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A sufficiently smooth function of d variables that decays fast enough at infinity can be represented pointwise
by an integral combination of Heaviside plane waves (i.e., characteristic functions of closed half-spaces). The
weight function in such a representation depends on the derivatives of the represented function. The represen-
tation is proved here by elementary techniques with separate arguments for even and odd d, and unifies and
extends various results in the literature.
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1 Introduction

An integral formula of the form

[ wi@tax) da

can be metaphorically viewed as a one-hidden-layer neural network with a single linear output unit and a contin-
uum of hidden units. Each hidden unit computes a value of the function ¢ depending on an input vector x and
a parameter vector a. The output function of the network is a weighted integral combination of the hidden unit
functions.

Such integral formulas have been used to show that output functions from one-hidden-layer neural networks
with suitable ¢ and finitely many units are dense in various function spaces (see, e.g., Funahashi [8], Carroll
and Dickinson [4], and Ito [13]). Integral representations have also been used to estimate how accuracy of
approximation varies with the number of hidden units (see, e.g., Barron [1], Girosi and Anzellotti [10], and
Kirkova, Kainen and Kreinovich [19]). In a neural network with finitely many units the integral is replaced by
a Riemann sum. A neural network can even be thought of as a kind of numerical quadrature, a generalization of
the midpoint, trapezoid, and Simpson rules for approximating integrals.

In this paper we derive integral formulas corresponding to one-hidden-layer Heaviside networks, extending
and unifying results in [8], [4], [13], and [19]. Some of the ideas in this paper appeared in [16]. See also
Helgason’s monograph [11] on the Radon transform.

An outline of the paper follows. Section 2 reviews neural networks and establishes notation, Section 3 dis-
cusses Green’s functions and Green’s second identity, while Section 4 describes functions of controlled decay and
states our main theorem. We consider the 1-dimensional case in Section 5, provide necessary lemmas in Section
6, and prove the main theorem in Section 7. Section § has extensions and refinements of our representation and
its relation to known results. The paper ends with a brief discussion.

*  e-mail: kainen @georgetown.edu, Phone: +1 202 6872703, Fax: +1 202 687 6067
**  e-mail: vera@cs.cas.cz, Phone: +420 266053231, Fax: +420 286585789
*#* Corresponding author: e-mail: vogta @ georgetown.edu, Phone: +1202 687 6254, Fax: +1 202 687 6067

NIWILEY R
;InterScience* o
ScoveR souETHInG Gnes : © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



Math. Nachr. 283, No. 6 (2010) / www.mn-journal.com 855

2 Feedforward neural networks

Feedforward neural networks compute functions determined by the type of units and their interconnections. Each
computational unit depends on two vector variables (an input and a parameter), and is given by a function
¢ : RP x R* — R, where p and d are the dimensions of the parameter and input space respectively and R
denotes the set of real numbers.

One-hidden-layer networks, with hidden units based on a fixed function ¢ and a single linear output unit, yield
functions f : R? — R of the form

Fx) =Y wi(a;, x), 2.1)
1=1

where 7 is the number of hidden units, and w; € R are the output weights and a; € R the input parameters of
the i-th unit for: = 1,...,n.

A perceptron is a computational unit based on a function of the form ¢((v,b),x) = (v - x + b), where
1 : R — R is called the activation function, v € R% is an input weight vector, and b € R is a bias. Parameter
vectors are pairs (v,b) € R4+ 50 p = d + 1. The activation function often takes values between 0 and 1.

A typical activation function, and the focus of this paper, is the Heaviside function ¥ defined by ¥(t) = 0 for
t < 0,9(t) = 1fort > 0. Let || - || denote the Euclidean norm on R%, and S?~! the unit sphere in R?. For every
a > 0, (at) = I(t). So, forv # 0, }v-x+b) =d(e-x+ V'), where e = ™ € S4=1and b/ = HTbn .

Fore € S% 1 and b € R we denote by H,;, the hyperplane

Hop={xcR%:e-x+b=0}

The closed half-spaces bounded by this hyperplane are denoted by:
Hi, ={xeR':e-x+b>0}

and
H;b:{xeRd:e-x—i—bgO}.

A function from R? into R is called a plane wave if it can be represented in the form a(v - x), where
a : R — R is any function of one variable and v € R is any fixed nonzero vector. Plane waves are constant
on hyperplanes He ; with e = v/||v]|. A perceptron with activation function ¢ thus gives plane waves of the
form ¢y, (v - x), where 1(t) = ¥(t + b).

Our goal is to represent real-valued functions f on R by an integral combination of Heaviside perceptron
units. Thus we seek a representation

f(x) = /Sdi1 - w(e,b)f(e-x+b)dedb (2.2)

where de is the surface area element on the unit sphere S~ !, w : S9~! x R — R is a weight function, and
x — 0(e - x + b) is the characteristic function of the closed half-space H, : ,- Bquation 2.2 is an integral version
of 2.1. '

3 Green’s functions and Green’s second identity

The theory of distributions extends calculus from ordinary differentiable functions to a larger set of generalized
Sfunctions (or distributions) where the formal rules of calculus still hold. For example, the operation of convolution
g * h of two functions g and h, defined formally by (g * h)(x) = [. g(y)h(x — y) dy, see [20, p. 123], can be
extended to distributions provided their supports are suitable. It is a commutative operation and the Dirac delta
function ¢ serves as an identity with f x 6 = f.
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Let L be a linear differential operator acting on distributions in R¢. In general the equation

L(f)=g

with ¢ given and f unknown can be solved for f by means of a Green’s function G with the property that
L(G) = 6. Indeed, f = g x G is asolutionsince L(g x G) = g+ L(G) = g*§ = g.
An example of a linear differential operator is the Laplacian A:

For a positive integer m, A" denotes the Laplacian iterated m times, while AY is the identity operator.
The Green’s function for the Laplacian in R is - log ||x|| when d = 2, and |x||?~¢ when d # 2,
QF

r(g)
are regular d1str1but10ns, i.e., they coincide with ordinary functions. Indeed, not only are they locally integrable

in R? despite a singularity at the origin, they are also C> except at the origin, and they either die out at infinity
(d > 3) or have logarithmic or linear growth there (d = 2 or 1). Green’s functions for iterated Laplacians,
exhibited in Equations (7.3) and (7.4) below, have similar properties but with distinct forms depending on the
parity of d, as in the integral formula below.

Our treatment is self-contained and calculus-based. We use distribution theory [20] only for motivation.

Let x in R be fixed, and let positive numbers § and R be given with R >> 6. Let

(2 d)wd
is the surface area of the unit sphere S4=1in R¥ (cf. [5, p. 679]). These Green’s functions

where wg =

D={y:yeR'|x~yll =4 lyll <R}

so that the boundary of D consists of two spheres: 9D = {y € R%, ||x —y|| = §, or ||y|| = R}. Then Green’s
second identity for two C? functions v and v (cf. [5, p. 257]) defined in a neighborhood of D takes the form:

/D(UAU_UAU)dy:/aD(U%_U%) dsy 3.1

an =+%¢ HYII aJ denotes the radial normal derivative out of the region of interest and dgy denotes
the surface area element on the two bounding spheres. We call the righthand side of this equation a boundary

integral.

where

4 The Representation Theorem

Let 7 be areal number. A real-valued function g on R vanishes to order r (at infinity) iff lim x| o0 g(x)||z[|" =
0. In this case we write g(x) = o(||x||~") according to the Landau convention. Let ord g denote the order of
vanishing of g at co [2, p. 8], that is,

ord g = sup {r: g(x) = o([|lx["")}.

For example, ord % = rif r and s are real numbers with s > 0. The statement ord g > 7 is equivalent

to each of the following:

Je > 0 such that Ve > 0 3R > 0 such that | x]| > R = |g(x)| < HX|€‘(:+E
Je > 0 3C > 0 such that Vx |g(x)| < © . , and
(T + o7
Jde > 0 3R > Osuch that ||x|| > R = [g(x)] < HXH17+E
Lemma 4.1 Let g : RY — R be C*, with lim|jx||—o 9(x) = 0, x = (71,...,7q), and ord 88'_i >r>1

foralli=1,...,d. Thenord g > r — 1.
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Proof. Given eg > 0, then for all || x| sufficiently large and forall: =1,...,d
dg €0
o) < o
‘ Oz [
and

l9(x)| = \g<x> C im0

[[x[|—o0

oo d

/ Z 99 (tx)x; dt
t=15- Ox;

S/ Vd - e ]|

=1 lltx[|”
Vi [*a
B ||X||"‘1/ tr
. Vd-e
C(r=Dx[

dt

i.e., g vanishes to order  — 1. |

Our chief result is that a sufficiently smooth real-valued function on R? that dies off at infinity sufficiently
rapidly can be written in the form (2.2). The class of functions for which the theorem is proved depends on the
parity of d, as does the choice of w.

Letky = d+ 1if dis odd, d 4 2 if d is even (i.e., kg = 2[%]) Call a function f of controlled decay if
f:R* — R is k4-times continuously differentiable and for each multi-index o = (avy, . . ., ag) with |a| < kg

ord 0“f > |

where 0% f denotes the corresponding partial derivative of f. In other words, for each such « there is an € > 0
such that
o fim 9* f(x)|x !+ = 0.
The number € depends on f and «. In arguments below where multiple partial derivatives are considered, we
shall take € to be the smallest of the individual ¢’s and shall also assume without loss of generality that ¢ < 1.
The set of functions of controlled decay includes all real-valued functions on Re of rapid descent, i.e., all C*
functions f satisfying ord 9 f = oo for every multi-index o (cf. [20, p. 100]). In particular, any function in C*4
with compact support is sufficiently vanishing.
For f of controlled decay, we define a function wy on S9! x R by

wy(e,b) = aq . A2 f(y)dy (dodd),
e,b
wi(e,b) =aq | A f(y)ale-y+b)dy (deven),
R
where
(—1)d-v/2 .
——— if d is odd
_ 2(2m)a-1 ’
ad = (—1)(@-2)/2
W if d is even;
T

and a(t) = —tlog|t| + ¢ for t # 0 and «(0) = 0. The function « is odd.
Our Representation Theorem expresses a function as an integral combination of plane waves based on the
Heaviside function 6.
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Theorem 4.2 (Representation Theorem) Let f be of controlled decay. Then for each x € R?
flx)= / wy(e,b)d(e-x+b)dedb, 4.1)
Sd—1xR

where in the even case the integral is defined pointwise as limp de71 X (00, K]

Well-definedness of w; and integrability are established in the proof below.

5 The one-dimensional case

The one-dimensional case is instructive both for its simplicity and because it indicates that further generalization
is possible. When d = 1, any C'* function that vanishes at =00 can be represented in the form (2.2).

Proposition 5.1 Let f : R — R be continuously differentiable with lim;__, y o f(t) = 0. Then for every
Tz €R,

—%/O:Of’(—b) (z +b) db+—/ f'(0)9(—z +b) db.

In this case S9! = SO = {1}, the weight function is given by wy(1,b) = 1 f'(—b) = —wy(—1, —b).

Proof. Evaluation of the Heaviside function and a simple change of variables yields:
1/, 1/, 1
S rwa—5 [ e = (1@ - fl-o0) -

When d = 1, the Representation Theorem requires that f be C? with sufficient decay at 400, but Proposition
5.1 is more general. The Representation Theorem asserts that when d = 1, wy(e,b) = a1 [, o /"' (y) dy =
1ef’(—eb), as shown.

Proposition 5.1 has alternative forms. The coefficients 2 5 and — 2 can be replaced by ¢ and ¢ — 1 for arbitrary
t. If f vanishes only at —oo, take ¢ = 1 (the first integral alone). Similarly if f vanishes only at oo, take ¢t = 0.
So the weight function in (2.2) is not unique.

Furthermore, f can be assumed to be merely absolutely continuous on each finite interval, guaranteeing a first
derivative f’ almost everywhere. Assume for example that: i) f is absolutely continuous on finite intervals, ii)
lim,_,_ o f(z) = 0, and iii) f has finite total variation on intervals of the form (—o0, z] for real numbers .
Then f’ is in L'((—oo,z]) for each = and the first integral in Proposition 5.1 represents f at any real number
x (cf. Hewitt and Stromberg [12, p. 286]). Lemma 6.1 below shows that the conditions at +-0co can be further
relaxed.

6 Preliminary lemmas

We need three lemmas for the proof. The first is a variant of Proposition 5.1.

Lemma 6.1 Let g : R — R be a continuous function such that g(0) = 0 and g is continuously differentiable
on (—00,0) U (0,00). Then for every z € R,

g(z) = /O (O — ) dt / o (D9(t — z) dt.

— 00

Proof. The right side in the Lemma is the same as:

max {z,0} 0
[ swd- [ g
0 min {0,z }

and this equals g(z) — ¢(0) = g(z). O

(© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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The function ¢’ is continuous on the half-open interval joining 0 to = # 0, but may not be integrable
on this interval, in which case the integrals in Lemma 6.1 are not Lebesgue or Riemann integrals but rather
lime_ o4+ ( f:o + f:;) In the two applications we make of Lemma 6.1, ¢’ is integrable on the given intervals
and Lebesgue integration applies.

Lemmas 6.2 and 6.3 below show that the functions ||x|| and log ||x|| on R? can be represented as integrals
of plane waves. These lemmas are stated in [5, pp. 678—679] except for the second part of Lemma 6.3. Lemma
6.2 is needed for d odd, and Lemma 6.3 for d even. We give simple proofs that exploit the homogeneity and
rotational invariance of the associated integral formulas. However, extra work is required to establish the final
conclusion of Lemma 6.3.

Lemma 6.2 For every positive integer d and for all x in R,

]| = 54 / e - x| de,
Sd—l

where sq = 22;11 ford > 2and sy = %

Proof. The integral [ cgi—1 | - x| de is positive-homogeneous in x and rotationally invariant. Thus it is
equal to a constant time ||x||. To evaluate the constant, we take x to be a unit vector. Then the integral, for d > 2,
is:

wd,l/ | cos 0| sin?20df = wy_q [/2 cosOsin?20do — / cos 0 sin? 2 HdG]
0

=0 0 3
B sin? 19| sind1lg|”
R d—1 |
~ 2wg
Cd-1
while the integral reduces to 2 when d = 1. O

Let 6(t) = % log |t| — 312 fort # 0 and B(0) = 0. Note that 5'(t) = —a(t) for all ¢, and 5" (t) = log |t| for
t#0.

Lemma 6.3 For every positive integer d and for all nonzero x in R,

1 1
longH:bd+—/ 1og|e~x|debd+—A< 6(e~x)de),
Wq Jgd—1 Wd

Sd—l
where by is a constant.

Proof. To show that e — log |x - €| is integrable, it suffices by additivity of the log to assume that x is a
unit vector. If d = 1, integrability is trivial. So assume d > 2. Choosing the direction of x to be the north pole,
letting @ = cos ™! (e - x), and using the inequality cos 6 > 1 — %9 for0 <6 < 3, we find that:

/2
/ [log |e - x|| de = 2wd_1/ |log cos 0] sin?~2 0 df
Sd-1 0
w/2
< de,l/ | log cos 6| df
0

/2 9
< 2wd_1/ (—1)log (1 - —9) do
0 ™

= TTWd—1-
Thus the integrals are well-defined despite the singularities at the equator § = 7.
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By rotational invariance (x no longer assumed to be a unit vector) [q,_, log e - x| de is a function g(||x|)),
with the property that g(]|Ax||) = wqglog|A| + g(||x]|). Hence g(||x||) = wqlog||x|| + g(1), where g(1) =
wa—1 [,_,log|cos | sin?™2 60 df for d > 2 and g(1) = 0 when d = 1. This establishes the first equality in
Lemma 6.3, with by = —g(1)/wq.

To establish the second equality, observe first that e — (3(x - e) is continuous and hence integrable on S~ 1.
Since Af(e-x) = f”(e - x), we need only show that partial derivatives with respect to x can be moved from
outside to inside the integral. For first derivatives this is clear since 3’ is continuous and its domain can be
restricted to [—||x|| — 1, ||x]| + 1].

The argument for second derivatives is more delicate. Since e - (x + hu;) = e - x + he;, where u; is the unit
coordinate vector in the j-th direction and e; = e - u, it suffices to show that

hhi% </Sdl(6 (ex+h€]‘;)76 (eX) ejﬂ//(ex))de> = 0. (61)

The case d = 1 is trivial. Assume d > 2 and h > 0. The integral in (6.1) can be decomposed into the sum of four
Lebesgue integrals, two of them over regions in the northern hemisphere:

Up={e:e-x>0,e-x+hej <0} and V,={e:e-x>0,e-x+he; >0},

and two more over similar regions in the southern hemisphere.
The set Uy, is contained in the set {e : 0 < e -x < h} = {e 10 < cosf < H}TLH}’ which has measure

hﬂ)iﬂ L for h small. Tt follows that the integral over Uy, goes to 0 as h goes to 0 since 3’ is

uniformly continuous on the interval [— || x || =1, x || +1] so that |5’ (e - x + he;) — §’(e - x)| can be assumed
to be arbitrarily small and 3" is integrable.

In the set V},, on the other hand, let 7 be the absolute value of the integrand in (6.1). Setting ¢ = Z% and using
the definitions of 3’ and 3/, we find that

<log (1 +1)

approximately equal to

T = |e;]| sign(t) +log(1+1t) — 1> .

If t = 0,7 = 0. Since |e;| <|| e ||= 1, 7 is dominated by log (1 + ¢) for ¢ > 0 and by % for -1 < ¢ <0.

Thus 7 is dominated by % for all t > —1. Hence, with H = H_ZH’ the integral over V}, is dominated by:

1 ; Ly [T H

log (1 + h|—2-|) de < £4= log (14 —— ) sin®"260do
log 2 log 2 0
og {e:e-x>0} e-Xx og 0 Cco8S

/2 H
g“’d‘l/ log (1+—— ) do
log2 /g 1—26

wWdg—1 T
- “—(=HlogH +(1+ H)log (1 + H
log 2 2( ogH + (1+ H)log(1+ H)),

which converges to 0 as h tends to 0.
These arguments show that when h converges to 0T the integral in (6.1) restricted to the northern hemisphere

(e such that e - x > 0) tends to 0. In the southern hemisphere the substitution €’ = —e and the oddness of
(' and evenness of 3" convert the corresponding integral into the negative of the northern hemisphere integral.
Likewise, when h tends to 0 though negative values, the substitutions x’ = —x and h’ = —h convert a left limit
at x into a right limit at x’. Hence (6.1) holds. O

7 Proof of the Representation Theorem

Proof. To prove the Representation Theorem, we express a function as the convolution of its iterated Lapla-
cian with the corresponding Green’s function. The Green’s function is represented as an integral combination
of plane waves. The plane waves in turn are represented as integral combinations of Heavisides. This gives the
desired representation of the original function.
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Math. Nachr. 283, No. 6 (2010) / www.mn-journal.com 861

Throughout the argument x is an arbitrary fixed member of R%, while y in R¢ is variable and A = Ay.

First we show that wy is finite and continuous. Indeed, the integrands in the definition of w; in Section 4 are
sums involving derivatives of order k, since they contain iterated Laplacians.

In the odd case, when |a| = k4 = d + 1, the summands satisfy

o C
|8 f()')| < (Hy||2 + 1)(d+1+€)/2

for all y in R? and some ¢ > 0 where C is a constant depending on f and «. Thus in spherical coordinates,
where 7 =|| y || and df2 is the area element on S¢~!, integrating over all of R? rather than just H_ o We find:

le? ¢ d—1
/Rdla f(y)ldys/[om)xsm G @t ddr

<C o dr
S Cwg 0 (r2+1)(2+5)/2

7r
< Cwg—.
= Wd2

Hence, for d odd, wy is finite and Lebesgue’s Dominated Convergence Theorem [12, p. 172] applied to the

effective integrand AT f(y)0(—e -y — b) shows that wy is continuous.
In the even case, when |a| = k4 = d + 2, the summands satisfy

Cla(e -y +b)|

0" f@llate -y + D) < a7

for ||y|| in R?. If we adopt a coordinate system in which y = (y1,y*) withy; = e -y and y* € R9"1, and
p = |y, we obtain:

p2dQ dp dy,.

Cloy + 1)
o« . b)|ldy <
[ swlee y o< [

We make the substitution p = /y? + 1tan6, so that dp = /y? + 1sec? § df where sec denotes Sekans, and
the right side becomes:

. ™2 a(yy + b)|(y2 + 1)@D/2 tand=2 § sec? 6 df dy;
Wd—1 - (12 + 1)(d+2+0)/2 secdt+2+e g

|a(yL +b)[dys
coan [ it

The last integral is an even function of b: replace b by —b and y; by —y;1. So we may assume b > 0. Since
|a(t)] < 1 for |t| < e+ 1, this integral is dominated by the following sum:

/ dy N / la(ys +b)| dys / la(ys +b)| dys
rbl<ert U7+ 1ETV2 s i py<e U7+ DET2 0 Jl s ety iz (UF +1)ET/2

Since e < |t1]| < [t2| implies |(|t1])] < |a(|t2])| and in the second and third integrals immediately above
e+ 1<|y1 +b| <|y1]| +b < max{2|yi|, 20}, the sum is dominated by:

[ @t ki) dn
R GEDEE

Since the integrands in these successive inequalities are continuous functions of b, or of b and e, and the last
integral is finite and continuously dependent on b, Lebesgue’s Dominated Convergence Theorem applies as in the
odd case, and so wy is finite and continuous.
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7.1 The case of odd d
7.1.1 Finding the Green’s function

Fori=0,1,..., %! let

ui:Alf7 ’Ui:AZ IHX_}’”’
where differentiation in the Laplacians is with respect to the variable y. Then for 0 < ¢ < %, w; and v;4 are
twice continuously differentiable except when y = x since f is in C9*1, and we assert that for such i:

/ wv; dy =/ Ui Avip1 dy = / Auivipr dy = / Ui p1Vi 41 dy. (7.1)
Rd Rd Rd Rd

The middle equation is based on Green’s identity for u;, v;4; on the region D in Section 3, Equation (3.1), and
requires that the corresponding boundary integrals vanish as R tends to co and § tends to 0. These conditions
will be established below.

First we must show that u;v; is integrable for 0 < ¢ < % Since u;v; is continuous, we only need investigate
behavior as y tends to co or y tends to x. We make extensive use of the following identities:

Allx=y ") =ala+d-2) || x—y ||*?
A" (| x =y |*) = Cla,m,d) || x —y [|*>" (7.2)
C(aa m, d) = Hgn;ol(a - QJ)H;rbzl(a’ + d— 2.7))

valid for y # x, any real number a, and any integer mm > 0. The decay condition on f assumed in the theorem
provides an € > 0 such that

1
lui(y)| < e
Iy [+

for || y || sufficiently large. Using the identities (7.2), we find that

d+1 . _9(atl_;
)l = |o (155 i) Ix-y e

fory # x. Since lim )y o % = 1, with A any real number larger than C' (1, % —1, d) and R suffi-

ciently large, we obtain in spherical coordinates centered on the origin:

/ fuivi| dy S/ A s
{y:lyll=R} [R,00)x8d-1 T ire

/ A dr dQ)
= ——dr
[Ryoc)x i1 1€

o Awd
"~ €Re
< 0.

Likewise, for 4 > 0 and ¢ > 0, in spherical cordinates centered on x, we have:

/ |usv;| dy < / Bri=2(5 =0 pd=1 g gy
{y 0<Ilx—y |6} (0,6]x 51

= / Br2 =l dr dQ
(0,8]x Sd—1

B(52iwd
- < 0
21
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where B = max {|u;(y)|: | x —y [|<6}C (1,2 —i,d). When i = 0, there is nothing to prove since
C (1, %, d) = 0 and so vg = 0. Thus u;v; is integrable as claimed.
Now we show that the boundary integrals vanish. For R sufficiently large there is a constant C' such that

/{y:YII—R}

uiav”l —vm%’ dsy g/ O prea )1 ga-1 g
on gd—1

on _1 R2ite
7/ CdQ
N gi-1 Re¢
- de
=
where € is from the decay condition on f. Indeed, .2 = +%¢ | % 6‘; D (|x—y [ <alx—yl|*?
so that
dv; 1 1-2(4FL —i)-1
WG] < g G lx-y [0 ang

du; Oy || x—y ||'~20% 9
w0 G| <« L

for suitable constants C; and C'y depending on ¢ and d. Since H’ﬁ;ﬁ'” ~ 1for || y || sufficiently large, we can take

C > C4 + (5 to obtain the above estimate on the boundary integral for large R. For § near 0, % = —% where
r is the radial coordinate with center x, and

/ u
{y:lIx=yll=d}

< / {D151—2(%—(i+1))—1 + D251—2(%—(i+1))} 591 40
gd—1

_ {D162i + D262'L+1}wd

48’Ui+1 . 8 d
7 an +15 a sy

where

d+1
Dy = max {|u;(y)] : ||X—y||§5}-0(1 %—(—i—l )|2(z—|—1 —d| and

Ouy;
ngax{‘a:i(y)‘ : |xy||§5}~0<1,

As R tends to co and 6 to 07, these estimates show that all boundary integrals vanish for 0 < i < %. This
establishes (7.1).
When ¢ = 0, the boundary integrals vanish with one exception:

d+1

(¢+1),d).

{yilly—x|=s} N i1 or s
-/ f<y>3<c<1ﬂ1d> | x—y 2 1>> 51 do
Sd 1 7':6
__ (1 arl d) (2 = d)5' 1541 40
Sd 1
= [ FO)DF @ - sttt ag,
Sd 1

where y = x + de, e € S9!, and this integral tends to f(x)(fl)% (d — 1)!wg as J tends to 0.
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By (7.1)

uvrdy = -+ - = Ud+1Vat1 dy,
Rd Rd 2 2

and by Green’s identity again and the fact that vy = 0

0= / UV dy
R4

) 0
= / u1v1 dy + lim / Ug (ﬂ — ’Ulﬂ) dsy
R R—000—0% Jiyilx—y|=sorllyl=r} ~\On  On

d

= /Rd Udp1Vdtr dy—f(y)(—l)%(d— D!wg.
Hence

f0=co [ 8% )l dy 1.3

d—1

with ¢q = ((d_fiﬁ. So ¢q || y || is the Green’s function for A in R (d odd).

Determining wy. By Lemmas 6.2 and 6.1, applied to the function |¢|, we have:

eyl =sa e (e ylde
gd—1

:Sd/kgdfl (/Oooﬁ(e~(xy)t)dt+/_oooz9(te~(x}’))dt> de.

Now set b = —e -y — t in the first integral and b = e - y + ¢ in the second, and use the identity «de71 g(—e)de =
Ja—1 g(e) de (true for any integrable function g). Then

xsl=sa [ ([ otexenas [T oextta) de
gd—1 _ e
Sd—l

ey
/ Y(e-x+b)dbde

oo

= 28d

:2sd/ /19(—e-y—b)19(e-x+b)dbde.
si-1JR

Substituting this expression for || x —y || into (7.3), and supposing that we may change the order of integration,
we obtain the representation of Theorem 4.2 for d odd:

s =2easa [ [ ([ 2% rwwicery -y ox- o b)ded
si-1 Jr \JRa
:/ wy(e,b)d(x - e + b) db de.
Sd-1xR

Change in the order of integration is justified by Fubini’s Theorem (cf. [12, p. 386]). For each x in R,
(v,e,b) — A%f(y)ﬁ(—e -y — b)¥(e - x +b) is integrable with absolute integral

// /‘A%f(”‘|19(*e'Y*b)ﬁ(e~x+b)|dbdedy
Rd JSd-1 JR

Rd Jgd—1
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llx—yll
Iyl

d+1 1 dr dS) wq
ATfy’ y dyg/ —r-rd_ldrdQ:/ — = .
/{y:ynzm’ @y lylzr T yl=r T €Re

In particular, by Fubini the intermediate integrand wy (e, b)J(e - x + b) is integrable on S¢~1 x R.

which is bounded since 1imHy||Hoo = 1 and for large R:

7.2 The case of even d

The argument in this case is similar to the odd case except that we construct both w; and an alternative weight
function wy.

7.2.1 Finding the Green’s function

Proceeding as in the odd case, we let
, a_
up=A"f, vi=A0"(log|[x—y|)

for0 <i < %l. We shall establish that equations (7.1) hold for these choices of u; and v; and 0 < i < %.
We shall need the following identities:

Aogllx—y[)=(d-2) [ x-y [

(7.2)
A" (logllx—y |)=C(-2,m—1,d)(d—2) | x—y | ~*™ for m>2,

where C(-,-,-) is as in (7.2). These identities imply that vo(y) = A2 (| x —y ||) = 0.
The function u;v; is integrable for 0 < ¢ < g Indeed,

A ,
/ luivi| dy < / =i rm25=0pd=1 g 40y
{y:llyll=R} [R,00)x5d-1 T

B / Adr dQ)
[Ro0)xga-1  T1THe

o Awd
T €Re

for 7 =|| y ||> R with R large, i < ¢, and a suitable constant A depending on i and d. For i = £ and R large

1
dy < 1 a=1 g dQ)
/{y:yan} |U%U%| v= /[R,OO)XSdl rdte ( ogr)r T

:/ 8T 41 a2
[Ryoc)x i1 T1He

(14 €elog R)wq
€2Re '

F0r5>0and0<z'<g,

/ |usv;| dy < / Br—2(3=9pd=1 g1 40O
{y 0<Ilx—y |6} (0,6]x 51

= / Br2 =l dr dQ
(0,8]x Sd—1

B(52iwd
2i
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i : : C_d
where B = max {| A" f(y)|: || x —y ||<d} - Awith Aasabove. Wheni = § and § < 1,

K& dlogd — 1
/ ‘u;vﬂdyg/ K|10gr|rd_1 dr dS) — | Og2 |wd’
{y:0<|x-yll<sy * ? (0,6]x §4-1 d

where K = max {‘Agf(y)’ D x—y I 5}. Thus, w;v; is integrable.
We now establish the vanishing of the boundary integrals in Green’s second identity to show that (7.1) holds.
For0 <1< % and large R

O0vit1 Ouy C —2(4—(i+1))—1 pd—1
/{y:yn_R} Yo ””1%‘ dsyg/sdfl Rrre R
_ CdQ2
_/Sd—l Re
o de
= Fe

where C' is a constant depending on ¢ and d (obtained by combining two constants C; and C for the two terms
as in the odd case). For 6 near 0
ale aul

Uj—F— — Vi1 —=—

/{y x—yl|=6} on on

S / {Dlé‘—Q(%_(H—l))—l +D26—2(g—(i+1))}5d_1dﬂ
gd—1

= {D16% + D26*" " }wa

dsy

where D1 and D» are suitable constants as in the odd case. As R tends to co and § goes to 0T, the boundary

integrals tend to 0 and so (7.1) is valid.
For 2 = 0, as in the case of odd d, there is one non-negligible term in the boundary integral. By (7.2”)

8’01 / 8

w5~ dsy = — )5
/{y:xyn—zS} on se-r” T Or
y)C

d—2
2

A

r=0
_ o gi o g 2—d\ sd—1
- /Sdilf( ) < 2,5 1,d> (@=2)50| (>t an

:/Sdil Fy)(~1) {(%)!}22*251—%*1@,

and this integral tends to f(x)(—1)% {(452)1}?29 2w as 0 tends to 0. As in the odd case, cf. (7.3),

(log || x — y )6~ d2

vl

0
lim 7/ uoﬂdgy :/ u1v1 dy :/ Uava dy,

§—0+ {y ! |Ix—yll=6} on Rd Ra 2 2

and so
d
f(X):Cd/dAQf(Y)logHX*YHdY (7.4)
R
d—2

where cg = — Y 2 Thus ¢qlog |ly| is the Green’s function for A% in R? (d even).

2o (T

Determining wy. By Lemma 6.3

1
log }x — ] =bd+w—da( He- <x—y>>de)- .5)

gd—1
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The Divergence Theorem [3, p. 423] implies that

0, as
A% f(y)dy = lim — (AT f)(y)dsy =0
R R—o0 Jiy ¢ |ly| =g} O
since
0, a 1 B oy
(8% )| dsy < [ . — P
/{y3 lyll=R} on Iy ! llyl=R} R%%HHG R

for large R. Using this fact and substituting (7.5) into (7.4), we can eliminate the term involving b, to obtain:

Wd JRd Sd—1

fx) = A%ﬂym( (e-(xy))de)dy.

Then application of Green’s identity converts this into:

Cd di2
s = [ 8w ([ se-x-yyae) ay. 7.6
Wd JRd Sd—1
Indeed, to apply (3.1), let u(y) = A%f(y) and v(y) = [ga—. B(e - (x — y)) de. Then the boundary integral in
(3.1) decomposes into two parts, one an integral over {y : || x —y ||= 0} tending to 0 as § does, while the other

satisfies:
CiRlogR = CoR?logR\ _,
dey < R dQ
/{y:yn—R} n Sy_/sdl( Rite T T RiTTe

(C1 + C3)log Rwq
Re ’

which approaches 0 as R tends to co. Note here that

d
y; Ov 1 /
i1 ani(y) }E/Sdly.eﬂ (e-(x—y))de

<IF( x =y [)wal <CiRlogR

%(Y)

ov ‘

<[ e x=y)lde

and
lv(y)l S/ |6(e - (x —y))|de < CaR*log R
Sd—1

for || y ||= R large and suitable constants Cy and C. So (7.6) holds.
From Lemma 6.1, and the identities [, , g(—e) de = [q,_, g(e) de and 3'(—t) = —{3'(t), we obtain:

Ble- (x—y))de

Sd—l

= [ ([ rore s -na- [ g0ot-e -ypar) ae
:/SH (/e.yﬁ’(—e-y—b)ﬂ(e-x-ﬁ-b)db—/e:ﬁ’(b—e-y)ﬂ(b—e-x)db)de

B Q/SH /Rﬂ (e y —b)d(—e-y—Db)i(e x+b)dbde.

Substituting the last expression into (7.6) and rearranging terms, we have:

F) = 24

wq

/sw /R ( Rdﬂ%f(yw'(_e'y— b)d(~e-y —b) dy) 9(ex +b) dbde.
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Hence,
f(x) :/ wy(e,b)d(x - e+ b)dedb,
Sd—1xR
where
2 2
bpleb) = =2 | A f(y)ale-y +b)dy, (1.7)
wd H;b

since a(t) = B'(—t).

As before, change in the order of integration is justified by Fubini’s Theorem. Indeed

/ / /’A#f(y)’|a(e~y+b)||19(fe~y—b)19(e~x+b)|dbdedy
Rd Jgd—1

<ol

<wu [ 8" £ max{1ladly - x DI} |y - x| dy,
R

which follows from the inequality |« (t)| < max {1, |a(s)|} for [¢t| < |s|. Since

J )| max {1, la(le (v = x)) e (v = x)| de dy

[x—ylllellx=y DI _

im 1,
ME A a]
we take R large and boundedness follows from:
at2 Cr?(logr)ri=t drdQ
2 16| Iy Hadly Dldy < :
/{y:IIyZR} lylI=R rdtet
* logrdr

= de/R 7‘1"1‘5
< Q.

In particular (e, b)J(e - x + b) is integrable on S9! x R.
Properties of wy. Equation (7.7) gives us a weight function @ for an integral formula. However, to obtain
the weight function wy in the theorem, we first need two properties of 1, namely:

(P1) For by € R there exist 7 > 0 and M > 0 such that |10 (e, b)| < M/(b? + 1)1+/2 for all e € S9~1
and all b > bg; and

(P2) limg oo [ Wy(e,b) db = 0 uniformly fore € S4~1.

To establish (P1), fix e, choose rectangular coordinates y = (y;,y*) withy; = e -y, and set p =| y* |.

Then, arguing as before, we have:

wq | . d+2
ot iy (e ) g/ |65 00| late -y + il ay
/"’ / Cla(y: +b)| dy* dy
eras (y [P H+1)@2F072
/ / Cla(yl+b )|p? 2 dp dQ dy,
0.0 x5 y1 +p? 1RO/

_c alyr + b)|sin?™2 0 cos>t€ 0 d dy, -
R RSk :
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—b
W la(y1 +b)| dya
< deflg /yl__oo (42 + 1)B3+a/2

B T [® la(t)| dt
= Owi1y /0 ((t+b)2 + 1)B+/2°

The last integral is a continuous function of b defined for all values of b. Noting that |«(t)| < 1 for |¢t| < e and

la(t)] < 5(1+5) fort > e and any 6 > 0, we see that when b > 0 and e > § > 0:

/ / (t)| dt - e (t+b)Hodt
t+b F)E2 S @y )Ear T St t+b)3+f

e
<
N ST A T G 5)(e+b)1+f*‘5

<e+a1xue®
- (b2+1) 1+e—4)/2 "

Hence, (P1) holds for b > 0 and np = € — 4. If by < 0, continuity on the interval [by, 0] allows us to draw the same
conclusion for b > by (with the constant M replaced by a larger constant that depends on by).

To prove (P2), note first that (P1) implies that for fixed e the mapping b — 0y (e, b) is integrable on intervals
of the form [— K, c0). Furthermore, Fubini’s Theorem in combination with the argument for (P1) allows us to
change the order of integration. Since all partials with respect to variables other than y; can be integrated out and
evaluated at infinity (where the antiderivatives vanish), we find that

o0

wf(e,b)db:/ A f(y)ale -y +b) dy db
K -k JH],

wd
2¢cq

AE fy)a(ys +b) dy™ dy, db

0o —b

B /7K /yl—OO /yLERdl
0o —b 9 d+2

[ [ () et naytana
—K Jyj=—o00 JyleRd-1 Y1

where

- OO (%)Mﬂy)a(yl +b)dya db

-/ ’ / Ky (a%)d+2f<y>a<y1 +b) dbdyy
(

8 d+2
— f¥)B (—yr — b) dbdy,
fy)B(K —y1)dy

fy)a(y — K)dy,

K~ a d
-/ i} (@) F(9) loglyr — K| dy.

Here we have used integration by parts, properties of 5 and «, and the decay condition satisfied by f. The last
integral decomposes further as:
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</I;1 " /KK1> <aiyl)d f(y)loglyr — K|dy:

0 d—1 K-1 K—1 (a%l)d_lf(Y) dyy

~ logly1 — |(6y1) 70y) yl__;/_m L
2 yd—1 d—1 K~

4 (= K)oy — k2O~ G T YD)
y1 — K o

() - () ) () o
[ () - () ) () o

(L(y ') + L(y™h).

We now integrate with respect to y. For K > 1 by the Mean Value Theorem:

}/Rdl L(y*)dy*
0 () () ) )

o \¢
< - L
<[ e () s
< / Cpi=2dQdp
= J.ooyxsi-2 (K = 1)2 4 p? +1)(d+0)/2
w/2 1 o
- de—1/0 (K —1)2+ 1)(1+€)/2 S 0 cos® 0 db

™

< Cwg
= TES (K — 1)z )Fa/

where we have used the substitution p = ( (K —1)2+ 1) tanf. As K tends to infinity, this integral tends

to 0.
Likewise,

‘/ Ii( dy
Rd—1

‘/K 1/ 8y1 d lf( )dyLdyl
Rd—1 1— K
K-l =2 dQ dp dyy
/ /[OOo)de > |y1 — K|(y1 + p? 4 1)ld-1+9)/2
del/K 1/ d29dy1d9
Y1 — KI yi +1)/2cos! <0
< Cwa 17r/ dyr
T 2 oo |y = K|(y7 + 1)/

. . . 1— . .
which uses the inequality cos' ¢4 > (1 — %9) “fore<land0 <6< 5. Ignoring the scale factors in front
and making the substitution u = K — y;, we rewrite the last integral as:

(© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 283, No. 6 (2010) / www.mn-journal.com 871

[ s
K-l K+1 0o y
</ / /K+1> u((K — Z)? +1)¢/2

A U(K*U) K-1 U 1 (0 K)(v?+1)/2
(K —1)'~ /Kl 1 1 K+1 /°° dv
<= — ) du+1
=TT K . T ER—u) e O G0
2(K —1)'¢log (K — 1 K 0 d
_ )' < log ( ) 4 og KA1 +/ v .
K — L (0t K)o+ 1)2

K

As K tends to oo, the first two terms tend to 0, while the integral is dominated by f > EIL = % and so also tends

to 0 by Lebesgue’s Dominated Convergence Theorem. Thus (P2) is established.

. . . . . . . _
Replacing wy by wg. Since ag = o for d even, we can express wy in terms of Wy, using fRd =
— and the oddness of «, as:
fH;b + fHe’b

wyle,b) = 3 iy (e,b) — iby(~e, b))
Then

/ wy(e,b)f(e-x+b)dedb
Sd—1x(—o00,K]

:/ ﬁ)f(e,b)Q(e~x+b)dedb7/ 1( r(e,b)+ws(—e,—b))f(e-x+b)dedb.
§d-1x (—c0,K] Sd-1x(—o00,K] 2

The first integral in the last expression tends to f(x) as K tends to oo by (7.7). So it suffices to show that the
second integral tends to 0 as K tends to co. Indeed, for K >|| x ||,

/ (wy(e,b)+ws(—e,—b))0(e-x+b)dedb
Sd—1x(—o0,K]

/ Af(e,b)ﬁ(e~x+b)dedb+/ wy(e,b)f(—e-x —b)dedb
§d-1%(—o00,K] §a-1 %[~ K,00)

max {K,—e-x} —ex
/ wy(e,b)dbde + wy(e,b)dbde
Sd 1

Sd=1 Jmin{—K,—e-x}
:/ / wy(e,b)dbde.
Sd-1.J-K

However, ff(K wy(e,b)db tends to 0 uniformly in e as K tends to oo since by (P1) || ;O tends to 0 and by (P2)
ffoK tends to 0. This completes the proof. |

8 Alternative representations

The formulas for wy in the Representation Theorem (Theorem 4.2) can be written in several alternative forms,
some of which have appeared in the literature under stronger hypotheses.

Kirkova, Kainen and Kreinovich [19] used distributional techniques from Courant and Hilbert [5] to show
that if f is a compactly supported function on R? with continuous d-th order partials, and d is odd, then f can be
represented as in (4.1), where wy is as in (8.3) below.
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Ito [13] and Carroll and Dickinson [4] treated both the odd and the even case, basing their work on Helgason’s
book on the Radon Transform [11], and obtained a representation for C*° functions of rapid descent (Ito) and
C functions of compact support (Carroll and Dickinson).

The connection of previous work to the two propositions below is discussed at the end of this section.

In the following proposition we make use of principal value integration (cf. Zemanian [20, p. 18]) and di-

rectional derivatives. Thus p.v. fRd ¢>e(3)’,)ﬁg’ = lims_—04 f{y  ley+bl>6} % provided the latter exists; and

Dék) refers to the k-th order directional derivative in the direction e.

Proposition 8.1 Let f be of controlled decay. For d odd

d+1

wy(e,b) = ag A2 f(y)dy (8.1
H;b
= ay / D £ (y) dy (8.2)
H;b
= aq / DWW f(y)duy. (8.3)
He,b
For d even,
wi(e,b)=aa | AT f(y)ale -y +b)dy (8.4)
= ay / ) D2 f(y)ale -y + b) dy (8.5)
R
- “d/ DU f(y)logle -y + bldy (8.6)
R
(@)
De¢
— aup / De 1) 4o 8.7)
Rd €-y+0b

If f is of controlled decay and also satisfies

ordd“f>d—1 for 0<]|a|<d-2, (8.8)
then for d odd
9 \a
wy(e,b) = ~aa (5-) / fy)duy (8.9)
¢ He.a a=b
and for d even
wy(e,b) = —a g ' v/ Md (8.10)
AN 4\ Ba P Ri€-y+a Y - )

Proof. The odd case. Inthe case d = 1 Equations (8.1)—(8.3), and (8.9) are trivial and wy (e, b) agrees with
Proposition 5.1. Suppose d > 3. The integral in (8.1), from Theorem 4.2,

is an integral over the half-space where y - € + b < 0. If we adopt a rectangular coordinate system in which
2 2

Y1 = Y - e, the iterated Laplacian AT f(y) retains its usual form with A = ;—yz + -+ ;—yz. The integrand
1 d

consists of a sum of partial derivatives of f of order d + 1 all but one of which can be expressed in the form g—;
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for some ¢ # 1 and some function u, itself a partial derivative of f of order d, by interchanging the order of
differentiation. Integrating each such term, but integrating first with respect to y;, we find that

ou e ou
/ 3 (y)dy = / </ 3 (}’)dyi> dyr ... .dy;1dyiy1 ... dyq
H, Yi Y1 <=b,(y2,- 0 Yim1,Yit 1,00 ,Ya) ERI2 yi=—o0 IYi

..........

=0

since limy, — o0 u(y) = limyy| oo u(y) = 0. Use of Fubini’s Theorem is justified since | & |, a derivative of

order d + 1 dominated at infinity by W, is integrable over R and over H_ .
Accordingly the integral of interest reduces to:

/HM (aiyl) " fy)dy.

Then we integrate with respect to y; first of all, obtaining:

Yi=—

/RH (aiyl)df(w .

a d
dyQ---dyd:/ (a—) f(=b,y*t)dy™*
Ra-1 \OY1

= (@) (e

b

=—00

where shifting the partial derivatives outside the integral is justified below. The above expressions are identical,
except for the omitted factor a4, with (8.2), (8.3), and (8.9) above since clyl =dpy, and aiyl and its iterates are
directional derivatives in the direction of e, i.e., normal to the hyperplane He .

Shifting the partials is permitted if we show that

Jors oty == (3) (f ey

a=b
for any real number b where v = (aiyl)if fori = 0,...,d — 1. By the definition of a derivative, it suffices to
show that
v(=b—hy")—v(=by") v 1 il
+ — (-0, d,
/73(171 ( h 8y1 ( Y ) Y

! ov ov
= —b,L—bh,L)d>dL
Lo (] (Gt = - sy ) ds) dy

tends to 0 as h approaches 0.

The controlled decay property and (8.8) imply that lim .o g—;(y)|\y|
)

|4=1*¢ = 0 for all v considered.

The last integral over R?~! decomposes into two parts: one for ||y || large, say, larger than R, where the inner
integral is dominated by Hyﬁ% and integration with respect to dy = p?~2dp dS2 with p = ||y yields an

answer dominated by 26“6‘”% (which can be made arbitrarily small by letting R tend to infinity); while the other

part is over the compact set C = {y~ : |[y*|| < R} where uniform continuity of g—?x(fb, y*) guarantees that
for h sufficiently close to O the integrand and the integral over C' are arbitrarily small. Thus the entire integral
tends to 0 as h does, to complete the argument.

The even case. The representation in (8.4) derives from Theorem 4.2. In a rectangular coordinate sys-
tem in which y; = y - e, just as in the odd case, by dropping terms that have partial derivatives with respect
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to variables other than 7, we arrive at the following equations, with D¢ = -2- and p.v. fRd o(y)dy =

oY1
lims—o f{y s lyi+b| >0} o(y) dy:

wy(e,b) /Rd< 0 )d+2f(y)a(y1 +b)dy(“/m< 0 )d+1f(y)1og|y1+bldy

aq Ay Ay

d
(id) 0 1
= _p.v. — d
pv/Rd <6y1> f(y)yl w0

d
@ (0 f(y)
= <8a> (p.v. o y1+ady )

The left side of (i) gives (8.5). So if we establish (i), (ii), and (iii), then (8.6), (8.7), and (8.10) follow.

An integration by parts with respect to the variable y; yields (i). As the function log |y1 4+ b| = —a/(y1 + b)
has a singularity at y; = —b, Lebesgue integration is required.

Another integration by parts leads to (ii). Indeed, for 6 > 0

9 d+1
Lo (5)  f@)oxln+oldy
Y - Y1 2
/ (a)df(bJr(S LYlogé dy* / (a)df() LI
= — B — — s [0} —_ _
Rra-1 \ OY1 v )oeoay {y : mrb>6) \OU1 T
o \* o \* 1
+ — —b—68,yH)1 5de/ <—> d
/.. (%) pev-sytossayt = [ () i
! a i iR €
=dlogd | — o )\ f(=b+td,y")dtdy

B >d 1
- — | fly dy.
/{y: ly1+b| >3} <5y1 ( )yl +0

The coefficient of § log § is a well-defined finite integral, and as ¢ tends to 0+, d log d tends to 0.
To show (iii), we must establish the following:

e 0 u(y)

Jy1
V. ——dy =— | — V. —d
P /Rdyl+b Y (30) (pv /Rdyl+a y)

for all real numbers b and v = (8%1) ' ffori=0,...,d— 1. Consider now the differential quotient
1
1 (p.v' / Wy / v(y) dy)
h Rdy1+b+h Rd y1+b
1 (v(y —hyt) —oly) v ) )
= p.v. + — d
P (/Rd y1+b ( h @y1(y) Y

1
V. H(y,h)d
pV/Rdlerb (y,h)dy

1 1
= H(y,h)dy + p.v. / H(y,h)dy
/{yeRd D lyi+h|>1} Y1 +b {yeR? : |y1+bl<1} Y1 +b

=: Il(h) + Ig(h),

=b

a=b

where

=0

H(y,h) := /: (5—;(3’) - g—;l(yl —sh,yl)) ds.
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It suffices to show that I; (h) and I2(h) tend to 0 as h does.
Since f is of controlled decay and we may now assume (8.8) holds, then

o (i)jwynynd-l“:o
lyll—oc \ Oy1

forj =0,1,2.
Consider [;(h). In the subregion where |y3 + b| > 1 and ||y|| > R, R suitably large, the integrand
ylin(y, h) is dominated by |'u,‘(u2+p22€)[gd*1+‘f)/2 where we write u = y; + b and p = [|y*|. Integrating

over the subregion, we find that the integral is dominated by

/ 260
- p
(luyd) © fulz1ulyL |22 Rey [ul(u? + p2)(d-1te)/2

-y /°° du /”/2 tan?=2 0 sec? Odo
€EoWd— —_—
—= *€0%d-1 | ulte 0 secd—1+e g

deowd_1 T w
< —— max (_7 _)a
€ 2e¢’ 2

=2 dp dQ du

where the substitution p = u tan  has been used as well as the inequality cos! €60 > (1 — %6’)1_6 whene <1
and 0 < 0 < 3. Since €q can be taken arbitrarily small for R sufficiently large, this term can be made as small as
we like. In the remaining subregion, where |y; 4+ b| > 1 and ||ly|| < R, we have

|H(y,h)|

<|H(y,h
< )

and the results of its integration can be made arbitrarily small by taking h sufficiently close to 0 because of
uniform continuity of g—?x on a compact set. So I (h) tends to 0 with h.
As for I (h), setting

Lot /0% L. 0% N
G(yah) = _2(7b+t(y1+b)ay )7_2(7b75h+t(y1+b)ay ) dtdsv
s=0 Jt=0 \ OY1 i

we have

Iy(h) = p.v. /{ Hly.h) dy

yily+bl<1y Y1 +0
H((=b,y),h
/ G(y,h)dy + p.V./ H((=by ).h)
(yilyr+bl<1} {(vily+bl<ty Y1 +b

The principal value integration yields 0 since the order of integration can be changed, and the integral becomes a
product of two integrals:

dy.

H((=b,y1), h
- (<b.y ).
{(yilyitol<y Y1 +b

1
< H((=b,y"),h) dyJ‘> [ p.v. / dy1)
Ri-1 {y1® lyitbl<1}y Y1 0
0,

dy

where the first factor is well-defined and the second is 0. It remains for us to show that the integral

/ G(y,h)dy
{y:lya+b|<1}

tends to zero as h does.

www.mn-joumal.com © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



876 Kainen, Kurkova, and Vogt: Integral combinations of Heavisides

For |ly|| > R, R suitably large, the integrand is dominated by W and the integral is dominated
by:
2

d—2

/{(uyy*) Cul<Lul+|ly 2> R2}

1 ) dp
(] )
' 0+ r pite

dwg_q

© €Re
For R sufficiently large this integral is accordingly negligible. Finally, in the remaining compact subregion
{y : |ly1 + b < 1,|ly|| < R} the integrand G(y, h) can be made as small as we like by choosing & sufficiently

2
close to 0 since g + is uniformly continuous there. Accordingly its integral over that region tends to 0 with h, to
complete the proof O

The argument in the odd-dimensional case can be thought of as a variant of the Divergence Theorem [3, p. 423]
in d dimensions, in which an integral on the half-space H_ , is replaced by an integral on the bounding hyperplane
Hey.

Note that the extra condition needed for (8.9) and (8.10) is more stringent than the one in Theorem 4.2 when
|a] < d — 2. For (8.3) we can require one less order of differentiability on f than in the Representation Theorem
(but at the same time we require that the highest order derivatives vanish to one higher power of ||x|| at c0).

Let d be odd. We call a function f of weakly controlled decay if f : R — R is d-times continuously
differentiable and ord 0 f > 0 for all multi-indices o with 0 < |a| < d, and ord 0% f > d + 1 for all multi-
indices with || = d. Note that neither controlled decay nor weakly controlled decay implies the other.

Proposition 8.2 Let d be odd. If f is of weakly controlled decay, then [ has the representation (4.1) with wy
given by (8.3).

Proof. Borrowing a technique from [19, p. 1068], we introduce a function ¢ on R¢ that is C°>° and nonnega-
tive, vanishes for HXH > 1 and has integral over R? equal to 1. Then we deﬁne a sequence of functions f,, on R¢
by fn(x f'Rd p(n(x — ))dy Each f,, is C*°, and @“fn = Jra ()0 (n?o(n(x —y))dy =
Jra f( |ai8a( QS( (x — = [ra 0*f(y)no(n(x )) dy, the last formula holding provided
la| < d Smce f and all of its derivatives of order < d vanish at infinity, it is straightforward to show that
fn converges uniformly to f on R? and 0 f,, likewise converges uniformly to % f on R¢ for || < d. If the
functions { f,, } satisfy the integral formula (4.1) with wy, as in (8.3), then f will satisfy this integral formula
with wy as in (8.3).

Indeed,

Fx) = Tim_fa(x)

lim wy, (e,b)0(e-x+b)dedb

nT—0 Jgd-1xR

= lim ad/ / DD f,(y)d(e - x + b) diy de db,
Sd IxR e,b

n——oo

:/ wy(e,b)d(e-x+b)dedb
Sd=1xR

where Lebesgue’s Dominated Convergence Theorem can be applied to move the limit all the way inside. This
follows from the fact that

DLV fu(y)] = i /R DO f(2)no(nly —2)) dz

C
< oo { ey < by =l <1}
K
<
M
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for suitable constants C' and K that are independent of n and e. Since for d > 3

1
V(e x+b)dyy dedb
/S“xn/eb (ly[I? + 1)(d+1+e)/2 (e-x+b)dpyde

/ / d 2dp19 (e-x+b)dedb
=w
-t Sd-1xR [O oo) b2+p +1)(d+1+6)/2

< / Y(e-x+b)dedd
wa 1 X
Y Jgasiwr (0% + 1)EFO/2
< w1 7r/°° db
> Wd—-1Wd 3 719 . aN(o1 /0

2 J x| (b2 +1)(2te)/2
< 00,

the dominating function is integrable. The case d = 1 can be worked out trivially, but this exercise is superseded
by Proposition 5.1.

We must still establish that {f,,} satisfies the hypotheses of the Representation Theorem. By Lemma 4.1 it
suffices to show that the order || = d + 1 derivatives of f,, satisfy ord 0% f,, > d+ 1. However, for |o| = d + 1,
using the extra increment in the order of vanishing, we have:

05,091 =| [ 1919 otutx ~ ) ay)

0
[ @)t =yt ay)
RA U;
1
< Coswr { g+ e v <1
Dn

= (HXH2 + 1)(d+1+6)/2

where a = 3 + u;, u; a coordinate vector with 1 in the i-th position and 0O elsewhere for some 7 such that

Proposition 8.2 generalizes the result of Kiirkové, Kainen and Kreinovich [19]. Proposition 8.1, (8.3) and
(8.7), extends the result of Ito [13], while Proposition 8.1, (8.9) and (8.10), extends the result of Carroll and
Dickinson [4].

9 Discussion

The history of the representations above is of some interest. Helgason’s book [11] offers generalizations and
at the same time points back to antecedent ideas, including papers of Funk and Radon. Gel’fand, Graev, and
Vilenkin [9] also obtained a Radon-type representation. Indeed the history of this representation probably extends
back beyond Radon and Hilbert to such figures as Cauchy, Poisson, and Laplace.

Properties of the weight function in the integral formula can be developed further. In our present setting w
is a continuous function on S¢~1 x R, is integrable on this set (along with (e,b) — wy¢(e,b)d(e - x + b))
and satisfies lim,|__, wy(e, b)[b|** = 0. In the proof of Theorem 4.2 we found a class of weight functions
(e,b) — wy(e,b) + wys(—e, —b), each of which represents the zero function. Since wy is not unique, one can
seek choices for it that minimize various measures of cost.

It is apparent that the representation applies to functions other than those given in Theorem 4.2, and Propo-
sitions 8.1 and 8.2. Ito [13] points out that the conditions on the functions to be approximated can be loosened
considerably but does not provide details. In the one-dimensional case, Proposition 5.1 and Lemma 6.1 both
demonstrate that the growth conditions can be weakened, or even abandoned. In the proof of the Representation
Theorem use was made of representations of ||x|| and 8(||x||) by integral combinations of Heavisides. Similar
representations can be made for any polynomial x — p(||x — y||).
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Also of interest is how a finite sum approximating the integral formulas can be selected (choices of weights and
half-spaces). “A quadrature formula is a numerical rule whereby the value of a definite integral is approximated
by the use of information about the integrand only at discrete points (where the integrand is defined)” (Engels, [7,
p. 11). A quadrature of the integral formula from Theorem 4.2 would determine parameters of a Heaviside
perceptron network that should be useful information for designing a learning algorithm. Elsewhere we have
shown that for every n > 1, integrable functions f on [0, 1]¢ have best approximations by combinations of n or
fewer Heavisides ( [17], [14]), but these best approximations cannot vary continuously with f ( [18], [15]).

Perhaps quadrature can be achieved by an algorithm which first chooses among distinct alternatives and then
proceeds continuously.
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