro

TArol (34

Wy = wy + Q1,101 a1 i= —

Clearly, span{uy, Awl} = A’CQ(A, r9). We have
Aty = Awi+ay 1 Avy—b(yTin) = g11wi4ga1wa a1 (hy 1v1+ho1ve) —||bl|y T i v;.

But AICQ(A,TO) also equals span{w, (Awl — g1,1W1)/g2,1}, giving a basis that is
more easy to work with. The second basis vector we then equals

Wy = (And—g1,1101) /92,1 = (go,1w2 + (a1,1hi1 — ar1g1,1 — [|bllyT 1)1 + a11ho1v) /g2
In general, we define
i
Wip1 = (A = Y gji;)/giv1- (3.5)
j=1
Note that this is not the same as Gram-Schmidt orthonormalization.

Lemma 3.2.2 The basis {1, ..., Wwit1} for AICi+1(A,T0) described by (3.5) has
(i + 1) st basis vector of the form

Wit1 = Wit1 + Q1101 + -« o+ Qi1 1Vig, (3.6)
where

i
ari = (=[blly"w; + Z i1k — Q1 kGk,i)/ Git1,i s

k=1
7 7
o a;ihit1
Qir1 = ( Y rihjr—> Qirgri)/givri, 2<j<i, and oy =
f—j—1 pay Gi+1,i
Proof: If w =w; + a1,V + ...+ 05, then
i+1 % j+1
Aw; = Zg]le + Zaﬁ thjvk — by w;.
7=1
Hence, with the definition of (3.5),
i+1 +1 i+1
gi+1,iwi+1 Zgj iWj— Zg] ij+z Vj Z A1, ],k 1_”b||y Wiv1+v1 Z Qf zhl k=
j=2  k=j
i+1
Git1,iWit1 — Zg]z Zak,ﬂ}k +ZU] Z agihjk — o1 ([[blly” @ — Zakzhlk
7j=1 k=j—1
i+1
Jit1,iWit1 — ng Za] Kki + YU Z akihjx — vi([[blly" i — Zoémfh k) =
j=1 k=j j=2 k=j-1 k=1

7
Git1,iWit1 — E v;( ZO@ kGk,i — Z agihjr) + i v
j=2 k=j—1

% %
—or(|[blly" @i — Z agihi g + Z 1 kGk,i). O
k=1 k=1
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Thus elements of AK; (A, ro) can be expressed as linear combinations of or-
thonormal bases for AKC,(A,r9) and Kk (A, b).

A more interesting result is that by choice of the free parameter vector y € R",
we can nearly make true the opposite: If we have given an element of the form

k k
Z Biw; + Z ~iv; € span(Aro, ... J AP b, Ak_lb)
i=1 i=1
with real coefficients 3;, ;. Then we consider
k k i k k k
D B =Y Bilwi+ Y gy =Y Biwi+ Y vi(d Bjaiy),
i=1 i=1 j=1 i=1 i=1  j=i

because of (3.6). This expression equals Z§:1 Biw; + Ele 7iv; when the values a; ;
happen to be such that Z;’C:Z Bja; ; = y; for all 4. In matrix vector representation,

a11 Q12 a1k b1 M
0 a9 Qg k
=1 .|, (3.7)
0 Ok k ﬂk Yk
where the elements of the matrix are the unknowns ! But they are dependent the
one on the other. For example, from ojt141 = % in Lemma 3.2.2 follows

that

k—1
Rost 1
Jj+1,5
O k= 011 | | —_—
j=1 9i+L

and similarly for the other diagonal elements. Fortunately, we can attribute o i
whatever value by choice of yTrg due to (3.4), especially a value that makes ay
equal % The only case this does not work is when G = 0. In a similar way, all
elements of other upper diagonals depend upon the first row element of the diagonal
they belong to. We can solve our ,linear system” (3.7) by diagonally defining the
elements of the involved matrix: Having computed the value an element of the last
column must take to solve the system, that is having put

k—1

h—ik = (V=i — Z k—ij35)/Brs 120,

j=k—i

we compute the values that follow for the other elements on that same diagonal,
including the corresponding first row value. This last value is dependent on y € R"
and thus yields a condition for y. From Lemma 3.2.2 we easily obtain the following
recursion to diagonally define the unknowns of (3.7).

fori=0,k—-2

for j=0,k—17—2

Of—i—j—1,k—j—1 = ak—d—}k—jgk—$k—j—14‘}:&;&;24j‘yk—i—jnngnuk—j—l__anuk—j—lhk—i—$n1
Ak—i—j—1,k—j—1 = ﬁ;;:;%:;;j;ak—d—j—Lk—j—l

enddo

enddo
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With the o1 ; obtained by this recursion, the conditions to put on y are

7
y" s = (Z(ak,ihl,k — O kGk,i) — al,i—i-lgi—i-l,i) /ol i<k-1, (3.8)
k=1

—a11 AT()

We have proved the following result.

Theorem 3.2.3 Let k < n — 1 be such that AKy_1(A,ro) has full dimension and
ro as well as xo are excluded from this subspace and linearly independent from
each other. Furthermore, let {vi,...,vx} be an orthonormal basis of Ki(A,b) and
{wi,...,wi} be an orthonormal basis of AKk(A,ro). We can choose y € R such

that an element of the form
k k
Z Biw; + Z Vii
i=1 i=1

with real coefficients B3;, v; and with By # 0, is also an element from Ale(A, T0).

The theorem states that when we minimize, by the choice of the parameter vector,
residual norms of an auxiliary system with nonzero initial guess, we have the op-
portunity to create a system that finds during the kth GMRES iteration a residual
norm that is equal to the distance from the initial residual to a subspace of maximal
dimension 2k, namely span{Arg, ..., A¥ry,b,..., A¥71p}. In this sense, the theorem
describes the possibilities as well as the restrictions of global minimization. It also
partly explains what happens if we apply the strategies of the preceding chapter:
During restarts of an auxiliary system with a number of prescribed residual norms,
Krylov subspaces that are subspaces from span{Aro,... AP0, . ,Ak_lb} are
being generated. The prescribed norms can, apart from elimination of convergence
hampering properties of A, produce favorable Krylov subspaces. They can spoil the
convergence properties of projection spaces too, but the spaces Kp(A,rp) causing
stagnation already, we do not expect the auxiliary spaces to be worse.

Concerning options to apply the last theorem to practice, we have postponed
this item to the last section of the chapter.

3.3 Preconditioning with the Sherman-Morrison formula

All proposed applications of the Sherman-Morrison formula that we have seen so
far work with the rank-one updated matrix A — by”. With this choice, the solution
of the auxiliary system with right-hand side b suffices to compute the solution of
the original problem, see (2.3). But this choice also implies troubles when the scalar
14972 in (2.19) tends to 0. For that reason, we propose an alternative way to define
the auxiliary system. The rank-one updated matrix is different, but the right-hand
side remains. It avoids the singularity at 4”& = —1 and moreover, the decreasing of
residual norms of auxiliary and original system will go hand in hand.

In contrast with the preceding sections, let us define the auxiliary matrix A
as follows:

A=A—-Ady", y,deR™ d+#o.

The first condition to put on y is

y'd =1, (3.9)
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for some scalar v € R, v # 1. Then we have
Ad= (A —Ady")d = (1—~)Ad.

Denoting by & the calculated approximation of the auxiliary system, the Sherman-
Morrison formula yields

A= (A+Ady") b=A""b— A 'Ad1+yTA A YTA b~

T\ ! -1
1_
PO Y P U R P S YY) yTh— g — (yT2)d = 2.
=7 I—y 1—7 1—~
(3.10)

The singularity at y'd = 1 is excluded because of (3.9). Also, in comparison with the
previous strategies, the error of the back-transformed solution is far less sensible to

~—1
the error at the auxiliary system, because the expression A ~Ad is known to exactly
equal %. The residual vectors of original and auxiliary system even appear to be
equal if we use (3.10) to compute the approximation of the first system:

b—Ai=b—(A—Ady")i=b— Ai+ AdyTi =b— A& — (y"#)d) = b— AZL.

In fact, this application of the Sherman-Morrison formula can be seen as right pre-
conditioning with the preconditioner

M :=1, — dy’,
satisfying the restriction y”'d # 1. An approximate solution % of
AM:z =b

yields an approximation Z = M2 = 2 — (y’ 2)d of the unpreconditioned system with
the same residual norm.

In analogy with the beginning of this chapter we formulate a process of mini-
mization of residual norms by considering Givens sines. Again, the Krylov subspaces
Kr(A, 7o) and Ki(A, 7o) are in general not equal anymore and elements of the au-
xiliary Hessenberg matrix are not anymore independent from the parameter vector
y. Instead, we have

}A%k = vaAvk = UJT(A — AdyT)vk =hjr— fujTAdOzk, (3.11)
where hjj = ’UjTAvk represents elements of the Hessenberg matrix of the original
system and oy, := y” vi. The subdiagonal elements change to

k k k
hk—i—l,k = ||Avk — Z thchH = HAvk — Z hj,kvj + Z(UJTAd)Uj — Ad ak”
J=1 J=1 J=1

Minimizing the Givens sines from Corollary 2.2.6 amounts to maximizing
k4 k—1 AN T
(ijl Cj—l(Hi:j (_Si))hj,k)z

72
hk+1,k

With w := Z?Zl(vad)vj — Ad and because of (w, Avy, — 2?21 hjkv;) = (w, Avy),
the denominator equals

k
W, = [ Avk = hypoj + agwl® = B 4 + 20 (w, Avy) + aifJw]|.
j=1
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From (3.11) it can be seen that also the numerator consists of an expression that is
quadratically dependent from the variable aj. In other words, we have to maximize
a value that can be expressed as

ala% + asca + as
bla% + bQOé + bg ’

for some a;,b; € R, 1 <i < 3. Straightforward computations show that

a10¢% + a0 + as o % < (CLle — ale)Oék + a3b1 — (llb3>
blaz + baa + b3 b1 alblai + a1bocry, + aybs ’

Extrema of this expression are the roots of the first derivative of the involved quo-

tient.
0 (agbl — albg)ak + agb; — a1bs

(90% albla% + aleak + Glbg

(CLle — a1b2)b3 — (a3b1 — albg)bg — 2(&3()1 — albg)blak — (a2b1 — albg)bla% _
al (blai + bgak + b3)2

(3.12)
As far as ﬁk+1,k is dependent on «y, it seems reasonable to minimize §; and hence
the corresponding residual norm by taking for oy the smallest root of the equation
above if (agb; — boay) is negative and the largest root if (agb; — a1be) is positive. In
the exceptional case that Ith_A'_]_’k is independent from «;, we can force whatever norm
reducing (as in the preceding chapter).
In theory one could successively minimize all §; with the help of (3.12) and
define y by solving

' (

Uiy--+,Un-1, d) = (alv s 70571,—1)7))

which is merely a question of orthogonalizing d against (v1,...,v,—1) and one matrix
vector multiplication. The resulting convergence curve cannot be drawn arbitrarily,
but it will at every step find steepest possible descent (in dependency of the chosen
vector d). In practice, as we aim to avoid stagnation of the restarted GMRES(m)
method, we will put only k, ¥ < m < n, conditions on y. The corresponding
algorithm could have the form of Algorithm 5.2.2, which we denote by PSHERMOR.
In this version we have chosen v = 0 and the auxiliary vector d to be equal to the
actual approximation. In that way, with convergence, A will tend to have the form
A — by” as was the case in the previous sections.

Example 2. Non-normal test matrix.

We used the same 100 x 100 matrix as in Example 1. Our initial guess is
xo = (3.44-107°,...,3.44-1079).

This guess minimizes ||b—pA(1,...,1)7| over all p € R, where b = (1,...,1)T. Full
GMRES converges quickly. GMRES(25) stagnates and stagnation can be overcome
with PSHERMOR(25, k), though minimization of the first Givens sine only is not
sufficient to do so (PSHERMOR(m, k) denotes Algorithm 5.2.2 with restart para-
meter m and k sine minimizations at the beginning of every restart). We compare
PSHERMOR with an other technique to accelerate restarted GMRES, with a de-
flation technique. The technique was proposed in Erhel [7]. At the ith restart of
ERHEL(m, k1, k2, . ..) the system is preconditioned by right multiplication with a
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Nonnormal 100x100 matrix

number of iterations

GMRES(25)

ERHEL(25,2,2,1)

PSHERMOR(25,2)

ERHEL(25,4)

-5+ - ------ 4 - - -~ - -~ -~~~ -4

log(lIrli/lIrolD

Figure 3.2: Comparison of GMRES, PSHERMOR and ERHEL for a non-normal
test matrix.

matrix that tries to eliminate k; eigenvalues from the spectrum of the original ma-
trix. The construction of the preconditioner is based on addition of Ritz vectors (see
also Chapter 1, Section 1.4). Erhel’s method starts to converge when we add at least
4 Ritz vectors: ERHEL(25,4) converges a little faster than PSHERMOR(25,6). On
the other hand, adding very few Ritz vectors at every restart seems to be less ad-
vantageous for this technique. ERHEL(25, 2,2, 1) has convergence speed comparable
with PSHERMOR(25,2). The curves are shown in Figure 3.2.

Example 3. PDE stiffness matrix of dimension 10000.

This is the stiffness matrix resulting from discretization of (2.20) on a 100x 100 grid.
It has 49600 nonzero elements, the right-hand side is b = (9.803 - 1072,...,9.803 -
1075)” and we chose g = (0.01,...,0.01)7. The relatively large dimension, 10.000,
seems to ask for large restart parameters before PSHERMOR becomes effective.
When we restart after 60 steps the curves of Figure 3.3 show an interesting behaviour:
During about 100 restarts the system appears to stagnate, but then all of a sudden
the action of Givens sine minimization becomes visible. In this example we compare
the influence of different Givens minimization numbers per restart: As is to be
expected, only one Givens minimization at the beginning of every restart cycle yields
slower convergence than 10 minimizations per cycle. Especially, the steep descent
of the curve is postponed when using a smaller amount of minimizations. But this
observation must be handled with care: Too many minimizations spoil the effect, as
curve PSHERMOR(60,25) shows.
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PDE stiffness matrix 10000 x 10000

1 20 39 58 77 96 115 134 restart number

GMRES(60)

PSHERMOR(60,25)

PSHERMOR(60,1)

PSHERMOR(60,20)

PSHERMOR(60,10)
loglIrli/lIroll)

Figure 3.3: PSHERMOR for different numbers of minimizations

Example 4. Steam1 from Matrix Market.

This is an example where minimization does extremely well. It is more a curiosity
than an indicative example. The matrix ,,Steam1”, taken from the Matrix Market
collection, has dimension 240 x 240, 3762 nonzero entries and its spectrum consists
of 160 evenly distributed eigenvalues with norms ranging from 21711984 to 20918
and the last 80 eigenvalues lie evenly distributed between 19.565531 and —0.768583.
With right-hand side b = e; and initial guess 2o = (0.01,...,0.01)7, the convergence
curves of GMRES and PSHERMOR are displayed in Figure 3.4. For all experiments
residual norm reduction of a factor 10~ is not problematic at all (the ini-tial residual
norm is relatively large, ||rg|| = 8407), but further convergence appears to be a
laborious task. In this example the eigenvalue distribution of Steaml probably
has a hampering influence on GMRES’s behaviour. Stagnation of the restarted
GMRES(m) starts to disappear for m > 60. But PSHERMOR with only one mi-
nimization reaches residual norm reduction of 1078 about 5 times faster than full
GMRES itself.

3.4 Open questions

An obvious item that should be investigated concerning the preceding procedure is
the choice of the free vector d € R" in the update Ady” and the scalar v # 1 in (3.9).
An inexpensive way to optimize these parameters could enhance the effectiveness of
the preconditioning technique.

One has to realize that although this algorithm yields better results than
Algorithm 5.2.5 from Section 3.1, the involved minimization is local in the sense we
described in Section 3.1. We expect even better results when we manage to apply to
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Steam1
number of iterations
o 100 200 300 400 500
0 e
_l .
-2
_3 ]
-4 ]
_5 5
GMRES(30)
-6 -
-7 -
GMRES
GMRES(80)

PSHERMOR(30,1)
log(lIrll/lIroll)

Figure 3.4: GMRES and PSHERMOR applied to the matrix ,,Steam1”

our preconditioning technique the theory of global minimization presented in Section
3.2. We outline an application of the theoretical results about global minimization
in the remaining of this section.

Theorem 3.2.3 has shown we can minimize the distance from ro to AKy (A, ro)
as follows: We calculate the projection of ry onto span{Aro, ... JAFrob, ... ,Ak_lb}
and as long as the projection can be forced to belong to AICk(A, ro) by the choice of
y, we calculate that y with the help of the conditions (3.8). Then GMRES applied
to the auxiliary system with this special y finds at the kth step the projection we
calculated and the kth residual norm has been implicitly minimized over a subspace
of maximal dimension 2k. In fact, it is not necessary to execute the first cycle
of k auxiliary system iterations because we have computed the resulting residual
before, during the projection on span{Aro,...,Akro,b, ... ,Ak_lb}. In order to
obtain the iterates that belong to this residual inexpensively, we can exploit the
following lemma.

Lemma 3.4.1 Let {v1,...,vx} be an orthonormal basis of Ky (A, b) with Arnoldi de-
composition AV = Vi 1Hy and {w, . .. ’Uik} be an orthonormal basis of A (A, o)
with Arnoldi decomposition AWy = Wy11Gyr. Any element of the form

k k
Z Bjw; + Z V55
j=1 j=1

for some real coefficients 3; and ~y; can be written as

k k k—1
D Bjwi+ Y v = A poro + Y (mjw; + vjv;) (3.13)
= =1 j=1
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if y € R" is chosen such that y"xzo = 0 and

k-1
y? | poro + Z(/,ijj +vjv;) | = —wo. (3.14)
j=1

The coefficients pj and v;, 0 < j <k —1, are recursively defined through
k-1 k—1
Bit1 = D iz jy1 Hidj+1,i 1~ Dimjy Vil

M] = s V] =
9j+1,j hji1,

Y

where g1 0 := ||Arg|| and hyo = ||b]|.

P r oo f: With the notations introduced above we have

k—1 k—1
poAro + A Z pjwi = pogiowr + A Z HjW; — bz Mﬂ/ wj
7j=1 Jj=1 Jj=1
k—1 Jj+1
= pogrowr + Zuj Zgwwz qugy w; = Zw@ Z 1i9ij — qugy wj
= Jj=i—1
k k—1 k—1 k k—1
= Z wi(pi-195,i-1 + Z 17 9i5) — bz ,uijwj = Z Biw; — bz ijij'
i=1 j=i j=1 i=1 j=1
Similarly,
k—1 k k—1
vob+ A Z vjv; = Z%vi — bz uijvj.
j=1 i=1 j=1
Hence
k—1
A | poro + Y (njwy + vjvy) | + vob =
j=1

k k—1 k k—1
Zﬁjwj — bz ,uijwj + Z’ijj - bz I/ijUj — ,uoyT’I"ob.
J=1 J=1 Jj=1 j=1

For an y € R" satisfying (3.14) the scalars before b vanish. O
A sketch of the resulting globally minimizing algorithm is the following pro-
cedure:

1. Compute (v1,...,v), an orthonormal basis of ICx(A,b) with Arnoldi decom-
position
A(vy,...,v5) = (v1,...,vp+1)Hg,

where v; = b/||b]|.
Compute an orthonormal basis (wi,...,w) of AK,(A,rp) with Arnoldi de-
composition

A(wl, e .,wk) = (wl,. . .,wk+1)Gk,

where wy = Arg/||Aro]|.
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2. In order to minimize the kth residual norm, we project ry onto
span(Arq, ..., AFrg,b, ..., A¥71b): If the projection is given by Prq = Z?:l Y+
2521 Bjw;, then we obtain the conditions

k k k
T T T .
v (ro — Z’Yﬂ’j - Zﬁjw;‘) =ToVi — Vi — Zﬂjwj vi=0, 1<i<k,
j=1 j=1 Jj=1
and

k k k
wy (ro — nyjvj —Zﬂjwj) = rgwi — 0 — nyjwiij =0, 1<i<k.
j=1 j=1 J=1

With the abbreviations
7 b1 g vl 7w

vi=( ], B= ), o= i ), rw=| i |,
Yk Bk ré vk réwy

and
(B)i,j = ’UZ-TU)]', 1 S i,j § k‘,

these conditions can be written as the system of linear equations

(e ) (3)- ()

0 B'B-1I, 7Y\ BTrgv—roTw
B” I, B) rfw '

which means that we have to solve 2 systems of dimension k,

BTBﬁ — 0= BTTOTU — rgw, BTW = roTw - p.

Equivalently,

3. The orthogonal projection of ro onto span{Arg,..., AFrg,b,..., A* b} is
given by

k k
Prg = Zﬂjwj + Z YjVj
j=1 J=1
As long as [ # 0, it is possible to calculate with (3.8) an y such, that
PT‘O S AKk(A,To).

4. When we add to y condition (3.14), the calculated kth residual equals

k k k—1
7, =1ro—Prg = b—A.%'Q—Z ﬁjwj—z YV = b—A | zo + Horo + Z(,ujwj + I/jvj) ,
j=1 j=1 j=1

hence the kth iterate of the auxiliary system is given by
k—1
T = xo + poro + Z(,ujwj + v;v5)
j=1
and the iterate of the original system by
T

Tp = ——7—.
k 1+yTi“;€
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Thus the new matrix A — by’ builds a Krylov subspace that is, given the nonzero
initial guess xg, after k iterations as close to rg as possible. The distance results
from projection on a space of maximal dimension 2k. Of course, the expenses
to achieve this are comparable with 2k classical GMRES iterations, but one ex-
pects that restarting with this auxiliary matrix is less susceptible to stagnation
than with A. Would stagnation occur nevertheless, then one can apply the same
algorithm to A — by’ to define a second parameter vector 3 and continue with
A —b(y +y')T. Note that in that case the basis {v1,...,v;} needs not be com-
puted again. On the other hand, the separate orthonormal bases for AK;(A, 1)
and Kr(A,b) are certainly numerically not as stable as a unit orthonormal basis
for span{Arq, ..., A¥rg,b,..., A*¥1b}. The construction of a basis for the auxiliary
Krylov subspace AK(A, r) presented in Section 3.2 (see (3.5)) was based on theo-
retical considerations and is also susceptible to become unstable in practice. Clearly,
the above algorithm makes only sense if z¢ # 0.
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Chapter 4

Spectral properties of the
updated matrix

Most of the techniques to accelerate convergence of the restarted GMRES method
that we considered in the first chapter are based on the idea that the eigenvalue
distribution of the system matrix has an influence on the convergence of GMRES,
as is the case for the Conjugate Gradient method for symmetric positive definite
matrices. In particular, it is assumed that eigenvalues lying comparatively close
to the origin hamper convergence and the mentioned techniques try, in some way
or another, to eliminate unwanted eigenvalues from the spectrum. Though many
well-known bounds for GMRES generated residual norms do in fact refer to the
spectrum (see, for example, Saad [61]) and in many cases the eigenvalue distribution
does have an influence on the residual norms, it is also known this is not generally
true. In Greenbaum, Ptdk, Strakos [31] it has even been proved one can construct
for whatever spectrum and whatever convergence curve a linear system (1.1) such,
that A has that specific spectrum and GMRES applied to (1.1) yields the prescribed
convergence curve.

Nevertheless, nonsymmetric linear systems whose convergence behaviour is
immediately connected with the spectrum of the involved matrix can arise in prac-
tical applications. This chapter applies to problems where we know a priori that the
spectrum of the system has a crucial influence on convergence speed. For these cases
it is worth investigating possibilities to achieve spectral deflation with the help of the
Sherman-Morrison formula and rank-one update of A. We design two new deflation
techniques, test them on such cases and compare them with a known deflation tech-
nique. We computed eigenvalues and -vectors with the help of an implementation
of the QZ method. Conversely, we try to gain information about the spectrum of
a given updated matrix, for example an auxiliary matrix that is obtained by one of
the techniques from the preceding chapters.

4.1 Prescription of spectra

As we have just mentioned, it has been proved that one can construct for whatever
spectrum and whatever convergence curve a linear system (1.1) such, that A has that
specific spectrum and GMRES applied to (1.1) yields the prescribed convergence
curve. In the second chapter we showed that the rank-one update of our auxiliary
system can be chosen such that the system belongs to the class of systems with a
given convergence curve. We can also prove the spectral part of the specialization
of the result from Greenbaum, Ptdk and Strakos to our rank-one updated systems.

93
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4.1.1 Any spectrum is possible for A — by’

Theorem 4.1.1 Let the Krylov subspace KC,, (A, b) have dimensionn and {601, ...,0,}
be a set of complex values. Then there exists a vector y € R™ such that A — by’ has
the eigenvalues 01, ...,0,.

Proof: If

n

[T =6) = X"+ s A"+ 4+ ar X + o,
=1

for scalars o; € R, then the theorem is proved when we show that A — by’ is similar
to

0 ... 0 —Q
1 0 PN —Q]
0o ... 1 —Qp_1

for some y € R". We will construct a similarity transformation represented by the
matrix X = (z1,...,%y). Let the first column z; of X be the vector b. Because X
must satisfy

0 ... 0 —Q

T 1 0 —Q1
(A-by )X=X|. : : (4.1)

0 ... 1 —Onp—1

we have to define x5 as (A — by’ )x;. Thus 2o = Ab — by; when we denote (y”b)
with 1. Similarly, 23 = (A — by”)%z; = A%b — Aby — by with v := y 29 and we
can in this manner continue until we have

Tn = (A — byT)"_lb =A" D — A" 2y — = Abypo — byt v =yl

Note that for all y € R™ the space KC,,(A — by’ ,b) has dimension n because by as-
sumption KCp, (A, b) has. Thus the vectors z1, ..., x, span R" and X is a nonsingular
matrix and (4.1) holds except for the last column. The last column of the right side
is given by

Al — 19 — ... — Op_1Tp —

—apb — a1 (Ab—by1) — a1 (A0 — A" by — o — Aby_s — byn-1) -

On the left side we have

(A —by )z, = A" — A" oy ... — APbyu_y — Abyp_1 — byy) =

I
—

n

(Bi — Yn—i) A'D,

Il
o

i

when we write A"b in the basis {b,..., A" 1b} as Z?:_ol B;A’. Hence equality of

the two sides follows if we can find values ~1,...,vy, with
1 ap1 ... aq Yn ao + Bo
0 1 N :
Op—1 Y2 ap—2 + Bn_2

0 e 1 71 Qp—1+ ﬁnfl
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Trivially, this system has exactly one solution and the obtained values ~v1,...,v,
yield a matrix X that satisfies (4.1). Due to the non-singularity of X, we can put

!
y:=X7T :
Tn—1
Tn

O

Clearly, application of this result to the system matrix A of (1.1) is not fea-
sible for large n. But we can ,,project” our matrix to its restriction on a Krylov
subspace of small dimension and consider the Hessenberg matrix that resulted from
the Arnoldi (or Householder) process. Fortunately, this Hessenberg matrix is a rank-

one updated matrix too when the process has zero initial guess. By Proposition 2.2.1,
the Hessenberg matrix of the auxiliary system equals

H, =Hp —e 20, z=|p|VLy, (4.2)

where the columns of Vi, are the generated Arnoldi vectors. We know from the pre-
ceding theorem that any spectrum can be forced by the choice of z when K (Hy, e1)
has full dimension. Methods that try to improve the spectrum during GMRES com-
putations (Erhel [7], Calvetti [3]), have shown that the eigenvalues of the Hessenberg
matrix Hy from the related Arnoldi process can provide useable approximations to
the eigenvalues of A. Moreover, elimination of the smallest eigenvalues of Hy can
successfully remove the smallest eigenvalues of A. Thus it is worth to investigating
options to modify certain convergence hampering eigenvalues of Hy by exploiting
H;. In principle one can even replace the total spectrum of Hj, but we restrict
ourselves to elimination of the smallest eigenvalue or when this value is complex,
the smallest complex eigenvalue pair.

4.1.2 Initial cycle deflation

Let the eigenvalue-eigenvector pairs of Hy be given by
(0j.¢j), 1<j<k, (4.3)
and be ordered such that
1051 = 1011, 1<j<k-1

Then the Ritz vectors Vycj, 1 < j <k, approximate the eigenvectors of A. This
can be seen from the Arnoldi decomposition

AV = ViHj + ppief
where 041 is the unscaled (k + 1)st Arnoldi vector. Hence
AVic; = (ViHy + @kHef)cj =0;Vyc; + 6k+1egcj (4.4)

and the quality of the Ritz vector depends upon ||¥x+1]/lefc;|. Even so does the
quality of the Ritz value 6; as eigenvalue for A depend on this value.

If we assume 6 is real, we can easily force all eigenvalues of ﬂk but the
smallest one, 0k, to be equal to the those of Hy by imposing the conditions

Yy 'Viej =0, 1<j<k-—1.
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A~

,0r) of H, satisfies the trace equation

k
0; = Z hjj,

1 j=1

J

and because all eigenvalues are fixed except for the last one, this last one follows
from the only diagonal element that is dependent from y, the value ill,l, and can
be chosen arbitrarily. To force a prescribed Ritz value ék, ﬁl,l must satisfy the
condition

k—1 k
hug = hig = blly"or =0+ 60— > hyj,
j=1 =2

which is achieved by appropriate choice of y”v;. Not only are the ,,good” eigenvalues
of Hy preserved in H,, they also remain practically unchanged with respect to
A — by”: The approximate eigenvector of A, the Ritz vector corresponding to 0;, is
Vic;. For j <k —1 this is a Ritz vector of A — by’ too, because

(A — byT)Vij 7 GijCj — b(yTVij) = GijCj.

In case 0 is complex the situation is a little more complicated. We can only
modify the real part of 05 by the procedure that we just described. For full prescrip-
tion of the value of §; we need Corollary 4.1.2 and we change 6, simultaneously.
The corollary is nothing else but a specialization of Theorem 4.1.1 for Hessenberg
matrices.

Corollary 4.1.2 Let H € R** be q nonsingular Hessenberg matrix with nonzero
subdiagonal elements and {01,...,0k} be a set of complex values.
z € R¥ exists such that the rank-one updated Hessenberg matriz H — e12” has
etgenvalues 01, ..., 0.

Then a vector

P roof: Let us denote the matrix H — e;2” by H and the elements that differ
from those of H by hq ;. If

k
H(/\ — 91) = \F + Ckkfl)\k_l 4+ ...+ a1+ ag,
=1

for scalars «; € R, then the corollary is proved when we show that H is similar to

0 ... 0 —Q
1 0 —Q]
0 1 —Qlk_—1

for some z € R*. We will construct a similarity transformation represented by the
matrix X = (z1,...,2x). Let the first column z; of X be the first unit vector e;.
Because X must satisfy

0 ... 0 —Q
1 0 e —Q

HX=X|. . : : (4.5)
0 1 — 1
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we have to define x9 as Hx;. Thus

and similarly ) )
hil + hi2h21

h2,1il1,1 + ha2ho 1
z3 = Hzo = hz2ha 1
0

We facilitate the expression of x;, j > 4, by introducing the auxiliary values

j—2 -1
g5 = [[his1iQ _his), J<k
i=1 i—2

and

j—3 Jj—2 Jj—2 Jj—2
2 .
fi= | | Piti E hi;+ E hiihig + E hiivihivii |, 7 < k.
i—1 i—2 i1=2. i<l i—2

Note none of these values depends upon z € R*. For j > 4 straightforward compu-
tation shows we can write

*
(R 1+ haphoy + iy 32025 hia) TS b +
o T3 higii + g5
15 higa
0

where * represents elements whose values do not matter. Having constructed x1
until xy, the matrix X is nonsingular due to the non-vanishing lower subdiagonal
elements and equation (4.5) is satisfied except for the last column. By choice of
z € R* we can force the last columns to coincide too: The element on the right-
hand side of (4.5) on position (k,k) is independent from z € R*, but its left side
parallel equals

k-2 k-1
ef Hay = hyp—1(h11 H hivii + g) + Pk H hit1, (4.6)
i=1 i=1

and can be modified by the choice of iAzlyl = hi1,1 — 21 because the scalar before
lAle does not vanish. With the choice that gives the element on position (k, k) the
wanted value, the element on position (k — 1, k) depends only on 3172 = hi2 — 2
and equals

k=2 k=3
eh_1Hrp = b1 x 2 ((h%,l +haghoy +hia Y hig) [] hivra+ fk) +
=2 =1
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k—2 k-1
hi—15—1(h11 H hiv1i + gx) + he—1k H hit1- (4.7)
i1 i=1

Again this value can be made to coincide with the corresponding element on the left
side of (4.5) and one can continue until modifying the first row element. It is readily
seen that the element on position (k — ¢+ 1,k) depends on EM, R lAzM and that
the dependency on flu is linear with a non-vanishing scalar before the element due
to the nonzero subdiagonal elements of H. O

The proof of the corollary has been formulated in such a way that we can easily
derive from it an implementation that modifies the two smallest eigenvalues of the
Hessenberg matrix Hy, from (4.2). If we prescribe a complex eigenvalue pair 0y, 0y,
by their real and complex part and leave the remaining eigenvalues unchanged, the
characteristic polynomial of ICIk is

(A2 = 2Re(0p) A + Re(01)% + Im(05)2) (N2 + ap_s N2 + .+ ap)

for some coefficients o; € R. As a consequence, the scalar before \*~! is given by
ak—3 — 2Re(O;) = —Zf:_f 0; — 2Re(0r), as straightforward computation of aj_3
shows. Similarly, we have

k—2
Qg ‘= Z 0191

i,l=1,1<l
The scalar before \*=2 then equals
R R k=2
Re(0k)® + Im(0x)* + 2Re(0r) Y 0; + .
i=1

We now obtain the value of h1 by forcing (4.6) to equal

k—2 k-1
(—2Re(0k) - Z 91) H hi—i—l,i‘
i=1 i=1
It is not difficult to see that we achieve this by assigning y” v the value

¥ hig—2Re(fy) — 5700 2(Re(6;) — Re(0r))
yo= 3 - 3 ’

which is not surprising when we compare with the case 6, € R. With this value we
can compute (4.7) and similarly obtain h; o by forcing (4.7) to equal

k—2 k—2
<Re(ék)2 + Im(ék)Q + 2Re(ék) Z 0; + ak_4> H Pig1i+
=1 =1

k—2 k—2
(—2Re(ék) - Z 9¢> (ilm H hivii+ gk) .

i=1 i=1
This yields

k k-1 k-1
1 .
y vo = il ak—4‘_(hlJ,+'1)§£:th‘_ E hi iy + E Riiv1hitt,i
21 j=2 i1=2, i<l i=1
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Eigenvalue of Hyg of ﬂlO of I:IlO*
01 98.772599 300 212 + 212i
02 89.609416 300 212 - 212i
03 71.44979 98.772599 | 98.772599
04 50.023387 89.609416 | 89.609416
05 34.983112 71.44979 | 71.44979
O 23.434997 50.023387 | 50.023387
07 12.759248 34.983112 | 34.983112
0s 8.471585 23.434997 | 23.434997
Oy 1.656424 + 0.819941i | 12.759248 | 12.759248
010 1.656424 — 0.819941i | 8.471585 | 8.471585

Table 4.1: Smallest Ritz values of a non-normal test matrix before and after rank-one
update with DEFSHERMOR

With these values of yTv; and y” vy we have two conditions for y. The others are
Yy 'Viej =0, 1<j<k—2.

A concrete y is best found by first searching for a vector z € R* with

€1 Yy v
T
€2 Yy v2
o |.= 0
T
Cr—2 0
and then putting y := Viz. Thus computations are kept as much as possible in

the k-dimensional subspace. We have worked out one example where the smallest
complex eigenvalue pair is modified.
Example 1. Non-normal test matrix.

This matrix A is the same we used in Example 1 of Chapter 3. It satisfies

|AAT — ATA| g

= 102080.49.
|AlE

Our right-hand side is b = (1,...,1) and g = 0. Though there is no extremely small
eigenvalue, the broad spectrum {1,...,100} and the high non-normality may cause
stagnation of GMRES(10). Deflation according to Erhel [7] needs many eigenvalue
modifications to overcome stagnation: Convergence starts to be apparent when we
use all 10 Ritz-vectors in the first cycle, 9 other ones in the second and 4 during
the third cycle, see the curve ERHEL(10,10,9,4). Deflation with less eigenvalue
modifications were not able to overcome stagnation.

On the other hand, deflation after only the initial cycle according to Algorithm
5.2.4 can give faster convergence than the repeated deflation in ERHEL(10,10,9,4).
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Nonnormal 100 x 100 matrix
restart number

1 6 11 16 21

GMRES(10)

ERHEL(10,10,9,4)

DEFSHERMOR(10)*

DEFSHERMOR(10)
-10 4

-12 4

1
log(lIr|I/[IrOll)

Figure 4.1: ERHEL, GMRES(10) and DEFSHERMOR

After the first cycle of 10 GMRES iterations, the Ritz values can be taken from
the second column of Table 4.1. All Ritz values are real but for the complex pair
1.6564+0.8199¢. This pair badly approximates the eigenvalues 1 and 2, which causes
probably the technique of Erhel not to be too effective in this case. By moving the
pair to the other end of the spectrum of the Hessenberg matrix, we hope to increase
the norms of the corresponding eigenvalues of A —by” too. In addition, we can force
the spectrum of the Hessenberg matrix to be completely real.

The best convergence is obtained when we move the small pair to be about
three times as large as the Ritz value ;. When we choose it to equal 300, the
convergence curve for the initial system after back-transformation is DEFSHER-
MOR(10) and can be seen below in Figure 4.1. The Ritz values for the auxiliary
system after 10 iterations are displayed in the third column of Table 4.1. The 2
large Ritz va-lues approximate the largest eigenvalues of A — by! very accurately,
the remaining Ritz values are not such good approximations. The smallest eigen-
value of A has become 1.698716. Alternatively, we moved the smallest Ritz value
pair to a pair with approximately norm 300 too, but now it is the complex pair
—212 4+ 212i. The corresponding curve is denoted by DEFSHERMOR(10)* and the
first cycle Ritz values of the auxiliary system form the last column of Table 4.1.
Again, the 2 large Ritz values approximate the largest eigenvalues of A — by’ very
accurately and the remaining Ritz values are not such good approximations. But
the smallest eigenvalue of A is 2.833255, that is larger than in the preceding case.
This probably causes this example to converge even faster.
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In the sample example at the end of Chapter 5 we have applied Algorithm 5.2.4 to
a Hessenberg matrix that has a completely real spectrum.

4.2 The spectrum of a given updated matrix

In this section we invert the problem of the preceding section and try to find useful
relations between the spectrum of A and the spectrum of A=A- by” for a given
parameter vector y € R". Under such assumptions as diagonalizability of A at least
theoretical information can be gained in a relatively simple manner. In Huhtanen,
Nevanlinna [35] one finds spectral properties of A that are related with the ones of
A for the case where A is normal and is a small rank perturbation of A but not
necessarily a rank-one update.

For updated diagonal matrices spectral investigation is trivial and in addition
useful for generalization to the case of diagonalizable matrices.

Lemma 4.2.1 Let D =diag(dy,...
value dj is an eigenvalue of (D — by
for some i # j.

n) be a nonsingular diagonal matriz. The

d
Y if and only if e;fpy =0 or e?b =0 ord; =d;

Proof: First, let e]Ty = 0. Clearly, e; is eigenvector of D corresponding to the
eigenvalue \;. Thus

0= (D —d;I)e; = (D —dI)e; — by"e;),

hence
(D - byT)ej = djej.

Next, let e?b equal zero. Then
0= (D —dI)e; = (D~ dI)e; — y(b' ;)

and therefore d; is eigenvalue from D — yb”. The spectrum from D — yb” equals the
spectrum of its transposed matrix D — by .

Finally, let d; = d;, j # 1. If e?b = 0 the result follows from the foregoing, otherwise
we can execute a Givens rotation G? that works on the ith and jth rows and zeroes
out e;frb. Due to d; = dj we have

I B I
C S dz C —S
GTDG = I I
—s c d] S C
I . I

2d; + Sde —scd; + scd;

—csd; + csd; s2d; + Cde
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where ¢, s denote the Givens parameters that zero out e]Tb. Hence
GI(D -G =D-G'w!'G

and e;‘-F(GTb) = 0. By the previous case, d; is an eigenvalue of D — GThyT G and
therefore also of D — by”.

To prove the other direction, let us assume none of the previous cases occur and
dj € o(D — by). Then for some v € R"

(D — by" v = djv.
Thus
0= e?((D —d;T)v —b(yTv)) = —(yTU)eij.
Hence y’v must be zero and Dv = djv. By assumption d; is a single eigenvalue

of D and e; is the corresponding unit eigenvector. Therefore v € span{e;} and
0=y"v= aeJTy for some o # 0, a contradiction. O

Theorem 4.2.2 Let D =diag(dy,...,d,) be a nonsingular diagonal matriz with
di > ...>d, and let b and y have no zero elements. Then the roots of the rational
function

fA)=1—y"(D-A)""b
are the eigenvalues of D — by”.
Proof: Let A be an eigenvalue of D — by” with eigenvector v € R™. Then
(D — AI)v — b(yTv) = 0.
By Lemma 4.2.1, det(D — AI) # 0. Multiplication with y” (D — AI)~! yields
yTo(l —yT(D = AXI)"1p) = 0.

If y"v = 0 then \ is also eigenvalue of D, which contradicts Lemma 4.2.1. Thus we
obtain

1-yT(MD-A)"'b=0
whenever A € o(D — by?). On the other hand,

fO)=1—¢yTMD-A)"1b=

[Tii(di = A) = yiba [T (di = A) — yaba [[1s0(di = A) — ... — ynbn 175 (di = M)
[[Zi(di = A)

(4.8)
has exactly n (complex) roots. O
The result from this theorem can also be obtained by straightforward computation
of the characteristic polynomial, which is relatively simple because D is diagonal.
Clearly, the characteristic polynomial of D — by” is given by

n n

n n—1
[ =2 =y [J(di =3 —gabe [] (di—=X) = —wyabn [[(di =) (4.9)
i=1

i=1 i=2 i=1,i#2

As a corollary from Theorem 4.2.2 we obtain
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Corollary 4.2.3 Let A be diagonalizable with A = SDS™! where D is diagonal
with distinct eigenvalues. If S™'b and STy have no zero elements, the eigenvalues
of A —byT are the roots of the function

—yT(A = D)7
P r oo f: The spectrum of A — by’ equals the spectrum of
S™HA -byT)S =D — S lyyTs.
By Theorem 4.2.2 the eigenvalues of D — S™!by”'S are given by the roots of
1—y'SMM-AD) 'S o=1—yI(SMD-ADS™Hb=1—-9yT(A- M) O

This result may be useful for the theoretical investigation of A — by’ when spectral
information of A is available and the parameter vector y is given.

4.2.1 Deflation with nearly normal matrices

In practice direct modification of the eigenvalues of A with the preceding corollary
is impossible as long as we do not have the eigenvalue basis given by the columns
of S. Computation of this basis, as a well-known matter of fact, is not feasible for
large n and in addition the basis can be very badly conditioned. Thus we cannot
predict what elements of STy and S™'b are susceptible to be zero.

But if A is normal, a unitary eigenvalue basis, expressed by the columns of S,
exists and the eigenvalue basis is more simple to handle than in general. For this
case we can derive the following procedure.

After the k-th iteration of a GMRES process applied to a matrix A with
AS = SD where D is diagonal and S is unitary, let the eigenvalue eigenvector pairs
of the Hessenberg matrix Hy from the Arnoldi process be given by (4.3). Let us
assume that in equation (4.4)

lrilllel el < IHlle (4.10)

is satisfied for some small € > 0 and that the eigenvector ¢, of Hy is real. Then we
can consider the pair (0, Vicr) a good approximation to an eigenvalue eigenvector
pair of A and this pair must be real too. We will denote it by (dg, si). If we choose
y to be a multiple of the normed Ritz vector corresponding to 0, i.e.

p
y = pVicr/||[Vierl| = mvk%

for some p € R, then y ~ psj, and Sy ~ pe;. Thus
o(A—byl) =o(D - S 1y’'S) ~ o(D — pStbel)

and the last spectrum is, with (4.9), given by the roots of

(de = A= p(8"0)) ] (di—N. (4.11)
i=1,i#k

As well as for Sy, we have a good approximation of €5 T'SHp to our disposal, namely

el'SHb = sT'b ~ cI'Vib/||ck||. As long as this value is not 0, we can modify the one
elgenvalue dk of A, which is approximated by 6, by choice of p. Note that with a
zero initial guess we have I VIb/||cx|| = BeTer /| ckl-
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When ¢, is complex, however, then ¢, and ¢ approximate a pair of complex
conjugated eigenvectors of A. Let (4.10) hold ‘and let the approximated eigenvalue
eigenvector pairs be denoted by (dj, sx) and (dg, Sx). When we define

y = pVier/llexll + oVier/llexll,  p,d€C

we obtain SHy ~ (0,...,0,8,p,0,...,0)T. But if we want to keep A —by” real, then
so must be y, thus we have to choose § = p € R and hence Sy ~ (0,...,0,p, p,0,...,0)T.
The characteristic polynomial of A — by’ is with this choice approximated by

n

((de = M(dr = A) = pei_8"b(d = N) — pef8Tb(dp = X)) [ (di—N).
i=1,i#k—1,k

We can estimate the influence of the choice of p on the eigenvalues dj, and dj,
as follows: Instead of the values e;‘g_lSH b and e%’SH b we will use

el SHb=slTb =35I~ bTVier/|lckl, eFSHb=50b= 570~ 0" Vier/| ckll-

Let us denote real and imaginary part of 8 by 0xr € R respectively 6x; € R and
real and imaginary part of b7 Vicr/||ck|| by br € R respectively by € R. Then the
part of the characteristic polynomial we modify is close to the polynomial

(O = M) (O = A) = p(br — bri) () — A) — p(br + bri) (0 — A) =

P (QbRp —20kR)\ + QI%R + 9;%1— — 2P(bR9kR + brOk1).

The roots of this polynomial stay far from zero if the determinant of this expression
is far from (2brp — 20kr)/2, that is if G%R + 9,%1 — 2p(brbkr + brbyr) is far from
(2bgp — 20xr)?/4. We have

(bR<2p>4— 20er)*

02r + 07r — 2p(brOkR + b1bkr) =

—4921 + 8pbrOrr + (2p)2(bR)2 = 0.

Large enough p will keep the modified eigenvalues far from zero, but a too large
choice is suspicious to make A — by’ singular. Alternatively, one can use the value
between the roots for which the eigenvalues vanish (as long as it is not a double
root), that is
= Okrbr
bh

With the last considerations it is of course possible to estimate all the values that we
can move the complex pair to and to approximate a specific value. But the quality
of these estimations depends on the quality of the Ritz values expressed by (4.10).

This deflation process can be repeated after the first cycle, yielding a matrix

A—b(y1+y2+...+yl)T

which, in the ideal case of accurate Ritz vectors, modifies the [ smallest eigenvalues
of A. One complication with repeated inflation is that this auxiliary matrix does
not have to be normal anymore. The further it is from normality, the less will the
above described strategy work. Another complication is that with approximations
at the beginning of restarts not being zero anymore, we must guarantee that

6—(A—=by1+yo+...+w)Darll = 1b— (A=byr +y2+ ... +ye) Dl
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Eigenvalue of A of A, p =100 of A, p =10 of A, p=0.1
01 1.7428 197.2352 19.4867 1.7454
02 -0.1359 + 9.4161 1.7181 1.7155 -0.1359+ 9.416i
03 -0.1359 - 9.416i | -0.1359 + 9.4175i | -0.1359 + 9.417i | -0.1359 - 9.416i
04 -0.1359+ 9.258i | -0.1359 - 9.4175i1 -0.1359 - 9.4171 | -0.1359+ 9.2589i
05 -0.1359 - 9.2581 | -0.1359 + 9.2581 | -0.1359 + 9.2589i | -0.1359 - 9.2589i
0396 -0.0809 + 0.061i -0.1132 -0.1132 -0.1131
0397 -0.0809 - 0.061i 0.10956 0.1095 0.1095
0305 -0.0747+ 0.0303i | -0.0809 + 0.061i | -0.0809 + 0.061i | -0.0809 + 0.061i
0399 -0.0747 - 0.0303i | -0.0809 - 0.061i -0.0809 - 0.061i -0.0809 - 0.061i
B400 0.0735 0.0735 0.0735 0.0735

Table 4.2: Extreme eigenvalues of PDE matrix before and after rank-one update
with Algorithm 5.2.3

hence leka = 0. This can be achieved by putting for example
Yi41 7= pVicr/||Vierl| + 0Vier /[ Vier .
Then le_ka = 0 implies

2} Vier || Vial|
eI Vier |[Vierl

d=—p if vakcl #0.

We have chosen here to modify also the largest eigenvalue because linear combination
of the two might yield new eigenvectors between the extreme ones. We assumed both
first and largest Ritz vector are real. Generalization for the complex case along the
same lines as we have just done for zero initial guesses is straightforward.

In the algorithm we constructed from this technique (Algorithm 5.2.3) we
restricted ourselves to deflation during the initial cycle. We demonstrate its effec-
tiveness with one example for a real smallest Ritz value and one example with a
smallest complex pair of Ritz values.

Example 2. Deflation of the PDE stiffness matrix of dimension 400.

This is the same matrix as the one considered in Chapter 2, it results from discretiza-
tion of (2.20) on a 20 x 20 grid, has 1920 nonzero elements and b = (0.5,...,0.5)7

so that with xop = 0 we have ||rg|| = 10. It is close to normal with
T _ AT
IAA" — A Allr 1572,
|AllF

and has relatively small eigenvalues, the largest one has norm 1.74288, the remai-
ning ones lie evenly distributed in the interval [0.1, 1], except for the last three ones:
One complex pair ~ —0.074724 + 0.0303087¢ and the real eigenvalue =~ 0.073544,
see Table 4.2 . GMRES(25) stagnates. The smallest Ritz values after 25 iterations
are a complex pair: —0.078117 £ 0.043132:, fairly good approximations of the small
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PDE stiffness matrix 400 x 400

number of restarts

1 10 19 28

/\ ERHEL(25,2)
0 -

DEFSHERMORN(25,1)

ERHEL (25,3)

-10 -

log(lIrii/Iroln

Figure 4.2: ERHEL, GMRES(25) and DEFSHERMORN

eigenvalue pair. With the DEFSHERMORN technique we can move these eigenva-
lues to different places in the spectrum. For the extreme large choice p = 100 (the
Frobenius norm of A is about 9.9), we leave unchanged the single small eigenvalue
~ 0.073544, but the second and third smallest eigenvalues are the fourth and fifth
smallest of the original matrix, thus we have moved exactly the smallest complex
pair. One eigenvalue of this pair has assumed the extreme large value 197.235,
the second one is part of the rest of the spectrum lying in the interval [0.1,1].
This is also seen in the third column of Table 4.2. For the more moderate choice
p = 10, similar behaviour can be observed in the fourth column of Table 4.2. With
p = 0.1 convergence is fastest, the larger values caused the denominator 1 + y” 5
of (2.19) at the end of restart cycles to be small and reduced the quality of the
back-transformation. The curve DEFSHERMORN(25,1) in Figure 4.2 belongs to
the choice p =0.1.

Compared with another deflation technique, right preconditioning proposed
in Erhel [7] (see also Chapter 1, Section 1.4 and Example 2 in Chapter 3), we
notice that it behaves similarly. When executing 2 modifications, ERHEL(25,2)
stagnates, whereas we needed only 2 modifications for the DEFSHERMORN curve.
But ERHEL(25,3) is faster than DEFSHERMORN.

Example 3. Deflation of a bidiagonal matrix.

In this example the smallest Ritz values are not very good approximations to the
smallest eigenvalues, but still deflation with Algorithm 5.2.3 works very well. It is
an academic example that was constructed to test deflation techniques (i.g. Morgan
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uses it in [50]). The system matrix is nearly normal with

|AAT — ATA|lp
JAll:

=~ 0.006.

It has diagonal entries 0.006, 0.008, 3, 4, ..., 100 and the upperdiagonal elements
all equal 0.1. With b = (1,...,1)T, the two very small eigenvalues 0.006 and 0.008
prevent GMRES(20) from converging. In case of applying Erhels deflative precon-
ditioning, the first GMRES(20) cycle seems not to give satisfactory Ritz values to
approximate the two smallest eigenvalues. At least ERHEL(20,2) is not able to
modify them in order to overcome stagnation. Neither does successive eigenvalue
modification help (ERHEL(20,1,1)). Attempts to remove three eigenvalues are ne-
cessary (see the curve ERHEL(20,2,1) in Figure 4.3), and still the order of removing
is crucial (ERHEL(20,1,2) does not converge). When using Algorithm 5.2.3 with
one eigenvalue modification, DEFSHERMORN(20,1), this is enough to overcome
stagnation. The smallest Ritz value after 20 steps, 0.057647, is not a good ap-
proximation to the eigenvalue 0.008 at all, but still we can try to enlarge it. With
edoSHb ~ —1.412554 in (4.11), we have chosen p = 2 with the objective to cre-
ate a second smallest eigenvalue =~ 3, that is equally large as the third smallest
eigenvalue. The result is curve DEFSHERMORN(20,1) in Figure (4.3). The one
deflative step modified the 2 smallest eigenvalues to equal -0.039778 and 2.56045.
The wanted eigenvalue 3 could not exactly be forced because of the poor quality of
the initial Ritz values. On the other hand, the new smallest eigenvalue is quite well
approximated by the new smallest Ritz value (-0.034988) and above all, the smallest
eigenvalue has been considerably enlarged. The auxiliary matrix satisfies

A~ AT AT A
lIAA — A A|Fr
IAl[F

~ 2.599856,

thus further deflation with the technique proposed above is susceptible to become
less effective.

4.3 Open questions

Clearly, the two deflation techniques of this chapter have to be extended to appli-
cation during an arbitrary number of restart cycles in order to become competitive
with other techniques. We managed to prescribe initial Ritz values due to the sim-
ple form of the updated Hessenberg matrix. When the process is repeated auxiliary
Hessenberg matrices are not anymore rank-one updates of the original Hessenberg
matrices. But if arbitrary spectra can be achieved with rank-one update we expect
it can be achieved with updates of a larger rank too. The concrete choice of the
spectrum of the Hessenberg matrix of the initial cycle, which we can completely pre-
scribe, is a question comparable with the choice of prescribed residual norms in the
SHERMOR technique from Chapter 2. In fact, we have too many free parameters
and do not know how to exploit them best.

As for the second technique, which is restricted to nearly normal matrices,
generalization for repeated restart cycles does not seem to be complicated. But it
will be a serious problem to keep the auxiliary matrix close to normal as the process
proceeds.

Nevertheless, if one or both methods could be formulated for nonzero initial
guesses in an attractive way, we would have to our disposal a deflation technique
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Bidiagonal 100 x 100 matrix

number of iterations

1 50 29 148 197 246 295 344

NS

RN

GMRES(20)

ERHEL(20,2,1)

-10 4
DEFSHERMORN(20,1)

12

-14 J

log(lirli/Iroll)

Figure 4.3: ERHEL, GMRES(20) and DEFSHERMORN

that enables inexpensive and precise eigenvalue modification. Of course, its effec-
tiveness would depend on the quality of the Ritz values, but this is a problem all
deflation methods deal with. On the other hand, our computations are kept as
much as possible in the projected subspace of a small dimension say m, m << n,
and multiplications of order n are restricted to one matrix vector product of dimen-
sion n X m per restart. This might be less expensive than the orthogonalization of
n-dimensional vectors that other methods require.



Chapter 5

Algorithms and sample
experiment

It is possible to see this chapter as an appendix of the previous ones. The first
part presents the algorithms we referred to in the first chapter while describing full
projection methods. In principle, they concern only the basis generating algorithm
for the test and projection spaces of the corresponding methods. But in some cases
these basis vectors turn out to be at the same time residuals. In addition, we prove
some lemma’s that are immediately connected with the algorithms and needed to
complete the theory of the first chapter. For all lemma’s we assume the involved
Krylov subspaces have full dimension. In the second part we formulate implemen-
tations of several applications of the Sherman-Morrison formula from chapters two,
three and four. They all consist of modifications of the GMRES method and we
discuss the computational costs they add to this method. Finally, we apply the new
algorithms to a unit problem from practice.

5.1 Basis generating algorithms

Algorithm 5.1.1 MODIFIED GRAM-SCHMIDT ORTHOGONALIZATION

Initialization: Choose a vector vy with ||vi]| = 1.
Calculus:
vskipIpt doj=1m
@jJrl = AUj
dol=1,j

T~

hij = v Ui

Vjp1 = Uj41 — hyju
enddo
Yj+1 = [|Uj41]]
if v;41 = 0 stop
hjr15 =7+
Vi1 = Vj41/7j+1

enddo

109
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Algorithm 5.1.2 HOUSEHOLDER REFLECTION

Initialization: Choose a vector v;z1 = v.

Calculus:
do j=1,m+1
Compute the Householder unit vector w; satisfying:
1) elfw; =0, i=1,...,5—1 and
2) el(Pjz;)=0, i=j+1,....n, where P; =1, — ijw]T
hj—1=Pjz;
v; =PPy...Pje;
if ||lv;]| = 0 stop
if j < m then compute z;41 = P;P,;_1...P1Av;
enddo

Lemma 5.1.3 Ifv; # 0 for j < m, then Algorithm 5.1.2 generates an orthonormal
sequence {vi,...,Um11} that spans Kp,41(A,v) with Arnoldi decomposition (1.12)
where C,, = V,,.

Proof: If we put
Hj ZPij_l...Pl,

the algorithm implies the relation

h]’ = Pj+1Zj+1 == Pj+1HjAUj = Hj+1A’Uj.

Hence
Jj+1 J+1
— 17 § P E 1L el
A'Uj — H]+1 hzjez — hZ]Hj_'_lez
=1 i=1

because 1141 is orthogonal as a product of Householder reflections. Since Pre; = e;
for i < k, we have

H;-F+1€z':P1---Pj+1€i:vi7 1<j+1

This yields Av; = Ziill hijvi, for 7 = 1,...,m, which can be written as (1.12)
when H,,, € R™T)X™ consists of the (m+ 1) upper rows of the matrix (A1, .. . , hn)

and with V,,, := (v1,...,vy). From this decomposition it can easily be seen that
the columns of V,,41 span KCpp41(A,v). These columns have unit norm because
|vj|| = |[P1P2...Pjej|| = |lej|| = 1 and orthogonality follows from

’UiT’Uj = (P1P2 Ce Piei)TPng . Pjej = eiTPiJrl e Pjej = eiTej =0, <y,

because eZ-TPl = el-T forl >4 O
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Algorithm 5.1.4 LANCZOS PROCESS FOR SYMMETRIC MATRICES

Initialization: Choose a vector vy with ||vi|| = 1; 1 = 0; vg = 0.
Calculus:
do j=1,m

Ujp1 = Avj — V51

aj =04,

Vj+1 = Vjp1 — Q50;

Vi+r = |05

if 741 = 0 stop

Vi1 = Uj41/7j41

enddo

Lemma 5.1.5 If ;11 # 0 for all j < m and AT = A then Algorithm 5.1.4 gene-
rates an orthornormal basis {vi,...,vm+1} of Kmt1(A, v1) with Arnoldi decomposi-
tion (1.12) where C,, = V,, and where the Hessenberg matriz is tridiagonal.

P r oo f: The algorithm computes unit vectors vj;1 with
Vj41Vj41 = Avj — Y051 — v;‘-F(Avj — Yjvj—1)v;.
For j =1 we have
vl yav9 = v (Avy — (v Avy)vy) = 0 = vl v

Assuming viTvl = ¢, for 4,1 < j, where j is some integer smaller than m, we obtain

v;‘»ijijH = ’UJT(AUJ' - ’Yj’Uj,1 — (UJTAUJ')’U]') = 0,

T — T . 2y T Ny} — o . )
Vi_17Vi+10j+1 = Vj_1(Avj — 01 — (v; Avj)vj) = v; Avj_1 —;

= Uf(vjvj + vj-1vj—2 + (Uf_lAUj_l)vj_l) -y = 0,
and
viT’yijjH = viT(Avj — YjVi—1 — (vaAvj)vj) = vaAvZ- =0, i<j—2

because Av; €span{vy,...,v;—1}. Thus the algorithm yields a decomposition

Ay, .ooyvm) = (V1,0 Umg1) T,

where T, € RMHDxm i triangular with diagonal elements v} Av; and two identical

subdiagonals with elements 7s, . .., Jm+1. This decomposition implies span{vy, ..., Um41} =

Km+1(A,v1). O
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Algorithm 5.1.6 BI-ORTHOGONAL LANCZOS PROCESS FOR NONSYMMETRIC MA-
TRICES

Initialization: Choose vectors v1 and wi with vfwl =1;51 =066 =0; wg=1v9=0.

Calculus:
do j=1,m
aj::wang
Uj1 = Avj — ajvj = Bjvj
Wjr1 = ATwj — ajwj — djwjy
i1 = /0] D41
if 0;41 =0 stop
Bjt1 = 0] 1Wj41/0511
Vi1 = Uj11/0j41
W1 = Wit/ B+
enddo
Lemma 5.1.7 Ifﬁf+1'lz)j+1 # 0 for j < m then the columns of V41 := (V1, ..., Umt1)
span Kp1(A,v1), the columns of W41 = (w1, ..., Wpt1) Span ICmH(AT,wl)
and

T
Wm+1Vm+1 = Im+1~

Moreover, both AV,, and ATW,, can be decomposed according to (1.12) where
C,, = V., respectively C,, = W,,, and where the Hessenberg matrices are tridia-
gonal.

P roof: The algorithm yields decompositions

T,
AV =Vous (o ™ 5,00 )

and
A — 9
m A0 L B
where
ay [
do a2 B3
T,, = - .
5m—1 Qm—1 ﬂm
Om  Qm,
From them it is clear that span{vi, ..., vmi1} = Kmt1(A,v1) and span{ws, ..., wyt1} =

Kmi1(AT wy). Concerning bi-orthogonality we will proceed by induction:
Assuming that vlTwZ- = 05, 1 <1,i < j, where 0;; denotes the Kronecker symbol (not
to be confounded with the elements ¢; from the algorithm), we have

T -1 (T T T -1 (T T T
Vi wj = 6j+1 (wj Av; — ajw; v; — Bjw; vj_l) = 5j+1 (wj Av; — (wj Avj)wj vj) =0.
Furthermore,

vaHwi = 5]-_4}1((Avj)Twi — ajvawZ- — ij]-Tflwi) =
(5;_&1 (UJTATU)Z‘ — ﬂjvjillwi) = (5]-__&1 (Uf(ﬂi+1wi+1 + aw; + 5iwi_1) — ,ijjj-llwi),
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an expression that vanishes for ¢ < j — 2 by assumption and for ¢ = 5 — 1 holds
vipwir = 65 (0] (Bjwj + ajrwjo1 + §j1wj-g) — Bjv]_qwj-1)

—1 T T
= 5j+1 (ﬁj’Uj wj — ﬁjvj_le,l) = 0.

In a similar way we can prove that ijHfui = 0 for ¢ < j. Finally, v]TijH =1 by
construction. O

Lemma 5.1.8 The residuals of the BCG method applied to first and dual system
(see (1.33)), can be defined with short term recurrences as follows:

Algorithm 5.1.9 BCG residuals with two term recurrences
& =rTr:/pFATp:

=r., — £ . x  __ax ¢ AT x
Ti+1 =715 §JApj7 Tit1 =75 SJA p;

_ T T
Gj =T /15Ty

® D1 = Tjt1 + Ppj, P§+1 = 7’;+1 + qupj

Proof: Let us consider the BCG projection method described in chapter 1. If
we generate bases with Algorithm 5.1.6 and apply Proposition 1.2.5, the procedure
would consist of the following steps:

e Execute the jth step of the Bi-orthogonal Lanczos process (Algorithm 5.1.6), yielding
0j+1, Bj+1 and the basis vectors vj41, wj+1. Compute also a1 = vaHijH.

o Define recursively the parameters connected with the LDU decomposition of T,
from Lemma 5.1.7 proposed in Proposition 1.2.5:

liv1 = 0j41/dj, ujjir = Bj1/dj, djrr = ajp1—=6j418541/dj and ¢ = —6;41¢-1/dj41.
e With the help of the auxiliary sequence {so,...,s;} define the residual vector: s; =
UVj+1 — Uj,j4+155-1,
Tj41 =T5 — CjASj.
In this algorithm the starting vector for the bi-orthogonalization process must be
v1 := 19. Then the sequence of residual vectors is closely connected with the sequence

{vi,...,vj41}. In fact, r; € Kj11(A,rg) can be written as r; = S qu; for some
a; € R, and the Galerkin condition of the BCG projector yields «; = 0 for all 7 but
for i = j + 1. Thus r; = ||rj||vjy1 and with p; := ||7j||sj, po := 7o the last point of

the above recurrence becomes:

e With the help of the auxiliary sequence {po,...,p;} define the residual vector: p; =
i~ Ujg+1 %Pa‘—la
rjs1 =1~ AR
Similarly, two-term recurrences for the projector 05 of the dual system can be defined

with the help of the Bi-orthogonal Lanczos process when we initialize with wy := rg,

the initial residual of the dual system. This projector projects onto ATIC]- (AT, r3),
orthogonal to IC;(A,r9). When we extract from the LDU composition of T, from

Lemma 5.1.7 an auxiliary sequence {sg, ..., sj} by putting S} := Wj+1L;T, exploit
r; = [|r}lwj41, and define p} := ||r7[|s}, pg := 1§, the algorithm would be

e Execute the jth step of the Bi-orthogonal Lanczos process (Algorithm 5.1.6), yielding
0j+1, Bj+1 and the basis vectors vj41, wj+1. Compute also a1 = vaHijH.

o Define recursively the parameters connected with the LDU decomposition of T,
from Lemma 5.1.7:

Liv1 = 6j41/dj, uj 11 = Bj+1/dj, djr1 = ajp1—0;418541/dj and ¢ = —B41( 1 /djt1.
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114
, pj} define the residual vector: pj =

e With the help of the auxiliary sequence {pg, ..

. I3
PRCRE o (ST

J

Tiel =15 ||r]*HAT
The auxiliary sequences of first and dual system are related by the underlying LDU
decomposition. With the abbreviations P; = (po,...,p;) and P; = (pf,...,p}),
S; = (s0,---,s;) and S = (sg,...,s ]) we obtain
NS AS diag([[roll, - - ) =

(P))TAP; = diag(|lr5,.
diag([[5]l, - - IIT*H)L]HWT 1AV +1U3+1d1ag(|!7‘o|! S llrsll) =
diag([|rol, - - [I51) g+1d1ag(H7“oH7--~’HTjH%

a diagonal matrix. Due to this ,,A-bi-orthogonality” property and the bi-orthogonality

of the two residual vector sequences, we have

. i1 177
—Gi—1ljpllrilld; = — =111 Ir_alldjllrj—1ll =
(Y |y |
S (pj +l‘+1mpﬁ% 1)T pj—1 = (rj—1— ]7_11’4?'—1)%“’F =rjr;
Iyl [ ’ ’ [ [ s
Hence,

il Iy Gaalgalirilldy ] (5.1)
_ P _ - .

[l 417 Gdjllri_illdj—1  G-2lillri_qlldj—a 1415,

because of the recurrences for /; and (;_2. Analogue considerations yield

T
—Gaujgllrslldy = iy,
and .
I i
- g+ = (5.2)
[[rj—1ll I TjT_lr;‘_l
Finally,
G G wigndy _ —Gatggnlrlldy g 53)
Il =Ber djallrfl— rslldgalirl — pTATp:
and in a similar way
G _ T 5.4)
T T T .
Il ~ 0T ATp:

), (5.2), (5.3) and (5.4) we can now reformulate the third point of the

With (5.1), (5.2), (5.
above algorithms and combine both algorithms to obtain the desired one. O
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Algorithm 5.1.10 LOOK-AHEAD LLANCZOS PROCESS FOR NONSYMMETRIC MATRI-
CES

Initialization: Choose vectors vi and wy with ||v1] = ||wi|| =1; Vo =Dg = Wy =
0; v =wo =0,V = (v1), Wy = (w1), D1 = W{Vy; by =1,i=1,p =
& =1.
Calculus:
do j=1,m
if D, is nonsingular then
Vi1 = Av;—V,D;"WT Av;—V,_ D, W1 Av;
Wit = ATw;—W,D; TV ATw;—~ W, 1D L V] AT w,
kivi=7+1 i=i+1; V,=W;=10

else
Uj+1 = Avj —v; — Vi Dy Wi Av,
Wi = ATw; —w; — W, DL VE AT w;
if j # k; + 1 then
Uj41 = Uj41 — Vj—1/p;
Wiy = Wjr1 — wj—1/&;
endif
endif
pi+1 = |[Uj1]|

vt = ||Wj41]|

if pjy1 =0o0r {41 =0 stop

Vi1 = Uj1/pj+1

W1 = Wj+1/&41

V= (Viujp1); Wi=(Wywi); D= W]V,
enddo

Lemma 5.1.11 If p; and§; do not vanish for any j < m+1, then span{vi,...,vm41} =

Km+1(A,v1) and span{wi,..., wnt1} = ICm+1(AT,w1) and A(vy,...,vy) can be
decomposed in the form (1.12) with a block-tridiagonal Hessenberg matriz and with
Cn = (v1,...,vm). Moreover, the algorithm divides the bases {vi,...,vnm} and

{wy ..., wn} of K (AT, 41) into i blocks

Vl:(UkZJUkl+17“'7vkl+1—1)7 Wl = (wklawkl+17"'7wkl+1—1)7 l= 1727“'7i_17
(5.5)
Vi - (vki7vki+17 . '7Uk)7 WZ - (wk‘lvwki+17 . '7wk)7
where
1:k:1<k:2<...<ki§m<ki+1,

with the properties
WiV, =0, forj#l, WiV, =D;, forj=I, g l=1,2,...,4,
where

D; isnonsingular for [=1,2,...,¢—1, D; isnonsingular for k= k;;1 — 1.
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With Dy, being the block-diagonal matriz with the blocks (D1, ...,D;) on its diago-
nal, we thus have the block-bi-orthogonality property

(w1, ..., wm) (v1,...,0m) = Dy, (5.6)

Proof: Itis not difficult to see the algorithm decomposes A(vy,...,v,) and
AT (wy, ..., wy) in

~ ~ T

Ay, yom) = (V1. Ume1)Hip and  AT(wy,...,wy) = (w1,..., wn1)H,,

where H,, is block tridiagonal and has the form

a [P 0 ... 0
Yo g e :
i, 0 e e e 0 |
ST 5
0 0 Yi (67}
0 cee Pm4+1
for some block matrices g, §; and ~;. If we put g = kiy1 — ki forl=1,...,i—1,

and §; = m — k;, then the blocks oy, 3; a v, of H,, have respective dimensions
g1 X g1, 91—1 X g1, and g; X g;_1 for Il < ¢—1. The matrices «y, §; and ~; corresponding
to the current blocks have dimensions respectively g; X gi, gi—1 X g, and g; X g;—1.
The blocks have the following form:

* * 0o ... 0 *
Pk;+1 * ) ' : :
o = 0 Phi+2 - 0 -,
* *
0 L U TR

where % denotes an entry that is not necessarily 0, and

0 ... 0 Pk;
M= O
O ... ... 0

The blocks 3; are in general full matrices. Thus H,, is upper Hessenberg and there-
fore span{vy, ..., vmi1} = Kmi1(A,v1) and span{wy, ..., wni1} = K1 (AT, wy).

We will show the block-orthogonality by induction. Trivially, W1V, = 0 =
W3V, We get WiV, =0 when wf'Vy =0 for T = ka,..., k3 — 1. This indeed
holds due to

1 - 1
wy, Vi = g(w,z;_lA—w%;_lAlel "WV, = g(wﬂ—lAvl—wﬂﬂAVﬂ =0,
2 2

because W{Vl =D, and
1

&—H(wkT,ZA —w}, —wi, AViDT'WT{)V; = 0.
2

T _
wk2+1V1 -
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In addition,

1

T T WYY,
ﬁwkg—&-l—Q_wkg—H—lAVlDl Wi)Vi=0
I

1
T _ T T
Wio+1 Vi = 7(wk2+l—1A_wk2+I—l_
gk‘g—‘rl

for 1 < I < k3 — ko.
Similarly, WiV = 0 = W'V, and we have W'V, = 0 if and only if W1 (T, ..., Opy_1) =
0. Indeed,
W1k, = Wi (Avg,—1 — ViDT'WT{ Avg, 1) = 0;
Wi,01 = WT (A, — v, — VIDT'WT Avy,) = 0;
W1 Oty 1 = W1 (AUy 11— Vhyt 11— Uk 12/ Phg1-1— V1D WT A,y r1) =0,
for 1 < I < k3 — ko.
Now let us assume W]TVl =0 for j # 1, where j,l < I —1and I > 3.
We first show that W?Vj = (0 pro 5 < I. This is true as far as wlTVj =0 for
l=Fr,...,kry1 —1, j < I. Thus we have the following cases:
o l:k],j:I—li
1 _ _
ngvlfl = *(wlz,—1A—w£]—1AVIle1_11W?—1_w£,—1AVIf2D1—12W}F—2)VIfl =

Skr
L7 T
7(wk171AV[_1 — wklflAVI—l) =0.
&k,
o l=Fkrj=1-2:
1 _ _
ngvlﬁ = 7(wl{I—lA_ng—1AV171D1—11W?71_wl{I—lAVIf2DI—12W?—2)V172 =

I
1 T T
a(wkrlAVI—Q — wklilAV[_Q) =0
I
o l=Fkrj<I—2:
1 _ _
wh V= 57(w,{I_1A—wgl_IAVI,lD,jlvvf,l—w,{I_PAVI,QDI}QW?,Q)Vj =
I

T T
wkl—lAVj = wkl_l(Avkj, N ,Avkj+1,1),

where Avg; g = Uk; 441 + *V; 4+ + %V 451 + Vj_1(Dj__11W?,1Avkj+J) c
span{V;_1,V;} for some not necessarily 0 values * when J < kj41 —k; — 1,
and for J = kj11 — k; — 1 we obtain

Ay, = ’LNkaJrl —|—Vj(DJIW?AU]CJ.+1_1)—|-Vj,1(D;}1W?_1Avkj+l_1) € Span{Vj,l, Vj, Vj+1}.

j+1—1

The expression j + 1 equals at most I —2 and wy,—1 € W_1. Hence with the
assumption of the induction we always have wkTFlAVj = 0.

e [=ki+1,j=1-1:

1
Ek‘[-‘rl

T T T T -1 T
Wiy 41 VI-1= (wie, A — wy, = wp, AV D, Wy )V =

1
m(wg}AV[_l — 'U}]{IAV]_l) =0.
I
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o l=kj+1,j<I-2

1 _
——(wi A —wi, —wl AV, D} WI_ )V,

T
Wi, 1V =
g fk[-i-l

1
gk1+1

(wi,AV;),

where, as above, AV; € span{V;_;, V;, V;,;}. This means w%IHVj =0 due
to the foregoing cases.

e l=k+Jj=I1—-1withl<J<krp1—kp:

T
wk]—l--]VI_l =
1 1
T T T T -1 w/ T _
7§ (wk1+J71A_wk1+J71_7§ wk1+J72_wk1+J71Avf—lDI—lwl—l)Vl—l =
kr+J kr+J—1
1
T T _
m(w;ﬁ“_lAqu — Wi, 1 AV1) = 0.
7

e l=ki+Jj<I—-2withl<J<kr—krp

T _
wk1+JVj -
1 1
T T T T —1 T _
7(wk:[—i-J—lA*wkI—&-J—l*7wk1+J—2*wk:[—i-J—lAVI*lDI—lWI—l)VJ =
eyt Skr+J-1

1
m(wgﬁklAVj)a
I

where, as above, AV; € span{V;_1,V;, V;;1}, implying U)Z:I_'_JVJ = 0 be-
cause of the preceding cases. The second half of the induction, i.e. W?V 1=20
for j < I, can be proven similarly.

Algorithm 5.1.12 TRANSPOSE FREE LANCZOS PROCESS FOR NONSYMMETRIC MA-
TRICES

Initialization: Choose vectors qy and g ; po = co = qo-

Calculus:

do 7=0,m
a2 = 43,05/ (Ap2;) " ¢5
Q2541 = Q25
C2j4+1 = C25 — Otszp2j
Q2j+1 = q2j — a2 Aco;
G2j+2 = G2j+1 — Q2j41AC 11
if ap; = 0 stop
B2 = 4374245/ 03,05
C2j+2 = q2j+2 + P2jCoj41
Dajt2 = C2j4+2 + B2j(Cojr1 + P2j2j)

enddo
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Lemma 5.1.13 If a; # 0 for i < 2m then Algorithm 5.1.12 generates sequences
{co,.--,com+2} and {qo,-..,qam+2} that both span Kopm+s(A,qo). Moreover, the
sequences {co, ..., Cam+1} and {qo, .., qam+1} both span Kopmi2(A, o).

P roof: By induction.

Trivially, span{co} =span{qo} = K1(A, qo).

Let us assume span{c, ..., c2;} =span{qo,...,q2i} = K2i+1(A, qp) for all i« < j and
for some j < m, and

27
D2j = Z@'AZQO, 625 # 0,
i=0
for some §; € R, which holds for j = 0.
Then
25 2j
Coji1 = Coj — g Apa; = Y YiA'qo — ag; A() " 6iA'qn), o # 0,
i=0 i=0
for some 7; € R. Hence span{c, ..., c2j+1} = K2j+2(A, qo). Moreover,
q2j+1 = q2j — 25 Aca; € Kaji2(A, qo) \ K2j+1(A, qo),
because ag; # 0 and {cp,...,cz;} is an ascending basis of ICojt1(A, qo). Hence
span{qo, . - ., q2j+1} = Koj4+2(A, qo). Similarly, we obtain from

@j+2 = @2j+1 — 0jp1Ac41 € Kojr3(A, q0) \ K2j+2(A, q0)

that span{qo, ..., q2j+2} = Kaj13(A, o). Furthermore,

C2j+2 = @2j+2 + B2jc2i41 € Koj+3(A, qo) \ K2j+2(A, q0),

because {qo,...,q2j+2} is an ascending basis of Koji13(A,qo). This shows that
span{co, ..., c2j+2} = K2j+3(A, qo). Finally,

P2jy2 = C2j4+2 + Boj(cojv1 + B2jp2j),

proving that
2542
P2jt+2 = Z 0iA'qo, 0242 # 0,
i=0

for some §; € R. O

Lemma 5.1.14 The sequence {qo, ..., q2;j} generated by Algorithm 5.1.12 with qo :=
ro has the property that when the jth BCG residual has the form

BCG
T = p;j(A)ro, (5.7)

for some polynomial p; of degree j with p;(0) =1, then
425 = (Pj(A))QTO-

Proof: Let us square, in Algorithm 5.1.9, the polynomials for both residuals and
auxiliary sequences, assuming

pj =mj(A)ro (5.8)
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for some polynomial 7; of degree j with 7;(0) = 1. If we exploit the recurrences
given in Algorithm 5.1.9, then

i1 (t) = pj(t)? — 2&5tm;(t)p; (t) + 77 (t)
and
T2 (t) = pja1(t)® + 205 pj11 (1) (t) + $Fm2 ().

Short recurrences for the squared polynomials can be obtained when we introduce
a second auxiliary vector sequence, namely

sj := pj+1(A)m;(A)ro.
Together with
g = p3(A)go, P =1 (A)go

and with gy = 79 we obtain the recurrences
g1 = qj — §5A(2q5 + 201551 — §jAp}),

sj = qj + ¢j-15j-1 — §Ap],

D1 = qj+1 + 20585 + O30;.
In Algorithm 5.1.9, it is obvious that the polynomial for r; from (5.7) also defines
the dual residual 77, namely through r; = p; (AT)r¢ and the same holds for the
polynomials 7; with 7;(0) = 1 that express the auxiliary sequences in terms of their
initial vector:

it p; =mi(A)ro, then pj = mi(AT)rg (5.9)

and vice versa. With these BCG polynomials, we can define both &; and ¢; from
Algorithm 5.1.9 in terms of the squared polynomials ¢; and p;-:

i = (7”;+1)T7"j+1 _ (TS)T(P?H(A)TO) _ (TS)TQJ'H
’ (r)Tr; (r5)7 (03 (A)ro) (rg)"q;

e D 08 (M) ()T

T 05T Ap; (i) T (AT (A)ro) (1) T AP
Note that both coefficients can be defined without transposing the matrix A. This
is the original motivation of squaring BCG polynomials. A last simplification to
the recurrence can be made by using the vectors ¢; := q; + ¢j_1sj—1. The resulting
algorithm, initialized with p{, = ¢o = qo, so = 0 and ¢y = 0, would have the form

o & =(95)"q/(q5)" Ap)

o 55 =cj —&§Ap,

* giv1=q5 — §A(e +55)

o & =(a5)"aj+1/(a5)" ¢

® Cit1 = (j+1 Tt 958

® Pip1 = a1 + ¢5(2s; + ¢;p))

Algorithm 5.1.12 now follows by multiplying all indexes by two, by putting czj+1 :=
s2; and dividing the computation of the vector ga;42 into two steps, by replacing p/ y
by po; and finally with ag; := &a;, B2j := ¢o; for all j. O
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Algorithm 5.1.15 TRANSPOSE FREE LANCZOS PROCESS FOR NONSYMMETRIC MA-
TRICES WITH STABILIZATION PARAMETERS ws;
Initialization: Choose vectors qo and q5; p—2 =c_2=0;a0_20=0;w_9=p_o=1.
Calculus:
do j=0,m
P25 = 4305
if poj_swoj_2 = 0 stop
52;'72 = (Oé2jf2p2j)/(P2j72w2j72)
P2j = q2j + Poj_2p2j—2 — B2j_owaj_2C25 2
coj = Apoj
Voj = €545
if v9; = 0 stop
Qo5 = p2;/V2;
q2j+1 = q25 — (2;C2;
C2j4+1 = AC]2j+1
Waj = €5 1G2j+1/Chi41C2541
q2j+2 = q2j+1 — W2;C25+1
enddo
Lemma 5.1.16 If vo; # 0, p2; # 0 and wy; # 0 for 0 < i < m then Algorithm

5.1.15 generates a sequence {qo, - - ., qam+2} that spans Kom+3(A, qo) and a sequence
{co, .-, camy1} spanning Aam2(A, qo).

P r oo f: By induction.
Note that by assumption we have ag; # 0 and (Bo; # 0 for 0 < i < m. For j =0 we
have pg = qo, co = Aqo, q1 = qo — @ Aqo, c1 = A(go — apAqo) and g2 = q1 — wocr.
Hence {qo, q1, 42} is an ascending basis of K3(A, qo) and {cp, c1} an ascending basis
of AICQ(A, q(]).
Now for some j < m we assume span{qo, . .., g2} = K2i+1(A, qo), spanf{co, ...,c2i—1} =
AK9 (A, qo) for all ¢ < j and

p2j—2 € K2j-1(A, qo),
which holds for j = 1. We have
coj = A (q2j + Boj—2p2j—2 — Boj—awaj2caj—2) € AK2j11(A, q0) \ AK2;(A, qo).

Therefore span{cy, ..., c2j} = AKs;41(A, qo). Even so,

Q2j+1 = G2 — 2525 € Kajr2(A, qo) \ Kajt1(A, o),
hence span{qo, ..., q2j+1} = K2j+2(A, qo). Furthermore,

c2jr1 = Agajr1 € AKgj12(A, q0) \ AK2i11(A, qo),
thus span{co, ..., c2j+1} = AK2j42(A, qo). Finally,

@j+2 = @2j+1 — w2241 € K2j+3(A, q0) \ K2j4+2(A, qo),

implying span{qo, . .., q2j+2} = K2j4+3(A, go) and, to complete the induction,

P2j = q2j + PBoj—2p2j—2 — Baj—awaj—2c2j—2 € Koj+1(A, qo).
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Lemma 5.1.17 Algorithm 5.1.15 with qo := 19 generates a sequence {qo, - . ., qam+2 }
with the property that if BCG residuals are given by (5.7), then

-1
Q@ = <H(In - WZiA)> pj(A)ro, J<m+1.

=0

Proof: Let us define the stabilizing polynomial

j—1
k(1) == (H@ — wwf))

=0

and use the polynomial 7; from (5.8) to express the auxiliary vectors p; of Algorithm
5.1.9. For polynomials x; we have the relation

ki1 (A) = (I — w2 A)r;(A).

If we define
q2j = i (A)pj(A)ro,  phy = r;(A)mj(A)ro,

and use Algorithm 5.1.9 where we replace &; by «; and ¢; by 3;, then we obtain the
two-term recurrences

Phjya = Kjr1(A)mj1(A)re =
Kji1(A)pjr1(A)ro + Bj(In — wo A)kj(A)mi(A)ro = qojv2 + B5(Ph; — w2 Apy;)

and similarly
q2j+2 = (q2j — OéjAplzj) — w2 A(g; — ajApéj)'

In contrast with the CGS polynomials, our BCG coefficients «; and 3; cannot im-
T
mediately be calculated from g2; and py;. The coefficient j3; is given by % and

J I
the value ror;f can be written as follows. The coefficient for the highest order term

of the BCG polynomial p; is equal to (—1)?apay ... aj—1 and we have

T = (=1 agar ... ;1 (AT)rg + wj,

for some w} € K; (AT, r¥). With the orthogonality condition of the BCG projection
we obtain

= (-1) agay . .. aj_lrJT(AT)jrS.

Similarly, the coefficient for the highest order term of the polynomial x; is equal to
(—1) wows . . .wzj—2 and we have

T j TVj
Hj(A )7"6 = (—1)Jw0w2 e LUQ]'_Q(A )]7"6 + w;*,
for some wj* € K;(AT,rg). Thus
T T T j T ATVj
d; = qura =7 Ki(A)ry = (1) wows . . - W2j 2T (A" ) rg.
We can now express coefficients 3; in terms of coefficients d;:

T T T\j+1
5 — rj+1r;f+1 B —a-er(A ) 3
P T T YT T AT

v T (A )irg

- (1),
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In a similar way it is possible to write the coefficient o; with the help of §;. Per
definition,

_ (pi(A)ro)"pj(AT)rg

T (Am(A)ro)Tmi(AT)rg

The leading coefficients for p;(AT)rg and m;(AT)r} are identical, as can be seen
from Algorithm 5.1.9, and therefore, with the orthogonality conditions of the BCG
residuals and auxiliary sequences,

_ (pi(A)r0)Tpi(AT)rs  (pi(A)ro) ki (AT)rg (r5)"h;(A)p;(A)rg
J (Aﬂ'j(A)ro)ij(AT)Tg (Am;(A)ro)Tk; (AT)TS (r&)T Ak (A)mi(A)rg

Since py; = r;j(A)7;(A)rg, this yields

0;
;= .
(g )TAplzj
Algorithm 5.1.15 now results from the above recurrences if we replace d; by pa;, 7§
by gy and rg; by g2j, multiply the indexes of o and 3 by two, replace p’Qj by p2j,
divide the computation of the residual into two steps and define a second auxiliary
vector sequence through cy; := Aps; and coj41 == Agojt1. O
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5.2 Implementations applying rank-one update

We display here several implementations that try to improve the restarted GMRES
method with the help of the Sherman-Morrison formula according to the theory
of chapters two, three and four. In most cases we have formulated an interactive
algorithm, that is an algorithm where the user has the possibility to influence the
calculus during the execution of the programm. For example, the user can prescribe
residual norms of the auxiliary matrix or prescribe eigenvalues. Of course, modifi-
cations for fixed prescribed values are straightforward. All algorithms assume full
dimensional Krylov subspaces, i.e. the involved Modified Gram Schmidt orthogona-
lization process does not break down. In addition, we assume back-transformation
with (2.19) does not lead to overflow due to too small denominators.

The algorithms are followed by a brief computational and cost storage compa-
rison with restarted GMRES. In this context, one should note that it is never needed
to explicitly compute A, only matrix-vector products with A are required. While
multiplying with A=A- by”', respectively A=A-— Ady”, its special form can be
exploited and the advantages of operations with structured matrices are preserved.



5.2. IMPLEMENTATIONS APPLYING RANK-ONE UPDATE 125

Algorithm 5.2.1 SHERMOR(M,K) - RESTARTED GMRES WITH A PREDEFINED
AUXILIARY SYSTEM

Input: A ... matriz; b... right-hand side; ... tolerance for residual norm;
m... number of steps after which GMRES is restarted;
k... number of prescribed residual norms at the first cycle.

Initialization: y = 0; xg = 0; 1o = b; B = ||rol|; » = ro; g1 = PBex; init = 0.
while ||r||/||ro]] > € do

doi=1,m

hivii = |19[l, vit1 =0/hiy14
if i <k and init = 0 then
read ||r;]|

1=(llrgll/llms—11D?
(il /lims—11D?

hig1,i=Y 5oy ¢j—thyi [1;Z5 (=)
=BI1Z (=)

;=
hii = hi; — Boy
endif

compute the Givens parameters c; and s; that zero out hii1;

L.y 0 ... L.y O
H; = 0 ¢ s | H, ¢= 0 ci S |-g
: -8 ¢ : -8 ¢
if i =k and init = 0 then
aq
y= Vi
g
it =1
endif
enddo

wm = (Hin) " gm
To = 20 + Vipwn,
7= (b— Ax)/(1+y" o)
ve=r/|r|
endwhile

xo = xzo/(1+ ylzo)
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In comparison with the classical restarted GMRES method, additional storage costs
of this algorithm consist of only one more n-dimensional vector (y € R™) and during
the initial cycle the necessity to store k Givens sines and k Givens cosines in order to
compute the conditions «;, which also need to be stored until the kth iteration. These
conditions are obtained without computations of order n, but the vector y results
from a matrix-vector product of dimension n x k, thus asking for nk multiplications.
At the end of the first cycle we need the number 1+y” 'z to multiply it with b— Az,
which costs 2n more multiplications and these extra costs return at the end of every
restart. In addition, the matrix-vector product with A — by’ is 2n multiplications
more expensive than the product with A. At the very end of the process, one has
to update xy which costs also 2n multiplications. Thus if we need C' restarts until
convergence, the total number of extra multiplications, except for negligible ones
whose number is independent from n, equals

nk+2n+4Cn+2n = (k +4 +4C)n.
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Algorithm 5.2.2 ALGORITHM PSHERMOR(M,K) - RESTARTED GMRES wiTH
MINIMIZATION OF GIVENS SINES

Input: A ... matriz; b... right-hand side; «€... tolerance for residual norm;
m... number of steps in every restart; xq... nonzero initial guess;
k... number of Givens sine minimizations at the beginning of every cycle.

Initialization: y =03 19 = b — Axo; 5= ||rol|; 7 = ro-
while ||7(|/||ro]| > € do

doi=1,m

A=A Azxyyt

V= AUZ'
do j=1,1
hjﬂ' = U]T@

V=0V — hj,ﬂ]j

enddo
if i <k then
hi = U;‘FA:UO

compute o, minimizing root of s?(c;)
X o
hji = hji —hiaq, j <1

b=10— ai(Axo) — Yy hjav;

endif
hivii = 0], vigr = 0/hig14
if i =k then
U? a1

compute y € R" satisfying | = |y =
U,{ Qg
xd 0
endif

enddo
compute w,, € R™ minimizing ||fe; — Hyw||
compute Ty, = g + VywWm

o = Tm — (yT'fm)l‘O

y=0
r=b— Axg
v =r/|r|

endwhile
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Computational costs of this algorithm are slightly higher than for GMRES(m):
One extra matrix-vector product is needed at every restart when the vector d is not
chosen to be equal to the actual approximation. During every restart we need to
compute k extra values U;TAd and to update the values hj; and v in dependency
of the choice of a;, costing n(k? + 5k + 2)/2 multiplications. To compute y we
need 2kn +n operations to orthogonalize d against v1, ..., v; and one matrix vector-
product of dimension n x k. The minimizer o; can be computed with additional
operations that are dependent from n of order 2kn + n(k + 1)k/2. Finally, iteration
numbers larger than k require matrix vector-products with the auxiliary matrix,
which costs 2n more multiplications than with the original matrix. As for the
storage costs, they will be the same as for GMRES(m) at every restart, except for
the storage of three more n-dimensional vectors, y, d and Ad, and k values v;[ Ad.
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Algorithm 5.2.3 DEFSHERMORN(M,1) - RESTARTED GMRES WITH AUXI-
LIARY SYSTEM DEFLATION AT THE INITIAL CYCLE

Input: A ... matriz; b... right-hand side; ¢... tolerance for residual norm;
m... number of steps after which GMRES is restarted;

Initialization: y = 0; xg = 0; rog = b; B = ||rol|; r = ro; init = 0.
while ||r||/||ro]| > € do

doi=1,m

hivii = 19]],  vig1 = 0/hig1
enddo
compute wy, € R™ minimizing ||fe; — Hyw||
x0 = 20 + Vpwp,
r=(b— Ax)/(1+yTz)
vr =r/|r]|
if init =0 then
nit =1
compute (dp, ¢m), the smallest eigenvalue-vector pair of Hy,
if d,, is real then

read cim

if elc,, # 0 then

p= dg’;?%ﬁ”
Y= pVmenm
else
y=20
endif
else
read p
y = 2p/llem || VimRe(cm)
endif
endif
endwhile

xo = xzo/(1+ ylzo)
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Additional storage costs of this algorithm compared with the classical restarted
GMRES method consist of only one more n-dimensional vector (y € R") and during
the initial cycle it is necessary to store the entire Hessenberg matrix H,, in order
to compute its smallest eigenvalue-eigenvector pair. This pair can for example be
obtained by application of the inverse power method and does not ask for compu-
tations of order n. The vector y results from a matrix-vector product of dimension
n X m, thus asking for nm multiplications. At the end of every restart cycle we need
the number 1 + y”x¢ to multiply it with b — Axg, which costs 2n more multipli-
cations. In addition, the matrix-vector product with A — by is 2n multiplications
more expensive than the product with A. At the very end of the process, one has
to update xy which costs also 2n multiplications. Thus if we need C' restarts until
convergence, the total number of extra multiplications, except for negligible ones
whose number is independent from n, equals

nm +4Cn +2n = (m + 2 + 4C)n.
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Algorithm 5.2.4 DEFSHERMOR(M) - RESTARTED GMRES WITH PRESCRIBED
FIRST CYCLE RITZ VALUES

Input: A ... matriz; b... right-hand side; ¢... tolerance for residual norm;
m... number of steps after which GMRES is restarted;

Initialization: y = 0; xg = 0; 1o = b; B = ||rol|; » = ro; g1 = Bex; init = 0.
10 while ||7||/||70] > ¢ do
doi=1,m
o= (A —by")v;
do j=1,i

hivii =119]l,  vig1 = 0/hit1

if init =0 then
compute (0j,¢;), 1 < j < m, the eigenvector-eigenvalue pairs
of H,,, ordered from largest to smallest norm

if Im(6,,) =0 then

read ém
A -1
ar = (37 hjy —Om — 22750 05)/8
6? o1
o cf 0
compute z € R™ satisfying . z = .
S
cm—l 0
else
read Re(6,,), Im(0,,)
2(Re(0.,)-Rebm
o (he( )ﬁ (Om))
. am74_(ﬁl,l+1)2;n:2 hj,j—zzzl;1277;<lhi,ihl,l‘i‘zgzl hiit1hivi
72 = h2,108
T
e%’ M
6% V2
compute z € R™ satisfying | €1 z=| 0
S
Cm—2 0
endif
y=Vn,z
it =1
goto 10

endif
enddo
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compute wy, € R™ minimizing ||fe; — Hyw||
To = 2o + ViWm
r=(b— Axo)/(1+y"zo)
vr=r/|r|
endwhile
zo = x0/(1 +y"wo)
Computational costs depending from n of DEFSHERMOR are exactly the same
as for DEFSHERMORN. Costs that depend only from m are higher, because all
eigenvalues and eigenvectors of the Hessenberg matrix H,, are needed. The same

can be said about storage costs: During the initial cycle one needs to save all Ritz
values and the eigenvectors of H,,.
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Algorithm 5.2.5 LOCAL(M,K) - RESTARTED GMRES WITH AUXILIARY SYSTEM
LOCALLY MINIMIZING k INITIAL STEPS

Input: A ... matriz; b... right-hand side; «€... tolerance for residual norm;
m... number of steps in every restart; ... nonzero first guess;
k... number of minimized residual norms at the first cycle.
T
Initialization: y = 0; rg = b — Axg; ag = —HTI?TZ; ro =10 + aob; B =||roll; 7 = ro;
g1 = Pey; init = 0.
while ||r||/||ro]] > ¢ do
doi=1,m
o= (A —by")y;

do j=1,i

enddo
if i+ <k and init = 0 then
— bTAvi
¥ = T

endif
hivii = 0], vig1 = 0/hig1

if i =k and init = 0 then

) Qg
n . UlT Qg
compute y € R" satisfying . Y =
va Qe
it =1
endif

enddo
compute wy, € R™ minimizing ||fe; — Hyw||
xo = 20 + Viwm,
r=(b—Axo)/(1+ ylxo)
vr =r/|lr]l
endwhile

zo = x0/(1 +y o)

In this algorithm we have assumed zq ¢ Ki(A, 7).
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In comparison with the classical restarted GMRES method, additional storage
costs of this algorithm consist of only one more n-dimensional vector (y € R™) and
during the initial k iterations the conditions «;. These conditions are obtained with
2n multiplications and the updated vector v asks for n more products. The vector y

is best obtained by orthogonalizing xg against vy, ..., vr. We achieve this by putting
k
U1 = To — Z(U;“Fwo)vj
j=1

and we denote the wanted normalized vector U411 by vr11. Then y must satisfy

" of o
Ik . y =
~ v
vlwg ... vizg  ||opsll k+1 an
The simplest choice is

0 oy
I ) .
Yy = (’Ul,...,’Uk+1) k 0 o
k
—vfzo/ |01l oo —vizo/lOerill 1/NTrill/ \ag

The orthogonalization of xq costs 2n(k+1) products and the computation of y costs
as much. At the end of the first cycle we need the number 1 + y” 2y to multiply it
with b — Axg, which costs 2n more multiplications and these extra costs return at
the end of every restart. In addition, the matrix-vector product with A — by’ is 2n
multiplications more expensive than the product with A. At the very end of the
process, one has to update x¢ which costs also 2n multiplications. Thus if we need
C restarts until convergence, the total number of extra multiplications equals

3nk +4n(k +1) 4+ 2n+4Cn + 2n = (7k + 8 + 4C)n.
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Sherman5
matrix vector products

1 1000 1999 2998 3997 4996 5995 6994

\ GMRES(SO)

QMR

SHERMOR(50,1)

DEFSHERMORN(50,1)

log(lir{IAIrOl])

Figure 5.1: QMR, GMRES(50), SHERMOR and DEFSHERMORN applied to sam-

ple experiment

5.3 Sample numerical experiment

We conclude this chapter by comparing the effectiveness of all new algorithms from
the previous section to a numerical experiment from practice. The matrix is taken
from the Matrix Market collection. It has dimension 3312 and 20793 nonzero ele-
ments. It is non-normal and satisfies

|AAT — ATA| g
|AllF

= 2252.9.

The initial guess is zero and as right-hand side we used b = (0.01,...,0.01) and
thus ||7o]| &~ 0.5755. This system is hard to solve for restarted GMRES. Only restart
parameters larger than 50 begin to yield convergence. Neither does the QMR method
converge satisfactory, although the first 1000 iterations (that is 2000 matrix vector
products) seem promising. When we define an auxiliary system with 4 prescribed
residual norms, ||r1] := 0.005, ||re|l := 0.004, ||rs|| := 0.003 and ||r4]| := 0.002,
apply GMRES(50) to this second system and back-transform with the Sherman-
Morrison formula, the process converges quickly. The curve for the original system
after back-transformation is denoted by SHERMOR(50,4).
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Eigenvalue of A of A —by”
A3306 0.908005 | 0.908007

A3307 0.847002 | 0.846968
A3308 0.618836 | 0.618634
A3309 0.579574 | 0.579266
A3310 0.402658 | 0.399875
A3311 0.125445 | 0.371408

A3312 0.046925 | 0.118764

Table 5.1: Smallest eigenvalues of Sherman5b before and after rank-one update with
DEFSHERMOR

The spectrum of this matrix (computed with the QZ method) consists of 1631
evenly distributed real eigenvalues in the interval [597.528315,1.280845] and the
remaining eigenvalues are all equal to 1, except for the smallest 7 eigenvalues. Their
values can be taken from the second column of the table below. As the last eigenvalue
is especially small compared to the rest of the spectrum, one expects this value to
be the main factor that hampers convergence, as we have seen for GMRES(50).
After 50 iterations the smallest eigenvalue of the generated Hessenberg matrix Hsg,
the smallest Ritz value, equals about 0.67 and is not an approximation of A3312 but
rather of As3og. Still we can, with Algorithm 5.2.4, DEFSHERMOR, modify this
smallest Ritz value and hope that the resulting, larger Ritz value also forces the
corresponding eigenvalue of the n x nm matrix to be larger. For example, we can
compute a vector y such that the smallest eigenvalue 0.67 of the Hessenberg matrix
for A moves to the other end of the spectrum of A to become the eigenvalue 600 of
the Hessenberg matrix for A — by’ and all other Ritz values are left unchanged. The
influence that such Ritz values have on the spectrum of A — by’ can be described as
follows: Large eigenvalues of A are very much the same for A — by’ except for the
new largest eigenvalue 600, all eigenvalues 1 remain, but the seven small eigenvalues
A are modified. This is shown in the last column of Table (5.1). The smaller the
eigenvalue, the more it has been modified and above all, the very last one has been
considerably enlarged, it is about 10 times larger. Moreover, the resulting process
does not stagnate anymore as can be seen in Figure 5.2.

If we apply the other deflation technique (DEFSHERMORN) to this pro-
blem, we must realize this technique was meant for nearly normal matrices whereas
Shermanb is far from normal. Nevertheless we can try to do something: With
the smallest Ritz value 0.67 we have a (poor) approximation of A33ps. Because
X208 b yields in this case a value of about 0.547, one expects to be able to shift
As308 to somewhere in the middle of the spectrum (about 50) when p := —100 in
(4.11). The smallest eigenvalues of A — by” with this choice are seen Table (5.2).
They are less changed than with DEFSHERMOR, which corresponds to the theory.
But the non-normality of the matrix prevented the theory from working concerning
modification of the eigenvalue Asspg, it is still present. The smallest eigenvalue has
become essentially larger, which accelerates the system. The smallest Ritz value 0.4
has become the value 2.934199.

This is an example where local minimization spoils the slow convergence of
GMRES(50). Even minimization of all 50 Givens sines during the first cycle does not
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Eigenvalue of A of A —by”
A3306 0.908005 | 0.908005

A3307 0.847002 | 0.847033
A3308 0.618836 | 0.658457
A3309 0.579574 | 0.615082
A3310 0.402658 | 0.571775
A3311 0.125445 | 0.401679

A3312 0.046925 | 0.120158

Table 5.2: Smallest eigenvalues of Sherman5 before and after rank-one update with
DEFSHERMORN

Sherman5b

1 25 49 73 97 121 number of restarts

LOCAL(50,50)

PSHERMOR(50,50)

DEFSHERMOR(50)

-7 -

log(lIrli/liroll)

Figure 5.2: DEFSHERMOR, PSHERMOR and local minimization applied to sample
experiment
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yield a system that converges faster than the original system. In contrary, iterates
after back-transformation converge even slower than the iterates of GMRES(50)
(compare with Figure 5.1).

On the other hand, Givens sine minimization by means of preconditioning, as
proposed in PSHERMOR, is able to accelerate convergence. As seen in previous
examples with this algorithm, the exact number of minimizations per cycle has an
important influence on the process. The results we obtained by minimizing the first
35 sines at every cycle, are seen in Figure 5.2. Typically, the minimization works
best at the beginning of the process, later on convergence is moderate.

Summarizing, we observe that for this random problem from practice, with
a sparse, non-symmetric and non-normal matrix of dimension 3312, all the tech-
niques proposed in this thesis accelerate the convergence of restarted GMRES with
the exception of local minimization. Our experience has shown that the SHER-
MOR procedure is the most powerful tool to overcome stagnation in general. On
the other hand, the preconditioning technique PSHERMOR, gives smoother conver-
gence curves. When confronted with problems that are known to be hampered by
unfavorable spectral properties, the DEFSHERMOR, algorithm is able to improve
these properties and the same can be achieved with DEFSHERMORN when the
system matrix is close to normal.

From these observations it seems worth to undertake further investigation of
our acceleration techniques. Apart from open questions pointed out in the preceding
chapters, we want to emphasize that we focussed in this thesis on a very specific
exploitation of the Sherman-Morrison formula, namely rank-one update with one of
the rectangular matrices being equal or close to the right-hand side. As already this
choice appeared to be able to overcome stagnation in several ways, we expect many
other applications of small rank update with the Sherman-Morrison formula to be
effective in the context of accelerating restarted projection methods. It would be
very interesting to work this out.
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