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Basic facts (primary school level)

Lo§+§ =95
2. § -G ="
3. %-9=1%

4 %:%

5. § is not defined (no result)
(a+b)(c+d)=ac+ad+ bc+bd
7. (a+b)? = a® + 2ab + b*
(a —b)? = a® — 2ab + V?
9. a®> —b* = (a+b)(a—1b)

10. az? 4+ bz + ¢ = 0 has roots z, 12= = =bdvb—dac b =4a¢ " and there holds
az® +bx + ¢ = a(z — 1) (z — x2)

Two often misunderstood facts.

1. \/z is a nonnegative’ number y satisfying z = 3>

2. laj=aifa>0,and |[a| =—aifa <0

2Thus, V4 = 2, not —2, despite the fact that (—2)% = 4.



Intervals

—_

. (a,b) is the set of all numbers satisfying a < x < b (open interval)

[a, b] is the set of all numbers satisfying a < x < b (closed interval)
(a,b] is the set of all numbers satisfying a < x < b (half-closed interval)

[a,b) is the set of all numbers satisfying a < = < b (half-closed interval)



Elementary functions and their domains

Ly=e (D = (—00,00))

2. y=Inz (D = (0, 00))

3. y=a" (domain depends on a)
4 y=sinz (D= (—00,00))

B

5. y=cosz (

8

, OO

)

(=

= (= )

= (—00,00) except all x = %ﬂ, k odd integer)
(= )

b

6. y=tanxz (
7. y=cotx (D = (—o0,00) except all x = %”, k even integer)

Functions a” and log,  can be expressed via e and Inz (see p. [4, items 8 and 9).



Evaluation of elementary functions

5. cosz = sin(§ — )

cos T
sin x

7. cotx =
8. q% = ¢lna)z

9. log, z = &

Ina

Two important numbers:

Le=l+g+g+g+atagtgt.  =271828...
2. m=4-(;—3+t—++s5—11+...)=314159. ..

(n!l=1-2-3-...-n)
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Properties of elementary functions (secondary school level)

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

® X

(e = e

for each & > 0 there exists exactly one y satisfying x = €Y (namely, y = Inz)
T = elnm

In(z-y) =Inz +Iny

In % =Inz—Iny

Inzy =ylnzx

—a— L i -1_ 1
x~% = =5, in particular 7" = -

ol
I

m . .
xrn = {/a™, in particular x

Vv
(zy)* = ay*

sin(z + 27) =sinx
cos(z + 27m) = cosw
sin?x + cos?z = 1

tan(z + 7) = tanx

cot(r + m) = cotx

1

cotx = ors
anx



Functions

The functions we meet in examples are constructed from elementary functions by repeated
use of five operations:

the last of them being called the composite function (as e.g. sin(z?)).
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Limit

Definition.
A function f(z) is said to have limit d at a point ¢, which we write as

lim f(z) =d,

r—cC

if f(z) approaches d as x approaches ¢ (without touching c).

(0.1)

Explanation. This is an informal definition since the word “approaches” can be understood
only intuitively. The exact definition® is beyond the scope of a business mathematics class.
The words “without touching ¢” mean that the possibility of x = ¢ is excluded. As a

consequence, f(x) need not be defined at ¢, yet lim f(z) may exist.
r—cC

Example. The function
1

f(x) = zsin

is obviously not defined at 0, yet lir% f(x) =0, as shown by its graph:
T—

Function plot
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3Exact definition of (0.1): for each € > 0 there exists a § > 0 such that each x with 0 < |z —¢| < § satisfies

[f(z) —d| <e.
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Continuity

Definition.
A function f(z) is called continuous in an interval I (open, closed, or half-closed) if

lim f(z) = f(c)

r—cC

for each ¢ € T*

Important fact.
All elementary functions are continuous in their domains.

Explanation. A continuous function “does not jump” at any point; its graph can be drawn
up without lifting the pen from the paper. An example of a discontinuous function is the
sign function defined by

sign(z) = { 1 if 2 >0,
-1 ifzx<0

which “jumps” at ¢ = 0. If x approaches 0 from the left, then sign(x) approaches —1, while
if 2 approaches 0 from the right, then sign(x) approaches 1:

Function plot
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4Which means that for each ¢ € I, f(x) approaches f(c) as = approaches c.
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Definition of the derivative

The derivative of a function f at x is formally defined as

et h) = f@)

h—0 h

This means that the value of

approaches f/(z) as h approaches 0.

Note. Instead of f'(x), we can also alternatively write %. The meaning is the same.

Example 1. For the quadratic function f(z) = 2 we have

_ 2 _ .2 2.9 2 _ .2
f(:):—i—h})b f(:c):(x—l—hi)L s a4 xh;—h LANRPYY

and this value approaches 2z as h approaches 0. Hence,

(%) =2z
Example 2. For the reciprocal function f(z) = % we have
fath) - f@) _m-i -1
h h (x + h)x

and this value approaches —z% as h approaches 0. Hence,

n 1
x)  a?
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Derivatives of elementary functions

particular cases: 1 =0, 2’ = 1; includes roots: (/z) = (ZL‘%)/, etc.)

Additionally, we have
8. (a*) =a” - Ina

9. (log, )" = —&

z-lna

10. ¢ =0

These formulae should be memorized; this is the “alphabet” of calculus.
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Differentiation rules

(f(x)+¢) = flx) (additive constant) (0.2)
(c-f(x)) = c-f(xr) (multiplicative constant) (0.3)
(f(z) +g(x)) = fl(2)+d(2) (0.4)
(f(z) —g(z)) = f(2)—d'(x) (0.5)
(f(z)-g(x)) = [f(2) g(x)+f(z) g'(z) (0.6)
f@)\ @) g@)-f(z)- g ()
(1) - 2@ 0o
(f(g(2)) = fl(9(x)-d'(x) (0.8)
Explanation to rule (0.8). To compute the derivative of the composite function
h(z) = f(g9(z))
write it in the form
hz) = f(y), y=g)
and use the formula
W)= fy) -y (0.9)

i.e., differentiate the function f(y) with respect to y and multiply the result by the derivative
of g(x)

then substitute back y = g(x):
W(z) = f'(g(x)) - g'(x).
In this way we get the right-hand side of (0.8).
Example. To compute the derivative of the composite function
h(z) = In(1 + 2?),

we write it in the form
hz) =M(y), y=1+2?

and use the formula (0.9)

1
W) =(n@))" -y’ =2z,
then we substitute back y = 1 + z2:
2x
h'(z) = .
(z) 14 22
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Differentiation: Examples

Examples of using the rules (0.2)-(0.8):

1.

f(z) =sinzx +5
f(xz) = (sinz) = cosz
(rule (0.2))

f(z)=3-Inx
fl(#)=3 (nz) =3.1=3
(rule (0.3))

fx)=a2?+22+1
fl(x)=(2?) +(2z) +1"=22+2-1+0 =2z +2
(rule (0.4))

f(x) =e* —cosz
f(x) = (e*) — (cosz) = e* — (—sinz) = e* +sinx

(rule ())

flx)=z -Inx
fl@)=2""lnz+z-(nz)) =1-lnz+z-L=ha+1
(rule (0.6))

fla) = 5=

Ax

f’(x _ @)@+ 1) (2 ~1)(«®+1)" _ 2z(a®+1)—(a®—1)2z _ 203420223420
(z?+1)? (z?+1)? (z2+1)?

f(z) = sin(x*): write f(z) = sin(y), y = 24
f'(z) = (sin(y))" -y = cos(y) - (z*) = cos(x?) - 423 = 423 cos(z?)

16
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Minima and maxima

Definitions.
A function f is said to have a relative minimum at c if it satisfies

f(@) = f(c)
for each x in some neighborhood of ¢ (an open interval containing c).

A function f is said to have a relative maximum at c if it satisfies
f(z) < f(c)
for each x in some neighborhood of ¢ (an open interval containing c).
Facts.
1. If f'(¢) =0and f"(c) > 0, then f(x) has a relative minimum at c.
2. If f'(¢) =0 and f"(c) <0, then f(z) has a relative mazimum at c.
3. If f'(¢) # 0, then f(z) has neither relative minimum, nor relative maximum at c.

A point ¢ at which f/(¢) = 0 is called a critical point.

17



Plotting a function

Definitions.
A function f is said to be increasing in an open interval (a,b) if

flar) < f(22)

for each a < 11 < 3 < b (as e.g. 2% in (0, 0), see p. [6).

A function f is said to be decreasing in an open interval (a,b) if
f(@1) > f(a2)

for each a < 11 < z2 < b (as e.g. ¥% in (—00,0), see p. [6).

A function f is said to be convez in an open interval (a, b) if it is “hollowed down” there (as
e.g. e¥ in (—o00,00), see p. [5).

A function f is said to be concave in an open interval (a,b) if it is “hollowed up” there (as
e.g. Inx in (0, 00), see p. [5).

Facts.

1. If f'(x) > 0 for each = € (a,b), then f(z) is increasing in (a, b).

[\

. If f'(z) <0 for each x € (a,b), then f(z) is decreasing in (a,b).

w

. If f”(x) > 0 for each = € (a,b), then f(z) is convez in (a,b).

4. If f"(x) < 0 for each = € (a,b), then f(zx) is concave in (a,b).

Summary:

’ H f// >0 ‘ f// <0
=0 minimum maximum

f' >0 || increasing, convex | increasing, concave
f' <0 || decreasing, convex | decreasing, concave
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Plotting: Example

Example. The function

f(z) =2 -3z
has
f'(x) = 32% —3=3(z*-1),
f"(z) =3 2x = 6,
hence f'(¢) =0 for ¢; = —1 and ¢z = 1.
Since f”(¢1) = —6 < 0 and f”(c2) = 6 > 0, f has a relative maximum at ¢; and a relative

minimum at cs.

Since f/(x) > 0 for 22 > 1 and f’(z) < 0 for 22 < 1, f is increasing in (—oo0, —1) and in
(1,00), and decreasing in (—1,1).

Since f”(xz) > 0 for z > 0 and f"(x) < 0 for z < 0, f is convex in (0,00), and concave in
(—00,0).

Function plot
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Definition of the definite integral

Given a function f(z) on a closed interval [a, b] and an integer n > 1, define the nth integral

sum .5, as follows: first compute

h:b—a

n

(the so-called step), and then evaluate
Sn = fla+h)h+ f(a+2h)h + f(a+3h)h+ ...+ f(a+nh)h (0.10)

Definition.
If f(z) is continuous on [a,b] (see p. [12), then, as n approaches infinity (i.e., increases
without bound), S,, is guaranteed to approach certain number which is denoted by

/a ’ f(2)dz

and is called the definite integral of f(x) over the interval [a, b].

Note 1. dx is only a symbol which has evolved from Az, the 17th century notation for the
above h; in this way the integral symbol “copies” the form of the integral sum (0.10).

Note 2. The above definition holds for continuous functions only. For the general case a
more complicated way is needed.

Note 3. If f(z) is nonnegative in [a,b], then f; f(x)dx expresses the area of the region
bounded by the curve y = f(x) and by the lines x = a, * = b, y = 0. For example,
f_ll V1 — 22 dz is equal to the area of the half-circle centered in the origin of the plane and
having radius 1 and y > 0, so that its value is 7.
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The fundamental theorem of calculus, and definition of indefinite integral

The fundamental theorem of calculus, coauthored by I. Newton and G. W. Leibniz (second
half of the 17th century), asserts that

b
/ f(z)dz = F(b) — F(a)
where F'(x) is any function with the property
F'(z) = f(x) for each x € [a,b]. (0.11)

Definition.

A function F(z) with the above property is called an indefinite integral® of f(z) over [a, b]

and is denoted by
[ f@yds

(i.e., the same symbol as for the definite integral, but without bounds).

Note 1. Thus, the definite integral is a number whereas indefinite integral is a function; the
definite integral can be computed as soon as we know a corresponding indefinite integral.
Next pages of this text are dedicated to computation of indefinite integrals.

Note 2. The definite integral, if it exists, is uniquely determined. On the contrary, an
indefinite integral, if it exists, is never unique: in fact, if F(x) satisfies (0.11)), then so does
F(z) + C for any constant C' because

(F(x)+C) =F'(2)+C' =F(z) + 0= F(x) = f(x).

Therefore, we always add “+C” to the computed indefinite integral F'(x) to indicate that
each function formed by adding a constant C' to F'(x) is also an indefinite integral, as e.g. in

/cos:cdx =sinx +C

etc.

Note 3. Another fundamental theorem (although usually not quoted as such) says that if
f(x) is continuous in an open interval (c,d), then it has an indefinite integral F(zx) in (c,d).
This theorem states only existence of an indefinite integral; it does not show a way how to
find it.

50r, primitive function.

21



Integrals of elementary functions

—_

) fe$d$:ex+0

[\

. [Inzdz =z(lnz—1)+C

3. fxadac:%—}—C’ if a # —1,

[Ldz=In|z|+C ifa=—1 (notice the absolute value®)

W

. [sinzdx = —cosx + C

5. [coszdr =sinz+ C

6. [tanzdr = —In|cosz| + C

7. [cotzdr =In|sinz|+ C
Related results:

1. [0dxe=C

2. [ldz=2+C

3. [edr=cx+C

4. faxdxz%-i-c

5. flogaxdx:M—i-C

Ina

6. f%a@ztanx—l—C

cos?

7. [<h—dr=—cotz +C

sin® x

8. [ H% dr = arctanz + C
(a new function y = arctan z defined in D = (—o00,00) by  =tany, y € (-3, F))

9. [ ﬁ dr = arcsinx + C
a new function y = arcsinx defined in D = [-1,1] by x =siny, y € [-5, §])

—

SWhich is often wrongly omitted.
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Integration rules: addition and subtraction

/cf(x) de = c/f(:v) dx  (multiplicative constant)

Examples:

1. f(3x5—sinx+\/5)d:z:3fx5dx—fsinxdx+fa:%dx:3%6—(—00535)4— - =

3
%x6+cosx+%xi +C

8
w\u‘ T

2. f%dm = [(1+2+3272)dz = [1da+2 [ Ldz+3 [27%da = x+21n\m\+3% =
z+2nfz| -2 +C

3. [tan’zdx = fmd:n: 1_C°Sixd:n: [(h= —Ddr = [ —S-dr — [1dx =

cos? cos? cos? cos?
tanx —x + C

01 z?dx. Indefinite integral: F(z) = [2?dz = %Z. By Newton-Leibniz formula,

Sade=F(1) - F(0) =1

23



Integration by parts

[ 1@ g@)de = @) gt~ [ £ (@) ds
Examples:
1. [e"zdx = [(e")rdr =€z — [e" -2/dr=¢"x— [e*dx ="z — e =e"(z— 1)+ C

2. [zcoszdr = [(cosz)rdr = [(sinz)zdr = (sinz)z — [(sinz) - 1dx = xsinz —
(—cosx) =zxsinz + cosx + C

3. [lnzdz = [1-lnzde = [2'Inzdr = zlnz — [z(nz)de = zlnz — [2lde =
zlnz — [1de =xlnz — 2 =2(lnz — 1) + C. (See p. 22, item 2.)

Explanation. The original integral is given in the form

/h(a:) - k(x)dx

It is not said which one of the two functions should be taken for f/(x) and g(x), respectively:
we must make the choice. In the process, f'(x) integrated and g(z) is differentiated. There-
fore, we must choose f’(z) to be a function among h(x), k(x) which we are able to integrate,
and if we are able to do so with both of them, to choose g(x) as a function which simplifies
by differentiation.
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Integration by substitution

[ t@rdo= [ seten oo a

Explanation. We make substitution 2 = ¢(t), where ¢ must be increasing or decreasing.
From = = ¢(t) we have

at = @,(t)

so that we replace dz in the original integral by ¢’(¢)dt. Then we compute the integral

/ Fe(t) - (2 dt

and finally we must replace the auxiliary variable ¢ by the original variable x. This is done
by solving first the equation x = ¢(t) for ¢, thus obtaining ¢ = ¥ (x), where 1 is a certain
function. Then we replace t by ¢(z) everywhere in the result (see Examples 1-3 below).

Sometimes it helps to evaluate g—i instead of % (Examples 4 and 5).

Examples:
1. [cosdxzdz. We choose substitution 4z = ¢, x = it, z—f = %, dr = idt.
Then [ cosdzdz = [cost - %dt = %fcostdt = %sint = isinélx +C

2. fﬁdw Substitution 3z +5 =1, z = %, % :%
Then [lede= [} -3di=1% [1do=3Inft|={In[3z+5|+C

3. [(z +1)1%dz. Substitution x + 1 = ¢, do = dt.

$101

Then [(z 4+ 1) de = [t'"dt = {57 = (xt(l));m +C

4. f12 1fx2 dx. Substitution 1+z? = ¢, % = 2z (notice the difference: %, not ‘fi—f), rdr =
3dt. Then F(z) = [ giyde = [§-3dt = jlnft] = jIn[l + 2% = {In(1+2%) +C
(because 1 + 2?2 is always positive), and ff Tz dr =F(2) - F(1) = $In5—1In2=
11,5
5Insg.

5. fsin3 x cos x dx. Substitution sinx = t, g—; = cosx, cosx dx = dt.

Then [sin®zcoszdr = [t3dt = % = % +C
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Optimization of a function of two variables

Definitions.
A function f(z,y) is said to have a relative minimum at a point (¢, d) if it satisfies

f(xy) = (e, d)

for each (x,y) in some neighborhood of (¢, d).

A function f(z,y) is said to have a relative mazimum at a point (c,d) if it satisfies
f(z,y) < fe.d)

for each (x,y) in some neighborhood of (¢, d).

Facts.
(a) If
faz(e,d) =0
fy(@ d) =0
fl‘x(cv d)fyy(c7 d) - :?y(cv d) >0
faz(c,d) >0
then f(x,y) has a relative minimum at (c, d).
(b) If
faz(e,d) =0
fyle,d) =0
fea(c, d) fyy(e,d) — fxzy(cv d) >0
foa(e,d) <0

then f(z,y) has a relative mazimum at (c,d).

Observe that in both cases the first three conditions are the same.
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